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''This  book  is  volume  two  of  Helicopters:  Calculation  and  Design. 

In  it  are  discussed  certain  questions  of  the  theory  of  vibrations 

and  methods  of  calculating  stresses  appearing  during  these  vibrations. 
Methods  of  calculating  structural  service  life  are  given,  as  well  as 
methods  of  calculating  vibrations  of  the  helicopter,  which  allow  the 
determination  of  the  amplitude  of  these  vibrations  and  their  comparison 
with  comfort  norms.  The  problem  of  combined  vibrations  of  the  rotor 
and  fuselage  is  examined  for  the  first  time  in  Soviet  literature.  The 
theory  of  self-emted  oscillations  of  a  special  type,  called  "ground 
resonance"  is  discussed  in  detail.  Peculiarities  of  the  appearance  of 
such  oscillations  of  the  helicopter  on  land,  during  takeoff  and  landing 
and  in  flight.  In  a  separate  chapter  there  are  examined  special  cases 
of  the  calculation  of  bearings  operating  in  specific  conditions  of 
oscillatory  motion.  Here  there  is  discussed  the  theory  and  method  of 
the  calculation  of  a  new  type  of  thrust  bearing  of  increased  load  capa¬ 
city  and  also  bearings  absorbing  combined  loads,.  The  original  book 
has  many  formulas,  diagrams  and  tables, 
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The  work,  Helicopters:  (Calculation  and 
Design)  Is  published  in  the  three  following 
b^oks . 


Book  One  -  Aerodynamics; 

Book  Two  -  Vibrations  and  dynamic  stability; 

Book  Three  -  Design, 

In  this  second  book  there  are  discussed 
certain  questions  of  the  theory  of  vibrations  and 
methods  of  calculation  of  stresses  appearing 
during  these  vibrations  In  the  construction  of  a 
helicopter  in  flight  and,  in  particular,  in  the 
blade  of  the  main  rotor. 

Methods  are  given  of  the  calculation  of  the 
structural  service  life  and  there  are  also  methods 
of  calculating  vibrations  of  the  helicopter,  which 
allow  the  determination  of  the  amplitude  of  these 
vibrations  and  the  comparison  of  them  with  comfort 
norms.  For  the  first  time  in  Soviet  literature 
there  is  examined  the  problem  of  combined  vibra¬ 
tions  of  the  rotor  and  fuselage. 

The  theory  of  self-excited  oscillations  of 
special  type,  bearing  the  name  "ground  resonance," 
is  discussed  in  detail.  Peculiarities  of  the 
appearance  of  such  oscillations  of  the  helicopter 
on  land,  during  takeoff  and  landing  and  under 
flight  conditions  are  examined. 

In  a  separate  chapter  there  are  examined 
special  cases  (touched  upon  little  in  general 
literature)  of  the  calculation  of  bearings  oper¬ 
ating  in  specific  conditions  of  oscillatory 
motion.  Here  there  Is  also  discussed  the  theory 
and  method  of  calculation  of  a  new  type  of  thrust 
bearing  of  increased  load  capacity  and  also 
bearings  absorbing  combined  loads. 

The  book  is  intended  for  engineers  of  design 
offices,  scientists,  graduate  students  and 
Instructors  of  higher  educational  institutions. 

It  can  also  be  useful  to  engineers  of  helicopter 
manufacturers  and  students  who  are  engaged  in 
thorough  study  of  vibrations  and  dynamic 
stability  of  helicopters.  Certain  sections  of 
the  book  will  also  be  useful  to  the  flying  and 
technical  personnel  of  helicopter  flight  units. 

The  book  contains  35  tables,  2*6  illustra¬ 
tions,  and  *7  references. 
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PREFACE 

The  first  book  of  the  work,  Helicopters,  (Calculation  and 
Design) ,  published  in  1966,  was  devoted  to  aerodynamics:  theory 
and  methods  of  calculation  of  aerodynamic  properties  of  the  main 
rotor  and  aerodynamic  design  of  helicopters  of  different  configurations 
on  the  whole. 

In  the  first  book  there  is  included  an  account  of  the  theory  of 
flutter  of  the  main  rotor,  which- is  usually  attributed  to 
aeroelasticity  —  the  region  bordering  between  aerodynamics  and 
.  stability. 

The  second  book  is  a  logical  continuation  of  the  first  and  deals 
with  vibrations  and  dynamic  stability  of  helicopters. 

Questions  of  static  stability  of  helicopters  in  principle  do 
not  contain  anything  new  as  compared  to  that  known  in  aircraft 
manufacturing.  Regarding  vibrations  and  dynamic  stability, 
helicopters  have  a  number  of  peculiarities  which  were  designated 
from  the  first  steps  of  helicopters  as  a  new  type  of  aircraft.  These 
peculiarities  acquired  great  acuity  in  the  process,  if  it  can  be  so 
expressed,  of  the  "fight  for  existence"  of  these  apparatuses  In  the 
general  system  of  airportless  aviation  transport  means. 

An  account  of  problems  of  vibrations  and  dynamic  stability  of 
the  helicopter  starts  with  a  description  of  Methods  of  calculation  of 
elastic  vibrations  of  the  blade  of  its  main  rotor,  which  are  close 
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in  fundamental  equations  and  methods  of  solution  to  that  utilized  in 
the  theory  of  flutter  but  have  different  directivity,  since  in  the 
final  analysis  it  leads  mainly  to  the  solution  of  strictly  a 
stability  F>roblem  -  to  the  determination  of  varying  stresses  effective 
In  the  blade,  and  then  v/lth  the  use  of  data  on  fatigue  limit  of 
concrete  construction, to  the  determination  of  the  service  life,  i.e., 
service  life  of  the  blade. 

Problems  of  vibrations  in  dynamic  stability  are  important  not 
only  from  the  point  of  view  of  reliability  of  the  apparatuses; 
and  the  solution  to  these  problems  governs  the  service  life  of  the 
machines,  and  this  means  their  economy. 

In  the  book,  in  particular,  there  are  examined  contemporary 
methods  of  calculation  of  elastic  vibrations  of  the  blade  carried 
out  on  high-speed  computers,  v/hich  makes  it  possible  to  determine 
the  varying  stresses  acting  in  the  blade. 

Investigations  of  vibrations  of  the  "ground  resonance"  type. 

Just  as  the  study  of  construction  vibrations  strictly  comprise  the 
main  subject  of  the  theory  of  vibrations  of  the  helicopter. 

The  elimination  of  vibrations  of  the  "ground  resonance"  type, 
leading  in  the  case  of  their  appearance  and  development  to  the 
destruction  of  the  apparatus  on  land  and  in  raultirotor  configurations 
in  air,  was  always  ore  of  the  main  problems  confronting  designers. 

The  question  of  oscillations  ( vibrations)  of  parts  of  helicopter 
Is  very  important,  which  is  examined  from  the  point  of  view  of 
comfort  for  the  crew  and  passengers.  It  is  easy  to  estimate  the 
acuteness  of  this  problem  if  one  were  to  Imagine  the  power  of  the 
vibrations'  constant  source  -  a  huge  main  rotor  operating  in  a 
gi'eatly  alternating  velocity  field. 

The  last  chapter  of  the  booK  Is  devoted  to  the  calculation  of 
special  bearings  necessary  in  the  designing  of  many  units  of  the 
helicopter  and  thus  *s  the  transition  to  the  third  bcc*  ~*  r>ecign. 
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In  the  bi_ok  Design  there  will  be  briefly  examined  basic  question 
of  the  layout  of  the  helicopter  selection  of  basic  parameters  of 
helicopters,  including  having  wings,  and  also  auxiliary  propulsive 
systems  -  tractor  propellers  or  additional  Jet  engines.  There  will 
be  also  discussed  considerations  about  the  economy  of  aviation 
materiel,  which  must  be  considered  in  designing. 

Examined  in  this  book  will  also  be  questions  of  balancing, 
controllability  and  stability  from  the  point  of  view  of  selection 
of  parameters  of  the  control  system,  and  also  questions  of  designing 
of  separate  units  of  the  helicopter. 


Mil 
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As  soon  as  there  was  created  a  sufficiently  powerful  and  light 

aircraft  engine  and  the  helicopter  flew  for  the  first  time,  there 

* 

appeared  the  first  problems  related  to  balancing,  controllability 
and  stability  of  this  machine.  These  were  basically  aerodynamic 
problems.  If  one  were  to  consider  as  the  beginning  of  flights  on 
rotorcraft  the  first  flights  of  gyroplanes  Cierva  during  1925-26, 
then  it  is  possible  to  say  that  the  given  problem  was  basically 
solved  already  in  first  decade  (1926-1936)  of  their  development.  The 
type  of  aircraft  was  thus  cured  of  "children's  diseases." 


However,  as  soon  as  there  appeared  the  first  series  of  machines 
and  practical  exploitation  of  them  began,  more  serious  deficiencies 
of  helicopters,  such  as,  for  example,  fatigue  connected  with 
insufficient  dynamic  stability  of  certain  elements  of  the  construction 
were  discovered. 


With  wider  practical  application  of  autogiros  and  especially 
helicopters,  which  were  reactivated  at  the  end  of  the  1930 's  and 
beginning  of  the  19^0's  in  a  new  improved  technical  basis ,  there 
appeared  new  dynamic  problems.  These  include,  in  the  first  place, 
oscillations  and  "Ibrations  of  separate  elements  of  construction 
of  helicopter  as  a  whole,  which  are  dangerous  in  conditions  of 
appearing  stresses  or  impermissible  from  the  point  of  view  of  the 
creation  of  necessary  comfort  for  the  crew  and  passengers,  and  also 
the  problem  of  service  life,  which  Is  the  period  of  service  of 
elements  of  construction,  operating  under  high  varying  stresses.  The 
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last  of  the  problems  —  increase  in  service  life  —  takes  on  even 
greater  importance  at  present,  since  the  depreciation  and  overhaul 
periods  of  service  of  the  helicopter,  determined  by  the  service  life 
of  its  units,  influence  the  economics  of  its  application  as  a  means  of 
transport.  The  service  life  in  turn  is  determined  mainly  by  the 
level  of  varying  stresses  effective  in  the  structure,  and  therefore 
the  accuracy  with  which  they  are  calculated  comprises  one  of  the 
basic  problems  of  Investigation  of  dynamic  stability  of  helicopters. 

The  tractor  propeller  of  an  aircraft  operates  practically  in 
axial  flow  and  just  as  the  engine  does  not  create  in  the  elements  of 
structure  any  noticeable  varying  stresses.  Only  takeoff,  landing 
and  flight  under  conditions  of  atmospheric  turbulence  (and  on  a 
combat  aircraft,  the  maneuver)  create  in  the  structure  of  the  aircraft 
considerable  dynamic  loads  but  with  a  relatively  small  (of  the  order 
of  tens  and  hundreds  of  thousands  of  cycles)  number  of  loading  during 
the  period  of  service  of  the  aircraft.  In  this  case  it  is  possible 
to  indicate  recurring  static  loads. 

There  is  quite  another  character  of  the  load  in  a  helicopter.  Its 
basic  force  elements  are  loaded  dynamically,  and  the  number  of 
loads  frequently  exceeds  tens  of  millions  of  cycles  during  the 
service  period.  This  is  explained  first  of  all  by  the  asymmetric 
flow  of:  the  main  rotor,  which  rotates  and  simultaneously  moves;  forward. 
The  blade  undergoes  variable  aerodynamic  loads  due  to  the  change  in 
relative  flow  rate  and  angles  of  attack  of  its  sections.  All  forces 
and  moments  having  effect  on  the  blade  are  transmitted  to  the  hub 
and  control  system  by  the  main  rotor.  The  forces  and  moments arriving 
from  various  blades  are  balanced  mutually  with  the  exception  qf 
loads  effective  at  frequencies  whose  ratio  to  the  number  of 
revolutions  of  the  rotor  is  a  multiple  to  the  number  of  blades.  These 
loads  ape  transmitted  to  the  fuselage  and  .irrotational  parts  of 
the  control  system  by  the  rotor  and  create  in  them  also  very 
noticeable  varying  stresses. 

Thus  the  problem  of  vibrations  and  dynamic  stability  in  helicopter 
construction  is  not  only  considerably  more  extensive  than  in  aircraft 
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construction,  but  in  a  whole  number  of  cases  it  does  not  have  a 
direct  analogy  in  aircraft  construction. 

Understanding  of  the  importance  of  problems  of  dynamic  stability 
was  not  achieved  at  once.  Thus  even  causes  of  first  accidents  of 
autogiros  in  1936-37  during  which  autogiros  flipped  in  air  a 
long  time  were  attempted  to  be  explained  by  insufficient  dynamic 
stability.  Jn  connection  with  this,  in  particular,  there  were 
undertaken  investigations  of  the  dynamics  of  the  main  rotor  with 
hinged  attachment  of  blades  with  curvilinear  motion  of  the  apparatus 
(see  §  2  of  Chapter  II,  Book  One).  This  theory  subsequently  found 
wide  application  during  the  during  the  development  of  problems  of 
dynamic  stability  and  controllability  of  helicopters.  However,  it 
did  not  uncover  the  real  cause  of  the  mentioned  accidents.  As  it 
became  apparent  later,  the  cause  of  them  was  insufficient  dynamic 
stability  of  the  main  rotor  blades. 

These  problems  are  perceived  literally  by  groping.  The  first 
experimental  autogiros  and  helicopters  had  small  dimensions  and,  as 
a  result,  quite  high  rigidity  of  construction.  However,  the  first 
increase  in  dimensions  immediately  encountered  great  difficulties. 

Thus  on  the  autogiro  A-4 ,  having  a  diameter  of  a  little  larger  than 
its  predecessor,  autogiro  2EA,  sericqs  difficulties  because  of 
insufficient  blade  torsional  rigidity  appeared.  Angle  of  incidence 
of  blades  in  the  first  flight  was  increased  so  much  because  of 
twisting  st  in  that  autorotation  was  impossible,  and  the  flight 
nearly  ended  in  an  accident. 

Investigation  of  this  phenomenon  was  completed  by  publication 
of  a  work  on  the  dynamic  blade  twisting  of  a  rotor  in  flight  (see 
[ 2 J )  in  which  for  the  first  time  recommendations  of  the  necessity 
of  combining  the  center  of  gravity  and  center  of  oressure  were  given 
and  considerations  of  the  Influence  of  the  blade  profile  on  static 
stability  and  controllability  of  the  apparatus  were  examined.  This 
investigation  led  to  the  fact  that  in  the  practice  of  f evict 
helicopter  construction  there  were  accepted  curved  profiles,  which 
provide  a  greater  reserve  of  autorotation.  In  the  layout  of  the  blade 
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a  set  of  different  profiles  was  used.  The  recommendations  made  in 
the  mentioned  work  were  so  sufficient  that  the  first  Soviet 
helicopters,  which  had  a  diameter  of  the  rotor  of  about  14  m,  did 
not  experience  flutter. 

Development  of  Soviet  helicopter  construction  is  characterized 
by  greater  strides  than  that  of  foreign  (this  permitted  our  designers, 
who  started  to  construct  helicopters  later,  to  develop  machines 
considerably  exceeding  those  of  contemporary  foreign  in  load 
capacity  and  dimensions).  Whereas  after  the  first  successful 
helicopter,  Sikorsky  S-51,  with  a  rotor  diameter  of  14  m,  built  in 
1947,  the  Americans  in  1950-51  proceeded  to  work  on  a  machine  with  a 
diameter  of  15*5  m  (S-55),  after  creation  of  the  copter  Mi-1  with 
a  14-meter  rotor  in  1952  we  built  the  helicopters  Mi-4  and  Yak-24 
with  rotors  21  m  in  diameter.  It  is  not  surprising  that  with  such  a 
jump  in  dimensions  there  was  revealed  a  new  phenomenon  not 
encountered  earlier  —  on  both  machines  with  the  first  flight 
flutter  of  the  rotor  began.  We  coped  with  this  problem  practically 
very  rajpidly,  but  problems  of  the  theory  of  flutter  for  a  long  time 
still  a*waited  their  solution. 

For  the  first  time  we  encountered  this  new  phenomenon  when  In 
April  1952  the  helicopter  Mi-4  was  ready  for  the  first  flight.  After 
the  beginning  of  acceleration  the  blade  started  arbitrarily  to  flaD, 
sagging  greater  and  greater  and  threatening  to  touch  the  structure. 

The  testers  knew  that  they  were  dealing  with  a  new  phenomenon  which 
no  one  had  observed  before.  This  was  the  flutter  of  the  rotor 
blades.  No  one  knew  then  that  this  was  the  very  rotor  flutter  in 
whose  investigation  many  scientists  in  the  U.9SR  and  abroad  were 
engaged.  According  to  all  data  existing  at  that  time,  flutter 
was  not  expected,  since  it  could  not  appear  at  the  number  of 
■^otor  revolutions  of  100-110  per  minute,  as  occurred  on  the  helicopter 
Ml~4  in  reality,  but  approximately  at  500  revolutions.  Decisive 
for  the  appearance  of  flutter  was  in  this  case  the  fact  that  great 
forces  developed  on  a  rotor  of  such  a  diameter  caused  considerable 
deformation  of  the  cyclic  pitch  control,  which  is  equivalent  to  the 
lowering  of  twisting  rigidity  of  the  blades,  and  also  the  fact  that 
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then  for  these  machines  a  large  value  of  the  coefficient  of  flap 
control  (close  to  unity)  was  selected;  in  early  investigations  of 
flutter  this  factor  was  not  taken  into  consideration.  As  a  result 
it  was  not  a  question  on  the  helicopter  flights,  since  flutter 
started  considerably  earlier  than  the  working  number  of  rotor 
revolutions  were  attained. 

With  observation  of  the  pattern  of  flutter  (flapping,  bend  and 
torsion  of  blades)  it  became  clear  that  this  phenomenon  could  be 
eliminated  only  by  using  torques  from  inertial  forces  appearing 
in  the  process  of  the  moving  blade  sections  with  its  flapping. 

Not  associating  rotor  flutter  with  the  flutter  of  wings,  where,  as 
has  long  since  been  known,  the  main  importance  is  the  mutual  location 
of  the  center  of  gravity,  axis  of  rigidity  and  center  of  pressure, 
but  simply  by  establishing  the  counterweights  at  several  points 
along  the  length  of  the  blade,  which  during  vibrations  should  have 
created  Inertial  moments  of  opposite  sign,  we  repeated  starting 
of  the  rotor  and  understood  that  in  cur  hands  there  is  reliable 
means  to  stop  the  flutter. 

Thus  in  a  short  time  the  given  problem  was  solved  practically, 
and  in  May  of  1952  the  first  flights  of.,£he  helicopter  Mi-4  were 
accomplished. 

At  the  same  time  flutter  appeared  on  the  helicopter  Yak-24, 
which  had  the  very  same  hub  and  cyclic  pitch  control  mechanism  as 
those  on  the  helicopter  Mi-4 ,  but  the  blade  was  of  quite  different 
design  (with  greater  flexural  and  twisting  rigidity).  However, 
due  to  the  fact  that  with  the  appearance  of  flutter  there  is  decisive 
importance  in  the  rigidity  of  the  cyclic  pitch  control  and  parameters 
of  the  flap  control,  on  blades  of  the  helicopter  Yak-24  flutter 
appeared  of  the  very  same  form  and  at  the  same  revolutions  as  that 
on  helicopter  Mi-4. 

t 

Thus  during  several  weeks  there  was  found  practical  solution 
for  elimination  of  flutter  which  was  used  up  till  now.  However, 
the  scientific  theory  which  would  permit  obtaining  ari  answer  whether 
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flutter  will  appear  or  not,  and  even  if  it  appears,  then  at  what 
numbers  of  revolutions  and  what  form,  was  created  by  us  during  the 
subsequent  four  years. 

It  is  necessary  to  say  that  the  most  complex  was  included  in 
the  fact  that,  having  finished  with  flutter  observed  on  earth  (with 
the  he_p  of  displacement  of  centering  of  the  blade  forward  it  was 
possible  to  "drive”  it  outside  the  limits  of  the  working  numbers  of 
revolutions  and  even  above  the  maximum  permissible  number  of  engine 
revolutions  on  earth),  nevertheless  there  was  not  excluded  the 
possibility  of  its  appearance  in  flight.  This  led  to  unpleasant 
consequences.  In  January  of  1953  a  helicopter  Mi-4  had  a  flight 
accident  whose  causes  for  almost  three  years  were  not  sufficiently 
\  and  convincingly  explained.  During  investigation  traces  of  the 

|  impact  of  blades  against  the  cockpit  were  revealed.  This  was  not 

|  observed  in  any  other  cases.  It  is  necessary  to  note  that  with 

|  normal  flapping  motion  the  blade  cannot  touch  the  cabin,  since  for 

I  this  it  is  necessary  that  in  air  the  lower  limiters  of  overhang  of  it 

were  brought  down. 

It  is  possible  to  imagine  how  energetically  we  had  to  continue 
to  look  for  the  cause  of  this  event,  if  one  were  to  remember  that 
after  it  there  were  stopped  neither  the  flights  nor  the  serial 
production  of  these  machines. 

During  1954  many  pilots  observed  in  flight  an  unusual  ohenomenon, 
which  received  the  name  "Kallbernyy  effect ■'  (surname  of  the  pilot 
who  first  noticed  it).  Kalibernyy  determined  that  in  conditions  of 
motor  reduction,  approximately  at  an  angle  of  setting  of  the  blades 
of  6°-7®  ,  the  blades  begin  to  flap  away  from  the  cone  of  rotation 
described  by  them.  After  a  regrouping  of  the  blades  having  a 
somewhat  different  transverse  centering  this  phenomenon  was  ceased. 

But  once,  after  two  years  during  a  checking  in  flight  of  a  set  of 
blades  for  the  absence  of  the  Kalibernyy  effect,  l.o.,  with 
fulfillment  In  flight  cf  motor  reduction  with  the  r. lu-i.  angle  of 
h-70,1  this  phenomenon  appeared  in  such  a  degree  where  the  Harping 
of  the  blades  were  so  strong  that  In  the  machine  forced  landing 
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was  accomplished  with  difficulty.  It  is  necessary  to  note  that 
near  land  with  transition  to  other  conditions  the  flapping  of  the 
blades  ceased,  and  the  machine  behaved  normally.  Wi^h  inspection 
>  '  of  the  helicopter  after  the  flight  there  were  revealed  broken 

fixings  of  the  blades  (they  are  thus  called  the  movable  connections 
on  the  slit  trailing  edge  of  the  blade)  which  indicated  bending  of 
the  blade  in  the  plane  of  rotation.  Everything  remaining  was  in  good 
working  order.  It  was  decided  to  investigate  in  detail  this 
helicopter  with  the  same  set  of  blades.  Flight  tests  were  conducted 
in  order  to  repeat  this  phenomenon  and  study  it. 

Measurements  of  the  blades  showed  that  their  centering  appeared 
to  be  approximately  \%  of  the  chord  more  to  the  rear  than  it  was 
when  the  blades  were  manufactured  at  the  plant.  And  this  is 
explicable,  as  the  blades  were  covered  with  plywood.  The  center  of 
gravity  of  the  plywood  is  approximately  on  half  of  the  chord. 
Therefore,  with  swelling  apd  loading  of  It  from  moisture,  the  center 
of  gravity  of  whole  blade  Is  displaced  to  its  trailing  edge.  The 
case  with  this  helicopter  occurred  during  a  thaw  when  the  humidity  of 
the  air  was  high. 

During  these  tests  it  was  also  finally  established  that  the 
character  of  the  flapping  motion  of  blades  and  motion  of  the 
control  stick  in  flight  on  conditions  of  "Kalibernyy  effect"  are 
absolutely  analogous  to  the  flapping  motion  and  motion  of  tne  stick, 
which  were  recorded  on  land  during  tests  when  the  blades  were 

i 

subjected  to  flutter  by  means  of  artificially  crofted  rear  centering. 
This  complex  means  permitted  setting  that  phenomenon  appearing 
in  flight  identical  with  that  which  was  noted  on  land.  Thus  It  was 
established  that  the  "Kalibernyy  effect"  is  nothing  else  but  the 
beginning  of  flutter  in  flight.  On  the  basis  of  this  conclusion  and 
it  was  conjectured  that  the  unexplained  earlier  flight  accident  with 
blows  of  blades  against  the  cockpit  was  also  nothing  else  but  the 
flutter  of  blades  in  flight  appearing  at  revolutions  of  the  rotor, 
at  which  on  land  it  did  not  appear. 
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With  flutter  vibrations  of  a  hinged  sealed  blade,  in  contrast 
to  vibrations  of  a  wing  of  an  aircraft  are  similar  to  a  flapping 
motion  whose  amplitude  increases  until  the  blade  hits  against  the 
limiters  of  overhang  and  then  knocking  them  against  cabin. 

The  fact  that  this  phenomenon  was  not  discovered  for  a  long 
time  is  explained  by  the  erroneous  assumption  resulting  from  model 
testing  that  if  flutter  on  land  is  eliminated  then  in  air  with  forward 
motion  it  is  not  able  tc  appear.  But  practice  and  then  a  more 
strictly  set  experiment  on  the  helicopter,  and,  finally,  theory 
showed  that  there  are  conditions  of  flight  at  which  flutter  during 
rotor  revolutions  can  occur  in  flight  although  it  does  not  appear 
on  land. 

It  is  necessary  to  say  that  as  was  established  in  the  course 
of  investigations,  the  phenomenon  of  flutter  appeared  on  helicopters 
earlier.  Even  in  19^9  on  the  helicopter  Mi-1  to  increase  the  stall 
reserve  there  was  designed  and  built  a  main  rotor  with  wider  blades. 
This  rotor  in  flight  caused  shaking  which  was  never  possible  to 
eliminate.  When  there  was  developed  the  theory  of  flutter  and  all 
peculiarities  of  this  phenomenon  were  explained,  it  became  possible 
not  only  to  explain  the  cause  of  shaking  on  the  Mi-1  helicopter  with 
wide  blades.  Induced  by  proximity  of  conditions  to  flutter,  but 
also  without  a  single  difficulty  to  design  and  construct  even  in 
1956  a  35-meter  rotor  for  helicopters  Mi-6  and  Mi-10.  Per***ction  of 
this  rotor  is  confirmed  by  the  fact  that  in  a  week  after  first 
flight  the  new  heavy  helicopter  Ml-6  could  accomplish  flight  for 
training  for  participation  in  an  air  show  on  an  aviation  holiday  In 
Tushlno.  There  was  no  longer  any  unpleasant  phenomena  connected 
with  flutter  on  these  machines  neither  then  nor  later,  fuch  is  the 
history  of  the  problem  of  flutter. 

No  less  important  is  the  problem  of  the  determination  of  varying 
stresses  in  blades,  which  is  solved  by  means  of  conr. Herat! on  of 
their  forced  vibrations. 
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During  the  first  decade  of  their  development  main  rotors  of 
helicopters  were  designed  actually  without  preliminary  calculation 
of  varying  stresses  which  appear  in  flight.  At  that  time  this 
calculation  was  laborious  and  inaccurate,  and  not  infrequently  it 
was  finished  only  after  the  roll  out  of  the  machine  onto  the  airfield. 
Only  the  development  of  methods  of  calculation  of  varying  stresses 
allowing  the  use  of  high-speed  digital  computers  permitted  the 
designing  of  blades  with  a  conscious  selection  of  the  distribution 
of  their  rigidities  and  masses  in  such  a  way  so  as  to  avoid  dangerous 
resonances,  to  lower  the  level  of  stresses  and  to  provide  long 
service  life  and  reliability  of  the  blades. 

It  is  necessary  to  note  that  a  refinement  of  the  method  of 
design  of  the  blade  for  stability  caused  further  deepening  and 
refinement  of  the  aerodynamic  theory.  As  was  already  shown  in  the 
first  book,  refinement  of  calculation  of  flying  data  did  not  create 
a  great  necessity  in  the  development  of  a  complex  and  laborious  (for 
calculations)  vortex  theory  of  the  main  rotor.  However,  only  the 
vortex  theory  permits  determining  the  irregularity  of  the  field  of 
induced  velocities  causing  variable  loads  on  the  blade  with 
frequencies  exciting  flexural  vibrations  of  the  blades  at  the  second, 
third  and  higher  tones.  Therefore,  only  the  vortex  theory  can  give 
In  the  calculation  of  stresses  results  close  to  those  which  are 
observed  in  reality. 

Another  no  less  Important  problem  was  vibrations.  This 
problem  was  always  one  of  the  most  difficult  in  the  development  of 
rotorcraft.  Dozens  of  constructions  in  the  USSR  and  abroad, 

Interesting  in  design  and  flying-tactical  data,  did  net  appear  because 
of  the  high  level  of  vibrations. 

i 

Or^  aircraft  there  are  not  such  powerful  sources  of  excitation 
of  vibrations  as  there  are  on  helicopters.  Furthermore,  the  engines 
and  propellers,  which  are  on  aircraft  the  basic  exciters  of  vibrations, 
can  be  sufficiently  well  insolated  from  the  structure  with  the  help 
of  special  shock  absorption.  Resonances  with  high  frequencies  from 
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these  exciters  enough  can  be  easily  eliminated  by  means  of 
comparatively  small  changes  in  design.  On  the  helicopter,  besides 
the  fact  that  the  actual  disturbing  forces  from  rotors  are 
considerably  greater  than  those  on  aircraft,  their  frequencies  from 
the  slowly  revolving  rotor  are  rather  low  and  at  coincidence  with 
natural  frequencies  of  vibrations  of  the  fuselage,  engine,  wing 
or  empennage  there  appear  resonances,  which  lead  to  considerable 
vibrations  with  amplitude  movements  attaining  on  the  steady-state 
operations  of  flight  quantities  of  the  order  of  0. 3-0.4  mm  and  on 
short-term  conditions  before  landing  of  tne  helicopter,  even  1-2  mm 
in  the  crew' 8  cabin. 

To  build  up  resonances  with  fundamental  tones  of  natural 
oscillations  of  the  fuselage  by  the  change  in  rigidity  of  design  on 
the  constructed  machine  frequently  appears  practically  Impossible, 
since  this  is  equivalent  to  total  alteration  of  the  fuselage. 
Therefore,  it  is  important  to  be  able  correctly  to  estimate  the 
frequencies  of  natural  oscillations  of  the  fuselage  and  to  calculate 
the  amplitude  of  vibrations  in  the  process  of  designing  of  the 
machine . 

The  basic  attention  in  combatting  vibrations  is  given  to  the 
lowering  of  values  of  variable  forces  arriving  on  the  fuselage  from 
the  rotor.  These  forces  are  caused  by  vibrations  of  the  blades.  In 
turn  vibrations  of  the  blades  can  be  larger  or  smaller  depending  upon 
the  proximity  of  their  natural  frequencies  of  sources  of  external 
excitation. 

In  all  cases  the  proximity  to  resonance  causes  an  increase  in 
stresses  in  the  blades.  But  if  these  oscillations  occur  with  a 
harmonic  frequency  of  ♦  1  or  •  1  for  oscillations  in  the  plane 
of  rotation  of  the  rotor  or  harmonic  frequency  z Tor  oscillations  in 
the  plane  of  the  stroke  (where  zm  is  the  number  of  blades),  then  the 

44 

forces  are  added  and  transmitted  through  hinges  to  the  hub  »ml 
through  it  to  the  fuselage,  thus  causing  its  oscillations. 
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The  most  unpleasant  vertical  vibrations  for  a  person  to  a 
considerable  degree  are  caused  by  forces  effective  in  the  plane  of 
rotation  of  the  rotor,  since  these  forces,  being  applied  high  above 
the  center  of  gravity  of  the  helicopter,  create  considerable  moments 
exciting  oscillations  of  the  fuselage  bend.  It  is  natural  that  the 
greatest  amplitudes  of  vibrations  (antinode)  are  reached  on  the  ends 
of  fuselage  and,  consequently,  also  in  the  cockpit. 

It  appears  that  with  determination  of  frequencies  of  natural 
oscillations  of  blades  of  the  helicopter  it  is  necessary  to  consider 
the  fact  that  the  rotor  hub  during  vibrations  does  not  remain 
fixed,  since  it  is  fastened  on  an  elastic  fuselage.  Thus  with 
determination  of  vibrations  the  helicopter  should  be  examined  as  a 
single  dynamic  system  with  elastic  blades  hinged  suspended  to  the 
hub,  which  is  fastened  to  the  elastic  fuselage. 

It  Is  obvious  that  such  a  calculation  scheme  could  appear  and 
be  feasible  for  consideration  only  recently.  As  far  as  we  know,  this 
book  gives  for  the  first  time  an  account  of  the  method  of  calculation 
of  vibrations  of  a  helicopter  during  its  designing. 


Further  in  the  book  self-excited  oscillations  of  a  helicopter, 
are  examined,  which  usually  bear  the  name  "ground  resonance.” 


For  the  first  time  designers  encountered  the  phenomenon  of 
(-round  reson^ce  more  than  30  years  ago  when  on  one  of  the  first 
r.oviet  autogiros  A-6  (design  of  V.  A.  Kuznetsov)  there  were  used 
wheels  with  low-pressure  tires  appearing  at  that  time.  Struts 
having  air-oil  shock  absorption  were  removed  from  the  helicopter. 

With  the  first  starting  unexpected  oscillations  appeared.  The 
helicopter  rocked  from  wheel  to  wheel  with  ever  increasing  amolitude: 
■;ntil  it  started  to  Jump,  detaching  the  wheels  from  land.  Takeoff 
was  completed  with  a  crash. 


Owing  to  the  fact  that  these  test?  were  photographed  by  a  movie 
camera  it  was  possible  to  establish  that  the  blades  accomplished 
growing  oscillations  around  the  vertical  hinges.  These  esci 1 lations , 
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occurring  in  the  field  of  centrifugal  forces,  caused  the  periodic 
displacement  of  the  center  of  gravity  of  the  whole  lift  system 
relative  to  the  center  of  the  hub  and  thus  excited  oscillations  of 
the  helicopter  standing  on  land.  It  is  clear  that  if  the  frequency 
of  displacements  of  the  center  of  gravity  of  the  rotor  coincides 
with  the  frequency  of  natural  oscillations  of  the  helicopter  on 
pneumatic  tires,  then  such  oscillations  can  grow.  Here  one  would 
think  that  the  physical  picture  of  the  phenomenon  is  clear.  The 
energy  which  supplied  these  growing  oscillations  was  either  the 
energy  of  the  engine  rotating  the  rotor  or  when  the  engine  is  included, 
the  kinetic  energy  of  the  rotating  rotor. 

However,  for  development  of  the  theory  of  ground  resonance  and 
study  of  its  new  manifestations,  possibly  in  new  fundamentally 
different  plans  and 'designs  of  helicopters,  numerous  investigations 
were  required,  which  continue  even  now. 

The  first  theoretical  works  clearing  up  the  nature  of  natural 
oscillations  of  the  ""ground  resonance"  type  were  carried  out  in  1936 
by  I.  P.  Bratukhin  and  B.  Ya.  Zherebtsov.  Results  of  investigations 
conducted  by  them  permitted  the  elimination,  in  particular,  of!  ground 
resonance  on  the  largest  autogiro  ever  built  In  the  world.,  the'  A-15 , 
with  a  rotor  with  a  diameter  of  18  m,  created  in  1936  by  the  design 
of  V.  A.  Kuznetsov  and  M.  L.  Mil’ .  In  the  construction  of  the 
hub  of  this  autogiro  there  were  used  springs  built  into  the  limiters 
of  bladp  vibrations  around  the  vertical  hinge.  The  springs  change 
the  natural  frequency  of  oscillations  of  the  blades  in  the  plane  of 

i 

rotation ,  and  thus  ground  resonance  was  eliminated.  ' 

There  are  no  doubts  in  the  fact  that  the  phenomenon  of  ground 
resonance  was  at  that  time  well-known  and  somehow  studied  in  the 
West,  inasmuch  as  already  the  first  successful  autogiros  of  Cierva, 
for  example,  the  S-19,  had  elastic  couplings  (shock^absorbers) 
included  in  the  blades  through  frictional  dampers. 

However,  many  designers  during  a  certain  time  period  continued 
to  create  autogiros  without  dampers  in  vertical  hinges.  A  sample  of 
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such  a  machine  was  the  autogiro  A-7,  created  in  1937  by  N.  I.  Kamov. 

He  successfully  flew  it  without  having  dampers  on  the  rotor  hub.  The 
secret  of  successful  flights  consisted  in  the  fact  that  this  was  the 
first  machine  with  a  tricycle  landing  gear  providing  oractically 
vertical  location  of  the  axis  of  the  main  rotor  during  acceleration  of 
it  before  takeoff  and  wiuh  the  stop  after  landing.  This  circumstance 
conditioned  the  small  magnitudes  of  Initial  disturbance  due  to  deviation 
of  blades  in  the  plane  of  rotation,  inasmuch  as  the  initial  deviations 
of  the  blades  are  caused  by  the  projection  of  gravity  on  the  plane 
of  rotation.  On  the  other  hand,  frictional  forces  in  the  hinges  were 
also  important  (at  that  time  in  the  hinges  there  were  bronze  bushings), 
which  with  considerable  centrifugal  forces  cannot  be  disregarded;  they 
gave  in  this  case  sufficiently  great  damping.  However,'  once  pilot 
S.  A.  Korzinshchikov  after  one  of  the  flights  immediately  after 
landing  did  not  push  the  control  stick  forward  and  thereby  did  not 
move  the  machine  from  a  three-point  position  (skid  and  basic  landing 
gear)  to  a  standing  position  (with  support  on  the  front  leg),  as 
with  subsequent  drop  in  revolutions  of  the  rotor  because  of  a  great 
initial  disturbance  in  deviations  of  blades  in  the  plane  of  rdtation 
(axis  of  rotation  of  the  rotor  was  inclined  to  earth  at  an  angle  of 
1^°)  there  appeared  ground  resonance  —  the  blades  broke  and  damaged 
the  helicopter.  • 

i 

So  from  one  experienced  example  to  another  all  new  aspects  of 
this  problem  appeared. 

Inasmuch  as  accurate  calculation  of  necessary  oscillation  damping 
of  blades  (and  with  oscillations  of  ground  resonance  there  is  equal 
importahce  in  oscillation  damping  of  the  apparatus  carried  out  by 

i 

the  shock  absorber  of  the  landing  gear)  at  that  time  did  not  exist, 
designers  tried  to  select  the  minimum  value  of  the  moment  of  friction 
of  the  damper  on  the  hub.  This  was  dictated  by  a  tendency  to 
decrease  variable  bending  moments  appearing  in  the  presence  of  the 
damper  with  forced  oscillations  of  blades  In  flight. 

With  friction  dampers,  as  Is  known,  there  appear  oscillations 
with  excitation  threshold.  If  the  excitation  is  small  -  the  exciting 
moment  is  less  than  the  moment  of  friction  —  oscillations  in  general, 
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do  not  appear.  Here  on  a  safe  helicopter  with  respect  to  ground 
resonance ,  which  is  already  in  operation,  vibrations  suddenly  appear. 
This  is  explained  by  the  fact  that  in  the  given  special  case  the 
initial  disturbances  proved  to  be  greater  than  usual.  This  case 
occurred  on  the  Mi-1  helicopter  when  it  overtaxied  obliquely  through 
deep  tracks  from  a  motor  vehicle.  A  random  disturbance  of  the  bank 
greatly  rocked  the  machine  on  the  pneumatic  tires,  and  it  acquired  so 
large  amplitudes  of  oscillations  that  the  available  damping  in 
bushing  was  insufficient  and  ground  resonance  appeared.  Pilot 
G.  A.  Tlnuakov  then  coped  with  it  very  simply;  he  took  off  and  the 
vibrations  ceased,  since  the  elastic  coupling  connection  with  earth 
was  disturbed. 

This  case  suggested  the  necessity  of  the  application  of  viscous 
friction,  i.e.,  hydraulic  oscillation  dampers  of  blades  in  the  hub 
for  which  the  moment  of  friction  does  not  remain  constant  but  grows 
with  the  amplitude  of  oscillations. 

However,  subsequent  practice  constantly  required  the 
improvement  and  development  of  the  theory  in  this  region.  It  suffices 
to  remember  at  least  the  appearance  of  ground  resonance  when  the 
helicopter  operates  on  a  tie. 

Several  cases  of  ground  resonance  occurred  also  at  a  time  when 
the  helicopter,  in  taxiing  during  takeoff  or  landing,  only  weakly 
touched  land  with  its  wheels,  when  the  tractive  force  of  the  rotor 
becomes  close  to  the  weight  of  the  apparatus  and  shock-absorber 
struts  with  the  usual  preliminary  tightening  appeared  completely 
released.  The  difference  between  weight  and  tractive  force  ofj  the 

apparatlis  was  absorbed  only  by  the  pnuematic  tires  of  the  wheels. 

| 

It1  is  clear  that  not  only  are  frequencies  of  oscillation  of  the 
machine  changed,  but  also  damping  of  the  struts  is  absent.  Here  then 
ground  resonance  appeared  which  on  the  helicopter  not  attached  or  not 
taxiing  with  a  very  small  load  on  the  wheels  nev'Sr  appeared. 

j 

In  order  to  avoid  such  cases  there  began  to  be  used  the  so-called 
dual  chamber  struts  of  the  landing  gear  —  shock-absorbing  struts 
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having  a  second  low-pressure  chamber  absorbing  the  energy  of  oscilla¬ 
tions  of  the  apparatus  when  it  touched  land  only  by  slightly  pressed 
pneumatic  tires  and  the  main  struts  did  not  operate. 

There  is  special  importance  in  questions  of  the  theory  of 
ground  resonance  on  two-rotor  configurations  when  the  elastic  system 
connecting  both  rotors,  be  it  the  fuselage  with  a  longitudinal  or 
the  wing  with  a  transverse  configuration,  has  low  frequencies  of 
natural  oscillations,  "ith  such  oscillations  there  can  appear 
considerable  movements  of  the  rotor  hub,  which  create  the  possibility 
of  energy  exchange  between  oscillations  of  the  blades  and  oscillations 
of  the  lifting  structure.  Oscillations  of  such  type  are  possible 
not  only  on  land  but  also  in  flight. 

A  similar  problem  appears  with  the  designing  of  tail  rotors  with 
vertical  hinges  located  on  the  elastic  tail  girder. 

The  creation  of  a  harmonious  and  perfected  machine  is  possible 
only  in  the  case  when  the  designer  is  quite  competent  not  only!  in 
the  general  problems  of  designing  but  alsc  in  special  problems' 
connected  with  the  theory  and  design  of  its  separate  elements. 

On  the  contemporary  helicopter  there  is  a  large  number  of 
responsible  hlgh-loade ’  mechanical  units  whose  reliability  and‘ 
service  life  in  many  respects  depend  on  the  efficiency  of  their 
bearing  units.  Therefore,  designers  of  helicopters  should  be 
familiar  with  the  theory  and  design  of  anti-friction  bearings.  This 
especially  pertains  to  cases  of  operation  of  anti-friction  bearings 
in  complex  combinations  of  external  loads  and  during  oscillatory 
motion  with  small  amplitudes. 

i 

| 

Therefore,  in  this  book  there  is  included  a  chapter  in  which 
the  answer  to  questions  of  theory  and  design  of  bearing  subassemblies 
of  bushings,  cyclic  pitch  controls  and  other  units  can  be  found. 

One  of  the  most  interesting  questions  described  in  Ohpater  TV  is 
the  theory  of  special  thrust  roller  bearings,  in  which  owing  to  the 
location  of  the  rollers  at  an  angle  to  the  radial  direction  tne 
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separator  during  oscillatory  motion  not  only  oscillates  together 
with  the  sliding  ring  but  also  continuously  revolves  in  one  direction. 
This  prevents  local  wear  of  the  rocking  paths  and  increases  the 
service  life  of  the  bearing. 

It  should  be  noted  that  the  application  of  such  bearings  in 
axial  hinges  of  main  rotor  hubs  provided  a  considerable  increase  in 
their  service  life. 

Helicopter  construction  requires  a  high  general  level  of 
theoretical  and  scientific  training  of  the  design  engineer,  since 
dynamic  problems  for  helicopters  (aircrafts  with  revolving  wings)  are 
of  considerably  greater  Importance  than  those  for  aircraft 
(apparatuses  having  stationary  wings,  and  even  now  and  wings  turning 
and  deflect  back).  This  is  confirmed  by  the  fact  that  those  few 
designers  who  were  able  to  give  a  considerable  contribution  to  the 
development  of  helicopter  construction,  and,  even  more,  those  who 
had  practical  success,  were  at  the  same  time  the  great  scientific 
theoreticians.  These  were  Academician  B.  N.  Yur'yev,  Professor 
A.  M.  Cheremukhin  and  Professor  I.  P.  Bratukhin  -  creators  of  first 
Soviet  helicopters  of  the  1930's  from  1EA  to  11EA;  Professor  Focke  — 
designer  of  helicopters  FW-61  and  FA-223  in  Germany,  one  of  pioneers 
of  aviation  Lours  Brequet  and  Professor  Doran,  who  created  the  first 
French  helicopters,  and  others. 

It  should  be  noted  that  at  present  the  theoretical  training  of 
designers  working  in  leading  firms  of  the  world  in  the  field  of 
helicopter  construction,  as  far  as  can  be  Judged  from  literature,  is 
very  high.  Therefore,  net  only  the  design  engineer  but  also  the 
designer  working  in  helicopter  construction  should  not  have  any 
difficulties  in  mastering  of  the  material  discussed  below. 

The  authors  hope  that  this  second  book  of  the  given  work  will  be 
discovered  by  readers  and  will  be  useful. 
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On  the  inserts  there  are  photographs  of  basic  Soviet  helicopters 
found  in  serial  production.  The  first  Soviet  series  of  helicopters 
with  reciprocating  engines,  the  Mi-1  and  Mi-*) ,  were  created  in  1949 
and  1152.  Built  in  great  quantities,  these  are  now  some  of  the  most 
widespread  types  of  helicopters. 

Shown  further  is  the  helicopter  Mi-6  with  two  turboprop  engines, 
developed  in  1957,  and  helicopter  Mi-10  (1962),  a  flying  crane  with 
high  landing  gear  adapted  for  transport  of  large-scale  loads  rigidly 
secured  under  the  fuselage.  In  1965  it  established  the  world  record 
for  load  capacity  for  helicopters  when  25  tons  were  lifted  to  an 
altitude  of  2830  m. 

Helicopters  Mi-2  and  Mi-8  are  also  shown,  which  are  the  second 
generation  of  Soviet  light  and  medium  helicopters.  The  lifting  systems 
from  Mi-1  and  Mi-4  were  retained  on  them,  but  instead  of  having  one 
piston  engine  there  are  two  turboprop  engines. 

Footnote 

'On  the  helicopter  Mi-4  flutter  always  appears  primarily  in  these 
conditions. 


/ 
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CHAPTER  I 


ELASTIC  OSCILLATIONS  AND  BLADE  STRENGTH 

The  calculation  of  elastic  oscillations  is  an  obligatory 
element  in  the  process  of  the  creation  of  new  blade  designs.  It 
enters  as  an  inalienable  part  into  the  calculation  of  blade  for 
strength. 

To  create  blades  of  a  helicopter  it  is  necessary  to  solve 
much  of  the  time  very  complex  technological  and  design  problems. 

With  their  solution  one  should  consider  the  most  diverse  requirements 
and  first  of  all  the  requirement  of  providing  high  fatigue  strength 
to  the  structure. 

The  work  involved  in  the  creation  of  blades  includes  usually  the 
following  basic  stages: 

-  Selection  of  materials  for  separate  elements  of  the  structure, 
determination  of  optimum  parameters  and  designing  of  the  blade. 

-  Selection  of  the  best  technological  processes  providing  the 
highest  fatigue  strength  of  its  basic  force  elements,  and  manufacture 
of  the  blade. 

-  Flight  tests  with  the  measurement  of  effective  stresses  in 
flight. 

-  Dynamic  tests  and  appraisal  of  the  blade  service  life. 
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-  Carrying  out  of  a  complex  of  finishing  works,  including  works 
on  the  lowering  of  effective  stresses  and  increase  in  fatigue 
strength  of  the  structure. 

—  Completing  tests  and  starting  construction  in  serial  production 

-  Analysis  of  the  work  of  serial  blades  in  different  conditions 
of  mass  and  prolonged  operation  and  the  carrying  out  further 
Improvement  of  commercial  construction  according  to  the  results  of 
this  analysis. 

Calculations  of  elastic  blade  oscillations  must  be  fulfilled  in 
many  stages  of  this  work  but  mostly  in  the  most  initial  stage,  which 
is  finished  by  designing  of  the  blade. 

In  the  selection  of  parameters  of  the  blade  and  materials  for 
its  manufacture,  one  of  the  basic  criteria  is  the  magnitude  of 
effective  varying  stresses  in  flight  and  the  relationship  between 
these  stresses  and  stresses  characterizing  fatigue  strength  of  the 
structure.  It  is  possible  to  learn  the  magnitude  of  these  stresses 
and  to  give  an  appraisal  of  the  structure  with  respect  to  its 
strength  in  this  stage  only  with  the  help  of  calculation.  To 
design  a  blade  in  the  required,  usually  very  short,  periods  the 
designer  should  have  at  his  disposal  perfected  methods  and  means  of 
fulfillment  of  the  design,  which  allow  giving  a  rapid  answer  to  any 
of  the  appearing  questions . 

Of  no  lesser  importance  is  the  calculation  during  finishing 
works.  As  a  rule,  in  newly  created  blades  there  appear  too  great 
varying  stresses,  and  the  designer  has  the  problem  of  reducing  them. 
For  this  it  is  first  of  all  necessary  to  confirm  by  calculation  the 
regularity  of  the  appearance  of  stresses  measured  in  flight  and 
then  to  find  the  possibility  by  means  of  changing  certain  parameters 
of  the  blade  to  decrease  their  magnitude.  To  find  the  solution  of 
this  problem  without  calculation,  as  &  rule,  means  to  lose  very  much 
time  in  checking  incorrect  proposals  and  to  expend  a  great  deal  of 
means  in  the  manufacture  of  blades,  which  subsequently  after  a  flying 
check  will  be  rejected. 
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Reducing  varying  stresses  is  extremely  important  and  permits 
not  only  increasing  the  reliability  and  service  time  of  the  blade 
but  also  improving  the  technical  flying  characteristics  of  the 
helicopter  such  as,  for  example,  the  speed  of  flight  and  load 
capacity,  since  for  contemporary  helicopters  they  are  frequently 
limited  in  conditions  of  stability. 

The  solution  to  all  these  questions  would  not  create  considerable 
difficulties  if  the  calculation  gave  results,  quite  accurately  coin¬ 
ciding  with  the  fact  that  it  is  observed  in  reality  during  measurement 
of  stresses  in  flight.  Unfortunately,  this  is  not  quite  so;  not  in 
all  cases  does  the  calculation  give  satisfactory  results  for 
practice . 

The  most  reliable  are  calculations  by  determination  of  frequencies 
of  natural  oscillations.  Attained  in  them  is  an  accuracy  usually  of 
the  order  of  ±2%.  Therefore,  all  calculations  connected  with  the 
exclusion  of  resonances  provide  a  very  high  reliability.  Of 
noticeably  lesser  reliability  are  calculations  of  varying  stresses 
at  cruising  and  maximum  speeds  of  flight.  The  stresses  obtained 
with  these  calculations  usually  prove  to  be  15-25*  less  than  stresses 
measured  in  flight.  Therefore,  the  calculation  of  stresses  in  these 
conditions  does  not  always  satisfy  the  designer.  But  it  is  necessary 
to  say  that  this  error  can  to  a  certain  degree  be  compensated,  if 
into  the  calculation  there  is  introduced  a  correction  which  considers 
the  constantly  observed  divergence  with  the  experiment. 

Still  a  great  error  is  possible  during  calculation  of  varying 
stresses  at  low  flight  speeds. 

From  what  nas  been  said  it  is  obvious  that  the  method  of 
calculation  of  varying  stresses  in  the  blade  still  requires  further 
development.  Nonetheless,  practice  shows  that  the  selection  of 
parameters  and  finishing  of  blades  without  the  use  of  even  such 
still  not  quite  perfected  methods  of  calculation  proves  to  be  very 
ineffective.  Therefore,  in  this  chapter  there  is  given  a  sufficiently 
detailed  account  of  different  methods  of  calculation.  This,  as  it 
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seems  to  us,  enables  giving  to  the  reader  a  concept  about  all 
peculiarities  of  the  load  of  the  blade  in  flight,  showing  the  possible 
means  of  approach  to  its  calculation,  revealing  and  estimating  the 
advantages  and  deficiencies  of  different  methods  and,  finally, 
giving  to  engineers  studying  this  problem  the  basis  for  further 
deepening  of  investigations  and  improvement  of  methods  of  calculation. 

Along  with  a  description  of  different  methods  of  calculation 
of  elastic  oscillations  of  the  blade,  to  which  the  basic  attention 
is  given,  in  this  chapter  there  are  also  discussed  basic  principles 
on  which  are  based  calculations  of  blade  for  strength  and  determination 
of  its  service  life  (5  11). 

Regarding  concrete  data  on  the  selection  of  parameters  of  the 
blade,  it  is  expedient  for  us  to  refer  this  question  to  the  section 
''Designing  of  the  blade,"  which  will  be  included  in  the  third  book. 

5  1.  Problems  of  Calculation.  Basic  Assumptions  and 
Derivation  of  Differential  Equations 
of  Flexural  Deformations 
of  the  Blade 

1.  Finite  Goal  of  the  Calculation  of  Elastic 
Oscillations  of  the  Blade 

The  calculation  of  elastic  oscillations  of  blade  appears 
necessary  for  the  solution  of  a  number  of  problems  appearing  in  the 
designing  and  finishing  of  a  helicopter.  The  most  important  of  them 
is  the  problem  of  the  determination  of  variable  flexural  stresses  in 
the  blade.  Determination  of  these  stresses  is  the  main  part  of 
calculation  for  strength.  Therefore,  the  main  task  of  this  chapter 
is  to  determine  elastic  oscillations  of  the  blade  for  calculation  of 
its  strength. 
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Determination  of  oscillations  of  the  blade  appears  necessary 
and  for  the  solution  of  many  other  problems.  Without  the  calculation 
of  these  oscillations  it  is  impossible  to  find  the  loads,  arriving 
on  the  helicopter,  its  hub,  control  system  and  on  the  drive 
transmission  of  the  rotor.  Determination  of  live  loads  arriving  from 
the  rotor  blades  to  the  helicopter  to  a  considerable  degree  solves 
the  problem  of  the  determination  of  vibrations  of  a  helicopter. 

There  is  also  interest  in  the  question  of  the  influence  of 
oscillations  of  the  blade  on  the  flying  characteristics  of  the 
helicopter.  Limitations  put  on  the  flying  characteristics  by 
separation  of  flow  from  the  rotor  blades  are  determined  previously 
always  by  the  permissible  amplitude  of  oscillations  of  the  blade. 

With  an  increase  in  these  amplitudes  variable  forces  in  the  control 
system  and  vibration  of  the  helicopter  are  increased.  Therefore, 
the  calculation  of  elastic  oscillations  of  blades  permits  most 
accurately  estimating  the  borders  of  conditions  permissible  in 
conditions  of  separation  of  flight  of  the  helicopter. 

i 

To  a  certain  degree  the  oscillations  of  the  blade,  and  first 
of  all  i|ts  torsional  vibrations,  affect  the  aerodynamic  properties 
of  the  rotor  with  removal  from  conditions  with  the  separation  of 
flow . 


Let  us  discuss  more  specifically  the  first  of  the  problems 
stated  here. 


2.  Calculation  of  Blade  Strength 

i 

Calculation  of  blade  for  strength  includes  determination  of 
constant  and  varying  stresses  at  all  points  of  the  blade  structure 
in  different  load  conditions.  The  most  dangerous  of  them  are 
separated  as  cases  calculated  for  strength  of  the  structure. 

Usually  with  the  creation  of  new  blades,  when  the  time  assigned 
for  fulfillment  of  the  calculation  and  their  analysis  is  very 
greatly  limited,  the  number  of  calculation  cases  is  desirably  reduced 
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to  a  minimum.  Experience  shows  that  it  is  sufficient  to  examine  one 
case  of  the  loading  of  blades  under  conditions  of  helicopter 
operation  on  land  and  a  number  of  flight  cases  on  different  flight 
conditions. 

The  first  case  provides  for  the  necessity  of  design  of  a  blade 

supported  by  a  vertical  hub  limiter  when  the  action  of  centrifugal 

forces  was  ceased  or  almost  was  ceased.  This  occurs  when  the  rotor 

does  not  rotate  or  is  in  the  initial  stage  of  acceleration,  or  it 

stops  after  the  flight.  In  the  absence  of  centrifugal  forces  the 

forces  of  weight  or  inertial  forces,  appearing  with  a  blow  of  the 

blade  against  the  limiter,  cause  in  it  considerable  flexural  stresses. 

Especially  difficult  for  the  strength  of  the  blade  are  compressive 

stresses.  Experiments  show  that  separate  overloads  of  the  blade, 

at  which  there  appear  considerable  compressive  stresses,  can  have 

an  effect  on  the  fatigue  strength  of  the  structure  and,  consequently, 

also  on  its  service  life.  Usually  static  stresses  from  the  bend  of 

the  blade,  under  the  action  of  its  intrinsic  weight,  are  limited  to 

p 

magnitudes  a,,  »  25-28  kG/mm  for  a  blade  with  a  steel  longeron  and 
^  2 

o p  *  7. 0-7. 5  kG/mm  for  a  blade  with  a  longeron  made  of  Duralumin. 

From  the  point  of  view  of  calculation  this  case  presents  no 
difficulties.  Therefore,  we  will  not  discuss  it  in  detail  here. 

Other  cases  pertain  to  different  conditions  of  flight  of  the 
helicopter,  when  to  the  constantly  effective  stresses  from  centrifugal 
forces  are  added  constant  and  varying  stresses  from  bending  of  the 
blade.  This  combination  of  loads  proves  to  be  very  difficult  for 
fatigue  strength  of  the  blade  construction. 

3.  Conditions  of  Flight  Which  are  Dangerous  for 
Fatigue  Strength  of  the  Construction 

Measurements  of  stresses  in  flight  show  that  blades  of  the  heli¬ 
copter  experience  considerable  live  loads  dangerous  for  strength  of 
construction  in  conditions  of  two  different  types. 


The  first  type  of  conditions  pertain  to  conditions  of  flight  at 
low  speeds  when  the  speed  of  flight  comprises  3— 8JK  of  the  final 
velocity  of  the  blade  (y  ■  0.03-0.08).  In  these  conditions  of  flight 
there  is  observed  a  sharp  increase  in  amplitudes  of  flexural 
vibrations  of  the  blades,  and  varying  stresses  are  increased 
respectively. 

The  indicated  speeds  of  flight,  is  used  by  the  helicopter  with 
acceleration,  horizontal  flight  with  stabilized  low  speed  and  in 
conditions  of  deceleration.  Usually  the  greatest  varying  stresses 
appear  in  conditions  of  deceleration.  Considerable  stress  can  also 
appear  in  conditions  of  'steep  descent  with  low  horizontal  speed. 

In  conditions  of  design  load  flights  at  low  speeds  are,  as  a 
rule,  short-term  conditions  of  the  flight,  in  any  case  for  helicopters 
conducting  transport  work.  However,  because  of  great  stresses 
frequently  these  conditions  determine  the  service  life  of  blade  by 
conditions  of  durability. 

Flights  at  high  speeds  belong  to  the  second  type  of  conditions 
dangerous  for  fatigue  strength.  These  are,  first  of  all,  flights  at 
cruising  and  maximum  speeds.  The  flight  at  cruising  speed  is  usually 
the  most  continuous  mode  of  flight  and  therefore  Introduces  Into  the 
design  considerable  fatigue  damage. 

The  sharp  increase  in  varying  stresses  at  low  speeds  is 
explained  first  of  all  by  the  considerable  irregularity  of  the  field 
of  Inductive  speeds  appearing  at  these  conditions  In  the  flow  flowing 
through  the  rotor.  Moreover,  in  its  absolute  magnitude  Inductive 
speeds  in  these  conditions  reach  the  largest  values  as  compared  to 
all  other  conditions  of  flight.  Therefore,  their  influence  on  the 
magnitude  stresses  at  low  speeds  of  flight  considerably  increases. 

The  alternating  field  of  Inductive  speeds  leads  to  the  appearance 
of  variable  aerodynamic  loads  on  the  blade.  Under  the  impact  of 
these  loads  the  blade  accomplishes  flexural  vibrations,  and  this 
is  why  in  it  there  appear  considerable  varying  stresses. 


At?  high  speeds  of  flight  variable  aerodynamic  loads  appear 
mainly  due  to  the  pulsation  of  relative  flow  rate  and  change  in 
angles  of  attack  of  blade  sections  along  the  azimuth  of  the  rotor. 

The  alternating  field  of  inductive  speeds  in  these  conditions  weakly 
affects  the  values  of  the  aerodynamic  load. 

With  calculation  for  strength  it  sometimes  is  also  necessary  to 
examine  the  case  of  possible  rotor  acceleration  in  flight  when 
centrifugal  forces  considerably  increase.  Here  the  constant  part  of 
effective  stresses  in  the  blade  is  increased. 

4.  Assumption  of  the  Uniform  Field  of  Induced  Speeds 

From  what  has  been  mentioned  above ,  it  is  clear  that  the 
calculation  of  variable  aerodynamic  loads  on  low  speeds  is  impossible 
without  taking  into  account  the  alternating  field  of  induced  speeds. 

With  an  increase  in  speed  of  the  flight  the  absolute  magnitude 
of  induced  speeds  drops.  The  influence  of  their  irregularity  on 
magnitudes  of  aerodynamic  loads  decreases.  Therefore,  starting  from 
average  speeds  of  flight,  when  u  _>  0.2,  with  the  calculation  of 
varying  stresses  in  the  blade  it  is  possible  approximately  to  consider 
that  the  field  of  Induced  speeds  is  uniform,  i.e.,  that  the  induced 
speeds  are  constant  along  the  disk  of  the  rotor.  This  assumption 
leads  to  very  serious  simplifications  of  all  the  computations  and  a 
sharp  reduction  of  duration  of  the  calculation.  Therefore,  it  is 
widely  used  in  practical  calculations. 

However,  the  accuracy  of  results  obtained  taking  into  account 
this  assumption  frequently  does  not  satisfy  the  designer.  Therefore, 
In  many  cases  with  the  calculation  of  flight  conditions  with  average 
and  great  speed  this  assumption  must  be  renounced. 

5.  Assumptions  Utilized  During  Calculation  of 
Aerodynamic  Loads  on  the  Blade  Profile 

In  all  methods  of  calculation  discussed  in  this  chapter,  it 
is  assumed  that  the  aerodynamic  forces  having  an  effect  on  the  blade 
profile  can  be  determined  by  using  aerodynamic  coefficients  re ferrin  * 
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to  stationary  flowing  around  of  an  infinitely  long  wing  in  plane- 
parallel  flow.  The  nonstationaryity  of  the  flowing  around  is 
considered  only  in  values  of  angles  of  attack  of  the  profile  in  which 
inductive  downwash  is  introduced. 

Consequently,  to  determine  forces  having  an  effect  on  the 
element  of  the  profile,  it  is  sufficient  to  determine  its  angle  of 
attack  a  and  relative  speed  of  flowing  around  its  flow  U.  Then, 
knowing  a  and  Mach  number  M«  —  (here  a«  is  the  speed  of  sound), 

along  the  polar  of  the  profile  one  can  determine  coefficients  c 

and  cx  and,  consequently,  also  forces  having  an  effect  on  the  profile. 

When  necessary  there  is  determined  also  coefficient  mz. 

If  in  examined  flight  conditions  the  angle  of  attack  of  the 
profile  does  not  exceed  a  ^  9°,  and  the  Mach  number  is  not  more 
than  M  %  0.5,  then  its  influence  can  be  disregarded,  and  we  can  assume 
that 

(1.1) 

where  c“  is  the  tangent  of  the  angle  of  inclination  of  dependence 
cy  *  f(o). 

This  assumption  is  used  during  calculation  of  loads  in 

* 

conditions  sufficiently  remote  from  separation  in  which,  furthermore, 
it  is  possible  to  disregard  phenomena  connected  with  the 
compressibility  of  flow. 

The  possibility  of  application  of  certain  assumptions  with 
respect  to  the  method  of  determination  of  aerodynamic  forces  has 
decisive  importance  in  the  selection  of  the  method  of  calculation  of 
stresses,  which  in  the  examined  case  should  be  used.  Due  to  this 
In  various  conditions  of  flight  the  most  expedient  appears  to  be 
the  application  of  different  methods  of  calculation.  Therefore, 
subsequently  we  will  separate  three  types  of  conditions,  which  are 
distinguished  by  the  fact  that  in  each  of  them  best  results  can  be 
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obtained  by  different  methods  of  calculation.  These  are  conditions 
of  low,  average  and  high  speeds. 

•In  conditions  of  low  speeds  it  is  impossible  not  to  consider  the 

alternating- field  of  inductive  speeds,  but  with  moderate  loads  on 

the  blade  it  is  possible  to  use  linear  aerodynamics.  At -average 

flight  speeds  calculation  of  the  alternating  field  of  inductive 

speeds  appears  necessary  only  with  the  solution  of  special  problems 

connected  with. the  necessity  of  separation  of  separate  high  harmonics 

of  aerodynamic  loads.  Calculation  of  nonlinear  dependences  in  the 

determination  of  aerodynamic  coefficients  at  these  speeds  is  almost 

always  unnecessary.  And,  finally,  in  conditions  of  high  speeds 

lying  near  the  border  of  separation,  calculation  of  these  nonlinear- 

» 

ities  becomes  obligatory,  whereas  the  changeability  of  the  field  of 
inductive  speeds  in  the  greater  part  of  cases  cannot  be  considered. 


The  enumerated  considerations  lead  to  the  fact  that  separate 
methods  of  calculation  can  be  attached  to  definite  conditions  of 
flight. 


6.  The  Connection  Between  JDe formations  with  Bend  In 
Two  Mutually  Perpendicular  Directions  and 
Assumptions  in  Calculations  Taken 
in  Connection  with  This 

Usually  the  blade  of  a  helicopter  is  designed  in  such  a  way 
that  the  main  elastic  moments  of  inertia  of  its  sections  are 
essentially  different  In  magnitude.  Therefore,  the  blade  is  a  rod 
stretched  by  centrifugal  forces  whose  every  section  possesses 
different  rigidity  in  two  mutually  perpendicular  directions.  In  order 
to  characterize  these  directions  through  the  axis  of  the  rod  in  the 
direction  of  principal'  axes  of  the  section  there  are  conducted  planes 
called  planes  of  the  greatest  and  least  rigidity  (Fig.  1.1). 

Frequently  for  creation  of  aerodynamic  blade  twist  not  only 
frame  forming  its  external  surface  twists,  but  also  the  blade 
longeron.  In  this  case  directions  of  the  main  elastic  axes  of  the 
section  are  changed  along  the  length  of  the  blade,  and  geometrically 
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Chord 


Pig.  1.1.  Diagram  of  location  of.  the 
longeron  in  the  case  when  geometric 
twist  is  carried  out  with  the  help  of 
tufn  of  the  frame  with  respect  to  the 
longeron  (»«*cowl)  . 


it  becomes  a  twisted  roc  .•  n  other  cases  aerodynamic  twist  'is 
fulfilled  only  due  to  the  turn  of  the  blade  frame  with  respect  to 
the  longeron . 

In  external  forces  in  the  most  diverse  directions  act  on  the 
blade  profile.  This  makes  the  problem  of  blade  bending  a  very 
complex  spatial  problem. 


At  the  same  time  the  magnitude  of  geometric  twist  for  blades 
of  helicopters  is  not  very  great  (of  the  order  of  6-12°)  and 
considerably  less  than  that  for  aircraft  propellers  and  blades  of 
compressors  and  turbines.  -  As' different  appraisals'  show,  the  * 

influence  of  this  twist  on  results  of  calculations  is  small. 

Therefore,  in  all  the  methods  of  calculation  given  here  we  will 
disregard  twlstness  of  elastic  axes  of  the  blade  longeron  and  consider 
that  the  direction  of  the  plane  of  greatest  and  least  blade  rigidity 
is  constant  alohg  its  length. 


This  assumption  permits  projecting  all  external  forces  on  these 
planes  and  solving  the  two  elastically  unbound  two-dimensional 
problems  of  blade  bending  in  two  mutually  perpendicular  directions. 
Upon  completion  of  the  calculation  for  determination  of  stresses  at 
different  points  of  the  blade  section,  results  of  these  two 
calculations  can  be  added. 

«  The  profile  of  the  blade  section  permits  increasing  dimensions 
of  the  longeron  in  the  chord  plane,  and  limits  them  In  a  perpendicular 
direction.  Therefore,  the  plane  of  the  greatest  rigidity  is  usually 
close  to  the  plane  passing  through  the  blade  chord.  This  circumstance 
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and  also  the  fact,  that  In  the  chord  plane  the  magnitude  of  aerodynamic 
forces  is  usually  less  than  that  in  the  plane  perpendicular  to  it 
leads  to  the  fact  that  the  magnitude  of  flexural  stresses  is  usually 
larger  with  bending  in  the  plane  of  least  rigidity  and  less  in  the 
plane  of  greatest  rigidity.  If  one  were  to  examine  contemporary 
designs  of  blades  for  which  fatigue  strength  is  approximately 
identical  with  bending  in  all  directions,  then  it  will  appear  that 
bending  in  the  plane  of  least  rigidity  is  considerably  more  dangerous. 
In  practice  usually  all  difficulties  appear  in  connection  with  the 
necessity  to  provide  strength  with  bending  in'  this  plane.  Therefore, 
in  this  chapter  methods  of  calculation  of  blade  oscillations  only 
in  the  plane  of  least > rigidity  will  be  examined.  With  calculation 
in  this  plane  it  is  possible  to  apply  the  additional  assumption  about 
the  fact  that  the  plane  of  least  rigidity  coincides  with  the  plane 
passing  through  the  axis  of  the  rotor.  We  will  subsequently  call 
this  plane  the  flapping  plane. 

7.  Calculation  of  Torsional  Deformations  of  the  Blade 

During  Calculation  of  Flexural  Oscillations  1 

Twisting  deformations  change  the  angles  of  attack  of  the  blade 
sections  of  blade  and,  consequently,  also  the  aerodynamic  forces 
having  an  effect  on  them.  Therefore,  they  should  be  considered 
during  calculation  of  aerodynamic  loads  and  oscillations  of  the  blade. 
However,  calculation  of  torsional  vibrations  of  the  blade  is  consider¬ 
ably  difficult  and  greatly  complicates  the  calculation. 

At  the  same  time  in  a  whole  series  of  cases  it  does  not  lead  to 
considerable  refinement  of  the  results.  Therefore,  calculation  of 
torsional  deformations  should  be  produced  only  if  there  is  an 
imperative  necessity.  For  example,  this  is  true  In  those  cases  when 
flexural  flutter,  although  such  a  position  indicates  insufficient 
reserve  prior  to  flutter  and  cannot  be  considered  permissible. 

To  calculate  torsional  deformations  it  is  necessary  to  solve 
a  system  of  differential  equations  of  flexural-torsional  vibrations 
of  the  blade.  The  solution  of  this  system  is  fulfilled  with  the 
calculation  of  flutter.  Therefore,  such  a  method  of  calculation, 
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called  the  general  method  of  calculation  of  flutter  and  flexural 
stresses  in  the  blade,  is  referred  in  the  first  book  (see  §  7  of  :v 
Chapter  IV) . 

In  this  chapter  only  methods  of  calculation  of  free  torsional 
(§  5)  and  flexural-torsional  vibrations  (§6). 

8.  Two  Stages  of  Calculations  in  the  Designing ’of 
the  Blade:  Calculation  of  Frequencies  of 
Natural  Oscillations  and  Calculation 
of  Stresses 

If  a  newly  created  blade  of  a  helicopter  does  not  very  greatly 
differ  in  its  geometric  and  mass  characteristics  from  an  already 
made  and  proved  blade,  then  it  is  possible  to  affirm  that  on  Identical 
conditions  of  flight,  the  varying  stresses  acting  in  It  will  be 
approximately  the  same  as  in  the  blade  which  Is  its  prototype. 

However,  this  position  is  disturbed 'in  those  cases,  when  due  to  a 
certain  change  in  its  parameters  the  blade  appears  in  resonance  with 
some  harmonic  of  external  forces. 

The  practice  of  blade  designing  shows  that  sufficiently  reliable 
blades  can  be  created  only  when  none  of  the  blade's  natural 
frequencies  coincides  with  frequencies  of  external  forces  and  Is  at 
sufficient  distance  from  them.  This  pertains  to  oscillations  of 
the  blade  both  in  the  plane  of  the  least  and  In  the  p?ane  of  greatest 
rigidity.  It  follows,  of  course,  to  stipulate  that  not  all  harmonics 
of  external  forces  are  dangerous  for  strength  but  only  those  whose 
magnitude  Is  sufficient  for  creation  of  stresses  considerable  In 
magnitude.  In  practice  usually  the  absence  of  resonances  should  be 
provided  with  harmonics  no  higher  than  the  eighth  to  revolution  of 
the  rotor.  Higher  harmonics  of  external  forces  are  not  substantial. 

Thus,  if  a  gross  e-nor  in  the  selection  of  characteristics  of 
the  blade  is  not  allowed,  then  for  the  limitation  of  varying  stresses 
in  permissible  limits,  it  appears  sufficient  only  to  provide  the 
absence  of  resonances.  It  is  not  necessary  to  produce  calculation  of 
values  of  amplitudes  of  varying  stresses  in  this  case.  Therefore, 
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frequently  an  experienced  designer  can  be  limited  only  to  the  first 
stage  of  design  of  a  blade:  determination  of  its  frequencies  of 
natural  oscillations  and  cons  ruction  of  a  resonance  diagram.  i 

Prom  what  has  been  said  it  results  that  the  calculation  of 
frequencies  and  forms  of  natural  oscillations  of  a  blade  is  not 
only  an  auxiliary  stage  for  the  calculation  of  stresses,  but  it  has 
an  independent  importance  as  a  preliminary  stage  of  calculation  of 
blade  for  strength. 

9.  Idealized  Blade  Models  Used  in  the  Calculation 

With  fulfillment  of  the  calculation  it  is  necessary  to  present 
the  blade  in  the  form  of  a  certain  idealized  mechanical  model  for 
which  there  would  be  correct  all  the  accepted  initial  assumptions, 
so  that  subsequently  in  the  process  of  calculations  there  would  be  no 
need  to  use  approximate  mathematical  operations. 

During  calculation  on  digital  computers  the  problem  should  be 
stated  in  such  a  way  that  its  solution  is  possible  with  any  accuracy 
assigned  in  advance  and  accessible  for  the  machine 

As  experience  has  shown,  the  application  of  methods  of  calculation 
using  approximate  mathematical  operations  very  frequently  leads  to 
different  misunderstandings.  In  a  number  of  cases,  only  because 
of  the  inaccuracy  with  calculations,  can  it  appear  Impossible  to 
bring  the  calculation  to  an  end.  Thus,  for  example,  during 
calculation  of  forms  of  natural  oscillations  by  the  method  of 
successive  approximations,  it  is  necessary  to  calculate  a  whole 
series  of  integrals.  Frequently  this  is  done  by  the  trapezoid  method. 

With  the  limited  quantity  of  intervals  of  integration  this  method 
gives  so  large  an  error  that  during  calcualtion  of  forms  of 
oscillations  of  higher  tones,  the  ordinate  of  which  are  calculated 
In  the  form  of  small  differences  of  large  values,  the  method  of 
successive  approximations  ceases  to  converge. 

This  circumstance  requires  special  caution  during  the  use  of 

i 

approximate  methods  of  calculations.  Therefore,  it  Is  more  expedien 
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to  introduce  a  simplified  idealized  model  of  a  blade  which  would  be 
convenient  to  calculate  with  an  accuracy  maximum  permissible  for  the 
machine . 

i 

Three  different  types  of  mechanical  models  which  are  frequently 
used  in  calculations  are  well-known. 

Beam  model  with  continuously  distributed  parameters.  In  this 
model  the  blade  is  represented  in  the  form  of  a  beam  with  continuously 
distributed  rigidities  El,  linear  mass  m  and  parameters  determining 
the  magnitude  of  linear  aerodynamic  load. 

Such  a  model  is  very  convenient  with  the  composition  of  initial 
differential  equations  and  application  to  them  of  well-known  methods 
of  approximation  of  the  solution,  but  it  appears  unsuitable  for 
complete  numerlpal  calculation.  Below  we  will  frequently  use  such 
a  model  for  the  derivation  of  calculation  formulas  in  order  in  the 
stage  of  numerical  calculation  to  use  formulas  recorded  by  analogy  and 
which  pertain  to  the  model  with  discrete  parameters.  In  these 
formulas  all  the  integrals  of  functions  dependent  on  the  radius  of  the 
blade  are  replaced  by  sums  of  discrete  quantities  referring  to  a 
series  of  fixed  radii  of  the  blade. 

Beam  model  with  concentrated  loadf .  In  this  model  the  blade  is 
represented  in  the  form  of  a  system  of  concentrated  loads  connected 
with  each  other.  The  connection  between  these  loads  is  carried  out 

i 

by  means  of  weightless  beams  possessing  constant  (in  length)  bend 
rigidity  equal  to  the  rigidity  of  corresponding  sections  of  the  blade. 

With  the  determination  of  aerodynamic  forces  it  is  assumed  that 
to  every  load  is  fastened  a  separate  flap  whose  area  is  equal  to  the 
area  of  the  corresponding  blade  section.  Usually  it  is  assumed  that 
the  area  is 

(1.2) 
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where  ^  ^  1  and  l ^  i+1  are  lengths  of  adjacent  sections  into  which 
the  blade  is  divided  with  calculation;  -  chord  of  blade  in  the 
section  between  these  sections. 

This  model  most  accurately  reflects  the  properties  of  the 
real  blade.  Therefore,  in  almost  all  cases  during  practical 
calculation  it  will  be  used. 

It  is  necessary,  however,  to  note  that  the  beam  model  possesses 
these  positive  properties  only  at  the  number  of  sections  z  equal  to 
25-30  and  more.  With  a  decrease  in  the  number  of  sections  the  form 
of  deformations  of  the  beam  model  starts  very  greatly  to  differ  from 
the  form  of  deformations  of  the  blade.  This  circumstance  will  be 
more  specifically  illustrated  in  §  10,  No.  3.  Furthermore,  application 
of  the  beam  model  leads  in  a  number  of  cases  to  a  very  complex  system 
of  formulas  and  sometimes  even  hampers  fulfillment  of  the  calculation. 
In  these  cases  the  simpler  hinged  model  of  the  blade  can  be  used. 

Hinged  blade  model.  In  this  model  the  blade  is  represented  in 
the  form  of  a  multlhinged  link  consisting  of  absolutely  rigid 
weightless  sections  with  masses  concentrated  in  the  hinges.  The 
bending  rigidity  of  the  blade  is  simulated  by  elastic  elements 
concentrated  in  the  hinges.  Under  the  impact  of  external  forces  the 
axis  of  such  a  chain  will  take  the  form  of  a  broken  line  and  not  a 
smooth  one  as  in  the  model  of  the  beam  type.  This  circumstance,  Just 
as  the  operation  of  the  selection  of  rigidity  of  elastic  elements, 
introduces  a  definite  error  with  transition  '"rom  the  blade  to  a 
mechanical  model. 

At  the  same  time  the  application  of  a  hinged  model  creates  so 
considerable  simplifications  in  the  calculation  formulas  that  sometimes 
the  application  of  improved  methods  of  calculation  which  were 
practically  unrealizable  in  the  use  of  the  beam  model  is  possible. 

This  compensates  for  deficiencies  peculiar  to  this  model. 

It  is  still  necessary  to  add  that  with  a  decrease  in  the  number  f 
of  sections  into  which  the  blade  in  the  calculation  is  divided, 
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properties  of  models  start  very  greatly  to  differ  from  properties 
of  the  real  balde.  But  for  the  hinged  model  these  errors  increase 
not  as  rapid  as  those  for  the  beam  model.  Due  to  this  the  hinged 
model  can  appear  more  profitable  in  the  application  of  rough  methods 
of  calculation  when  the  blade  is  divided  into  a  small  number  of 
sections,  let  us  say  of  the  order  of  10-12. 

10.  Derivation  of  the  Differential  Equation  of  Bend  of 
the  Blade  in  the  Field  of  Centrifugal  Forces 
with  Oscillations  in  the  Flapping  Plane 

Let  us  represent  the  blade  in  the  form  of  a  beam  with  continuously 
distributed  parameters.  Let  us  separate  for  consideration  the 
element  of  the  beam  with  length  dr.  The  forces  having  an  effect  on 
this  element  are  shown  in  Fig.  1.2. 


Fig.  1.2.  Diagram  of 
forces  having  an  effect  on 
the  element  of  the  blade. 


Let  us  compose  the  equations  of  equilibrium  of  this  element, 
being  limited  to  quantities  of  only  the  first  order  of  smallness. 
Then  the  sum  of  projections  of  forces  on  axis  y  can  be  recorded  as 

Vtfr+rfQ-0,  (1.3) 

and  the  sum  of  moments  of  all  forces  with  respect  to  point  A 

Qdr+dM-Ndy-0,  (1.4) 

where  W  is  the  linear  external  load  on  the  blade;  Q  -  shear 
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force  in  the  blade  section;  M  -  bending  moment;  N  -  centrifugal  force 
in  the  blade  section. 

Prom  equation  (1.3)  we  will  obtain 

O'.  (1.5) 

Here  and  below  the  prime  denotes  differentiation  with  respect  to 
the  radius  of  the  blade. 

Differentiating  equation  (1.4),  we  will  obtain 

Q'._M-+lA (irt'.  (I-6) 

If  we  assume  M  +  Ely"  and  substitute  expression  (1.6)  into 
equation  (1.5),  then  we  will  obtain  the  well-known  differential 
equation  of  flexural  deformations  of  the  blade  in  field  of  centrifugal 
forces : 

[E/i,T-[Nv'Y-W.  (1.7) 

Let  us  present  the  external  load  W,  which  consists  of  aerodynamic 
and  innertial  loads: 


(1.8) 

where  T  is  the  linear  aerodynamic  load;  m  -  linear  mass  of  the  blade. 

The  two  dots  here  denote  differentiation  with  respect  to  time. 

Substituting  expression  (1.8)  into  equation  (1.7),  we  will  obtain 
the  differential  equation  of  blade  oscillations: 

IWT-  IW' +*i-T.  ( i .  9 ) 

In  a  vacuum,  when  the  aerodynamic  load  T  is  equal  to  zero, 
equation  (1.9)  will  describe  free  oscillations  of  the  blade  m  the 
field  of  centrifugal  forces: 


iwi'-wr+**i-o. 


(1.10) 


Solution  to  this  equation  has  well-known  difficulties.  Therefore, 
in  §  2  in  the  beginning  its  solution  for  the  case  N  ■  0  pertaining 
to  an  irrotational  blade  will  be  examined. 

11.  Differential  Equation  of  Blade  Bending  in  the 
Plane  of  Rotation  of  the  Rotor 

With  bend  of  the  blade  of  rotation,  because  of  concentricity 
of  the  field  of  centrifugal  forces  on  the  element  of  the  blade,  there 
will  act  an  additional  force  which  did  not  enter  into  equations  in  the 
flapping  plane.  Taking  into  account  this  circumstance,  equation  (1.8) 
should  be  copied  in  the  form 

V—Q+vPmx—mi,  (1.11) 

where  Q  is  the  aerodynamic  force  in  the  plane  of  rotation;  x  is  the 
movement  of  blade  elements  in  the  plane  of  rotation. 

Substituting  (1.11)  into  the  equation  analogous  (1.7)  but 
recorded  for  the  plane  of  rotation,  we  will  obtain  the  differential 
equation  of  bend  of  the  blade  in  this  plane:  % 

[f/^r-lATxT— (1.12) 

This  equation  differs  from  equation  (1.9)  only  by  the  additional 

„  2 
term  w  mx. 


S  2 .  Free  Oscillations  of  a  Blade  of  an 
~~  Irrotational  Rotor 


1.  Method  of  Calculation  Leading  to  the 
Solution  of  the  Integral  Equation  of 
Blade  Oscillations 

The  calculation  of  forms  and  frequencies  of  natural  oscillations 
of  a  blade  of  an  irrotational  rotor  is  quite  widely  discussed  in 
literature  (see,  for  example,  [1]).  In  this  paragraph  only  certain 
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basic  positions  and  somewhat  refined  formulas  used  during  practical 
calculations  will  be  briefly  repeated. 

Let  us  consider  the  differential  equation  of  oscillations 
obtained  for  the  blade  model  with  continuously  disturbed  parameters. 

If  in  equation  (1.10)  we  assume  N  ■  0,  then  it  will  take  the  form 

iwr+*f-o. 

Having  assumed 

y— ‘y*\apt 

and  substituting  into  (2.1),  we  will  obtain 

p/9r-*v-a 

With  further  calculations  we  will  omit  the  dash  above  the  y. 

Let  us  integrate  equation  (2.3),  taking  into  account  boundary 
conditions  of  the  blade  fastening.  For  simplicity  we  will  examine 
the  case  of  the  blade  rigidly  sealed  in  the  shank  with  these 
boundary  conditions: 

-  for  r  «  0;  y  *  0;  y’  ■  0; 

-  for  r«R;M»0;Q-0. 

As  a  result  of  the  fourfold  integration,  equation  (2.3)  will 
be  converted  into  an  integral  equation  fo  the  form 

u.») 

•  •  r  r 

Equation  (2.K)  is  solved  usually  by  the  method  of  successive 
approximations.  Having  assigned  the  arbitrary  form  of  y,  standardized 
by  some  manner,  for  example 

f*-l.  (2.5) 


(2.1) 


(2.2) 


(2.3) 


2  6 


we  will  substitute  it  into  the  rlaht-hand  side  of  equation  (2.4). 
Fulfilling  integration,  we  will  obtain  the  function 

—iiir  if"*"*  <2-6) 

(I  » » 

2 

such  that  y  *  p  u. 

Whence,  using  condition  (2.5),  we  obtain 

(2.7) 

where  uR  is  the  value  u  for  r  -  R. 

Let  us  repeat  the  same  operation,  talcing  the  n*»w  value 

(2.8) 

Fulfilling  the  ahove-described  operation  several  times,  one  can 
be  certain  that  the  fcrm  of  oscillations  y  and  frequency  p  converges 
to  defined  values  which  are  the  solution  of  the  integral  equation 
(2.4). 


The  thus  used  method  of  successive  approximations  results  in 
the  fact  that  the  determined  form  of  y  converges  to  the  form  of  the 
lowest  tone  of  natural  oscillations  of  the  blade. 

To  determine  the  subsequent  tones  it  is  necessary  still  to 
fulfill  the  condition  of  orthogonality  of  tones  of  natural 
oscillations.  This  condition  will  be  examined  in  No.  3. 

With  practical  application  of  the  method  of  calculation 
expounded  here  it  is  very  important  to  select  a  sufficiently  accurate 
method  for  calculation  of  the  Integral  expression  (2.6).  If 
parameters  of  the  blade  are  assigned  in  the  form  of  continuous 
functions,  then  the  simplest  method  of  calculation  of  Integrals  (2.6) 
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is  the  one  usually  used  In  such  cases ,  tne  trapezi  um  method . 

However,  as  was  already  noted  above,  with  calculation  of  higher  tones 
of  oscillations  the  error  Inserted  by  this  operation  leads  to  so 
considerable  errors  that  such  a  method  cannot  be  used  for  practical 
purposes.  This  deficiency  vanishes  if  for  the  calculation  of  integrals 
(2.6)  we  use  the  method  resulting  from  examination  of  the  mechanical 
model  of  the  blade  with  discretely  distributed  parameters. 

2.  Calculation  of  Forms  and  Frequencies  of  Natural 
Oscillations  of  the  Blade  Model  with 
Discretely  Distributed  Parameters 

For  the  calculation  let  us  use  the  model  of  the  beam  type  with 
concentrated  loads  (see  §  1,  No.  9).  For  this  we  will  divide  the 
blade  into  z  sections.  Lengths  of  the  separate  sections  can  be 
different.  The  weight  of  the  blade  will  be  concentrated  along  the 
edges  of  these  sections  in  the  form  of  separate  discrete  loads  with 
mass  m^.  The  flexural  rigidity  of  the  blade  will  be  represented  by 
a  step  curve  in  such  a  way  that  for  the  extent  of  each  section  it 
remains  constant  (Fig.  1.3). 


Fig.  1.3-  Calculation  model  of  the 
blade . 


In  the  same  way  as  in  No.  1,  we  will  examine  In  the 
beginning  the  case  of  the  blade  sealed  In  shank.  The  operation 


detemir.'-d  by  equation  (2.1)  Ir.  tr.is  case  car.  be  carried  out 
absolutely  accurately. 

Actually,  let  us  assign  the  arbitrary  form  of  load  movements 
of  the  model  y^.  Here  we  call  the  form  of  movements  the  system  of 
discrete  values  yi  (1*0,  1,  2,  3»  ...»  z  -  ordinal  number  of 
concentrated  loads  of  the  model).  Thus,  Just  as  above  (see  condition 
2.5),  let  us  assume  that  y  ■  1.  If  movements  y,  are  known,  one 
can  determine  the  Inertial  forces  of  the  loads  iwth  their  oscillations 
at  the  frequency  p  ■  1.  They  are  determined  by  the  expression 

£*-***•  (2.9) 

Knowing  the  inertial  forces,  one  can  determine  all  the  bending 
moments  about  the  system  of  simple  recurrence  formulas  of  the  form 

(2.10) 

where  1+1  are  the  length  of  the  blade  section  between  the  i-th 
and  i  +  1-th  concentrated  mass. 

Coefficients  aA  and  bj^  are  determined  by  the  formulas 


Calculation  of  bending  moments  by  the  formulas  (2.1~)  should 
be  started  from  the  end  of  blade,  assuming  in  the  beginning  that 
i  ■  z  -  1  and  bending  moments  and  are  equal  to  zero. 


After  determination  of  the  bending  moments  it  is  easy  ,o 
determine  deformations  of  the  blade.  Blade  deformations  with 
oscillations  at  frequency  p  •  1  will  be,  as  above,  designated  by  the 
letter  u. 


The  magnitude  of  these  deformations  is  determined  by  the  recur¬ 
rence  formulas  of  the  fora: 


8i  |  lA_i — fti.jit,., — 


(2.11) 


where 


Here 


rfj  _j  Af|_, Af  4 -f  Af| +». 


(2.12) 


A— Alt)  .  • 

1 

rf|). 


(2.13) 


Calculation  deformation  ui  should  be  started  from  the  shank  of 
the  blade,  assuming  in  accordance  with  boundary  conditions  accepted 
here  that  u^  *  0.  All  quantities  with  negative  indices  should  also 
be  assumed  equal  to  zero. 

Thus  fulfillment  of  operations  (2.10)  and  (2.11)  in  reference 
to  the  beam  model  with  discrete  distribution  of  parameters  leads 
to  the  calculation  of  accurate  values  of  u^ 

p 

Determining  p  Just  as  earlier  [see  (2.7)] 


(2.14) 


and  new  values 


W-P*u«. 


(2.15) 


we  repeat  all  operations  as  many  times  as  is  necessary  so  that  the 
method  of  successive  approximations  agrees.  Usually'  the  calculation 
is  considered  finished  when  the  difference  of  values  yi  in  two 
successive  approximations  appears  less  than  the  assigned  accuracy  e  . 


3.  Condition  of  Orthogonality  aftd  the  Calculation  of 
Subsequent  Tones  of  Natural  Oscillations 

The  method  of  successive  approximations  stated  above  leads  to 
the  determination  of  lowest  tone  of  natural  oscillations.  With 
determination  of  following  tones  it  is  necessary  to  still  fulfill 
conditions  of  independence  of  oscillations  according  to  different  tone 
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Let  us  imagine  that  free  oscillations  of  the  blade  in  a  vacuum 
occur  simultaneously  by  two  forms  y|^  and  yjm^ .  One  can  determine 
the  energy  of  oscillations  according  to  each  of  the  forms  separately 
by  peak  values  of  the  kinetic  energy:1 


^1“  2*i  [*/#]*: 


(2.16) 


On  the  other  hand  the  total  energy  of  the  system,  fluctuating 
simultaneously  by  two  forms,  Ou  be  determined  by  the  peak  value 
of  the  total  kinetic  energy: 

Kt  “2  ***  [pllAP  4"  Pm3f ("*]*•  (2.17) 

The  system  possesses  this  kinetic  energy  at  that  moment  of 
time  when  the  blade  passes  during  oscillations  through  the  neutral 
position  simultaneously  by  two  forms  yj^  and  .  Because  of  the 

distinction  in  values  of  frequencies  of  natural  oscillations  such  a 
position  can  appear  relatively  rarely,  but  can  easily  be  created 
artificially  by  means  of  assignment  of  corresponding  phases  of 
oscillations  at  the  initial  instant.  , 


If  the  amplitude  with  respect  to  each  of  the  component  forms 
of  oscillations  does  not  change  with  the  course  of  time,  then  their 
energy,  determined  by  formulas  (2.l6),  remains  constant. 

t 

i 

The; total  energy  of  the  oscillations  should  always  be  equal  to  ' 
the  sum  of  energies  of  the  ocmponent  motions,  i.e., 

(2.18) 

As  follows  from  expression  (2.17)>  this  is  possible  only  under 
the  condition  if 


(2.19) 
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This  condition  is  called  toe  condition  of  orthogonality  of 
tones  of  natural  oscillations.  A  more  strict  derivation  of  this 
condition  will  be  given  in  i  2  of  Chapter  II. 


With  the  calculation  of  any  j-th  tone,  all  preceding  tones 
to  which  index  m  *  0,  1,  2,  j  -  1  corresponds,  whould  already 

be  calculated. 


To  fulfill  the  conditions  of  orthogonality  with  determination  by 
the  method  of  successive  approximations  of  the  form  of  the  j-th 
tone,  let  us  represent  the  unknown  form  yj*^  as 

(2.20) 

/  \ 

where  y  are  already  defined  forms  of  natural  oscillations. 


Constants  Cm  are  determined  from  the  condition  of  orthogonality 
( 2 . 19 )  by  formulas : 


(2.21) 


The  value  of  the  frequency  of  the  j-th  tone  is  calculated  by 
the  formula 


.  1 

- =7=1  •  (2.22) 

*i“  S  ^ « 

«•( 

2 

Knowing  p  ,  one  can  determine  the  form  of  oscillations  by  the 
expression  (2.20). 


Peculiarities  of  Calculation  of  Frequencies  and 
Forms  of  Natural  Oscillations  of  a 
Hinged  Sealed  Blade 

All  the  above-mentioned  calculations  referring  to  the  rigid 
sealed  blade,  can  easily  be  widespread  for  a  blade  with  hinged  soalin 
in  che  shank. 
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For  this  case  the  integral  equation  (2.4)  takes  the  following 


form: 


If-/*8 


M 


«yrfr*+C*r  • 


(2  23) 


where  the  constant  Cq  is  determined  from  the  condition  of  equality  to 
zero  of  the  sum  of  moments  of  all  inertial  forces  with  respect  to 
the  hinge.  For  the  model  with  discrete  distribution  of  parameters 
this  condition  can  be  thus  recorded 


2*,yt  -°*  (2.24) 

•  i 

It  is  easy  to  note  that  this  condition  coincides  with  the 
condition  of  orthogonality  to  the  form  of  oscillations  which  we  will 
conditionally  call  the  form  of  zero  tone  oscillations.  If  this  form 
is  standardized  in  accordance  with  condition  (2.5),  then  it  can  be 
recorded  as 


(2.25) 

Thus  with  calculation  of  the  hinged  sealed  blade  one  should 
consider  that  the  form  of  its  zero  tone  is  known  beforehand  and  is 
assigned  by  formula  (2.25),  and  with  calculation  of  all  subsequent 
tones,  starting  from  the  first,  it  follows  to  fulfill  the  condition 
of  orthogonality  to  the  zero  tone  (2.24).  It  is  possible  to  determine 
function  u.^  by  the  same  formulas  which  are  given  in  No.  2. 

5.  Calculation  of  Forms  and  Frequencies  of  Natural 
Oscillations  of  the  Blade  as  a  Free  Baam 

in  the  whole  series  of  cases  it  appears  necessary  to  calculate 
the  frequency  of  joint  oscillations  of  the  blade  and  fuselage  of  the 
helicopter.  The  rotor  hub,  which  is  the  fastening  point  of  the  blade, 
can  move  itself  together  with  the  fuselage  of  the  helicopter. 
Calculations  of  such  oscillations  are  very  easy  to  fulfill  if  one 
were  to  use  the  blade  model  constituting  the  free  beam.  Then  in  the 
determination  of  joint  oscillations  of  the  rotor  and  fuselage,  it 
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is  sufficient  to  calculate  mass  of  fuselage  mQ  reduced  to  the  rotor 
(see  Pig.  1.3)  and  to  produce  calculation  of  frequencies  of  natural 
oscillations  of  the  blade. 

Calculation  of  the  blade  as  a  free  beam  can  be  carried  out  by 
the  formulas  of  No.  2,  only  all  forms  of  the  natural  oscillations 
should  be  additionally  orthogonalized  to  the  form  of  the  second  zero 
tone: 


'*p-l-*const,  (2.26) 

which  is  equivalent  to  the  fulfillment  of  the  condition  of 
equality  to  zero  of  the  sum  of  all  inertial  forces  effective  with  the 
oscillations . 

This  method  of  calculation  with  small  further  improvements  can 
be  used  during  calculations  of  forms  and  frequencies  of  natural 
oscillations  of  the  fuselage,  which  will  be  discussed  in  Chapter  II. 

§  3.  Approximate  Method  of  Determination  of 
Frequencies  of  Natural  Oscillations 
of  the  Blade  in  the  Field  of 
Centrifugal  Forces 

1.  Application  of  the  Method  of  B.  G.  Galerkin 
for  Determination  of  Frequencies  of 
Natural  Oscillations  of  the  Blade 

The  method  of  B.  G.  Galerkin  is  very  widely  used  to  solve 
different  problems  about  elastic  blade  oscillations. 

The  idea  of  the  B.  G.  Galerkin  method  and  its  application  to  the 
solution  of  differential  equations  is  discussed  sufficiently  in 

I 

detail  in  literature  (see  for  example,  the  reference  book 
Mashlnostroyenlye  (’’Machine  Building,”  Vol.  1,  Book  One,  Mashgiz, 
1947). 

Here  we  will  not  repeat  the  derivations  which  can  be  found  in 
other  sources,  but  will  illustrate  the  application  of  this  method  in 
a  number  of  simple  examples. 
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In  No.  10,  §  1,  of  this  chapter  the  differential  equation  of 
oscillations  of  the  blade  in  the  field  of  centrifugal  forces  was 
deduced.  If  one  were  to  substitute  into  it  y  in  the  form  of  (2.2), 
then  this  equation  will  take  the  following  form  (the  dash  above  y  is 
rejected  here): 


[f/yT-WT-^my-O.  (3.1) 

Let  us  assume  that  the  forms  of  natural  oscillations  of  the  blade 
in  the  field  of  centrifugal  forces  do  not  differ  from  corresponding 
forms  calculated  for  the  case  N  ■  0.  Then,  considering  that  the 
forms  of  oscillations  y^  are  known,  we  will  substitute  any  one  form 
y^  into  equation  (3.1),  and,  multiplying  all  terms  of  the  equation 
by  this  form  we  will  integrate  the  obtained  expressions  along 

the  length  of  the  blade. 

After  certain  transformations  the  obtained  equation  can  be 
represented  in  the  form 

j  El  l(yOT<fr+J  N  W?dr  -  p»J  «  (yO*  dr—0.  (3*2) 

The  integrals  entering  into  this  equation 


C„-iEIWV*. 

m 

(3.3) 

CM-lffWVdr 

(3.4) 

have  fully  defined  physical  meaning,  namely: 

CEI  is  the  elastic  potential  energy  stored  by  the  blade  when  in 
the  process  of  flexural  oscillations  by  the  form  of  J-th  tone  it 
attains  extreme  deviations  from  the  position  of  equilibrium;2  Cjj  is  the 
potential  energy  accumulated  by  the  blade  during  its  bend  in  the  field 
of  centrifugal  forces.  Here,  just  as  in  expression  (3*3)»  different 
tones  of  natural  oscillation*  can  be  examined. 


35 


The  full  potential  energy  accumulated  by  the  blade  during  its 
bend  In  the  field  of  centrlf . -^1  ’’orces  can  by  formula  y^  be 
recorded  as 


C»«C|;-|-CW.  (3*5) 

With  flexural  oscillations,  when  the  blade  passes  through  the 
position  of  equilibrium,  the  speed  of  movement  of  its  poitns  attain 
the  largest  values: 


(3.6) 


The  kinetic  energy  of  the  blade  can  be  defined  by  the  formula 


(3.7) 


In  the  process  of  free  oscillations  the  potential  energy 
accumulated  by  the  blade  during  its  bend  by  form  y ^  is  turned  into 
kinetic  energy  when  the  blade  passes  the  position  of  equilibrium. 

The  equality  of  peak  values  of  potential  and  kinetic  energy  of  the 
blade  is  expressed  by  equation  (3-2). 


From  equation  (3.2)  one-  can  determine  the  frequency  of  the  j-th 
tone  of  natural  oscillations  of  the  blade  in  the  field  of  centrifugal 
forces.  This  frequency  is  jetermined  by  the  formula 


where  p^j  is  the  frequency  of  natural  oscillations  of  the  blade, 
neglecting  of  centrifugal  forces;  Hj  is  the  coefficient  considering  tne 
influence  cf  centrifugal  forces. 

Here 
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j 


*/K/rP" 


i 


t 


(3.9) 


(3.10) 


In  expression  (3-10)  N  ^  is  the  centrifugal  force  in  the  section 
of  blade  at  w  ■  1. 

Expression  (3*9)  for  frequency  of  natural  oscillations,  neglect¬ 
ing  the  centrifugal  forces,  can  be  obtained  if  in  this  way  one  were 
to  use  the  B.  G.  Galerkin  method  to  equation  (2.3). 

The  expressions  obtained  here  for  frequencies  of  natural 
oscillations  of  the  blade  in  the  field  of  centrifugal  forces  are 
approximate.  However,  calculations  show  that  in  the  whole  series 
of  cases  these  expressions  give  fully  satisfactory  accuracy  for 
practical  purposes.  A  more  detailed  appraisal  of  the  accuracy  of 
results  of  these  calculations  will  be  given  in  I  4. 

2.  Resonance  Diagram  of  Blade  Oscillations 

It  was  already  noted  above  that  in  the  process  of  designing  a 
blade  it  is  necessary  to  conduct  calculations  for  the  purpose  of 
eliminating  possible  resonances  of  frequencies  of  natural  oscillations 
of  the  blade  with  those  harmonics  of  external  forces  which  may 
cause  varying  stresses  considerable  in  magnitude.  As  was  already 
said,  the  harmonic  components  of  aerodynamic  forces  having  an  effect 
on  the  blade  in  flight  are  of  considerable  importance  to  harmonics 
not  higher  than  the  eighth.  Higher  harmonics  of  aerodunamic  forces 
are  so  small  in  magnitude  that  they  cannot  be  taken  into  account . 

Frequencies  of  forced  oscillations,  which  one  should  fear  with 
calculation  of  the  blade,  can  be  determined  by  the  formula 


(3.11) 
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where  n  *  1,  2,  3,  •••» 


8. 


Equation  (3-3)  permits  constructing  the  dependence  of  frequencies 
of  natural  oscillations  of  different  tones  from  the  angular  velocity 
of  the  rotor  rotation.  Plotted  Jointly  on  one  graph,  the  dependences 
(3*8)  and  (3.11)  are  usually  called  resonance  diagram  of  the  blade. 
Figures  1.4  and  1.5  give  resonance  diagrams  plotted  for  blades  with 
different  parameters  encountered  in  practice.  These  diagrams  are 
plotted  in  relative  values.  The  frequencies  of  natural  oscillations 
p  and  numbers  of  turns  of  the  rotor  are  referred  to  a  defined  working 
value  of  the  number  of  turns 


Fig.  1.4.  Resonance  diagrams 
of  different  types  of  blades 
in  the  flapping  plane. 


The  resonance  diagram  permits  in  faphic  form  to  trace  in  what 
direction  one  should  change  the  blade  parameters  in  order  to  exclude 
resonances  in  the  whole  ran  of  working  numbers  of  rotor  revolutions. 


Pig.  1.5.  Resonance  diagrams 
of  different  types  of  blades 
in  the  plane  of  rotation. 


M  M  A*  At.  it  njn*, 


3.  Selection  of  Blade  Parameters  for  Exclusion  of 
Resonances  with  Oscillations  in  the 
Flapping  Plane 

If  one  were  to  examine  the  resonance  diagrams,  constructed  for 
blades  most,  diverse  in  design,  then  it  turns  out  that  they  do  not 
greatly  differ  from  each  other.  This  distinction  Is  most  frequently 
explained  by  the  aifference  in  rigidities  of  the  blade  to  bending. 
Rarer,  and  tc  a  lesser  degree,  it  la  caused  by  deviations  in  ms? 
characteristics  of  the  blade.  This  circumstance  is  explained  very 

1 

simply.’  The  fact  is  that  in  designing  the  designer  should  follow 
by  a  set  of  different  requirements  limiting  the  possibilities’ of 
variation  or  blade  pare  meters  and  leading  In  the  end  to  the  creation 
cf  blades  which  are  very  close  in  their  characteristics. 


A  wide  change  in  blade  parameters  is  prevented,  mainly,  by 
the  following  conditions; 
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1.  Spar  depth  is  limited  by  the  profile  of  the  blade  and  cannot 
be  considerably  increased,  since  with  an  increase  in  relative 
’hickness  of  the  profile  the  lift-drag  ra  j  of  the  rotor  worsens. 

This  circumstance  limits  the  magnitude  rigidity  of  the  blade  to 
^ending  from  above. 

?.  The  sag  of  the  blade  under  the  impact  of  its  weight  should 
not  be  very  great,  since  this  causes  difficulty  in  the  layout  of  the 
helicopter.  Flexural  stresses  in  the  longeron,  appearing  from 
intrinsic  weight,  al3o  should  rot  exceed  the  known  values  selected 
from  conditions  of  strength,  taking  into  account  possible  dynamic 
overloads.  These  considerations  limit  the  possibilities  of  lowering 
the  blade  rigidity. 

2.  The  weight  of  the  blade  appears  concluded  in  even  closer 
borders.  A  tendency  to  the  Increase  of  loading  factor  of  the 
helicopter  forces  the  designer  to  give  a  maximum  weight  reduction 

of  the  blade.  But  this  leads  to  an  increase  in  varying  stresses  from 
bending,  which  act  in  the  blade  in  flight,  and,  consequently,  to  a 
lowering  of  service  life.  Therefore,  usually  the  blade  weight 
decreases  as  long  as  the  longeron  endures  increasing  varying  stresses. 
As  a  result  the  blade  weight  is  rigidly  connected  with  dimensions 
of  the  rotor  and  strength  characteristics  of  the  material  from  which 
its  longeron  is  prepared. 

As  a  result,  resonance  diagrams  of  different  blades  are  changed 
in  practice  within  limits  which  are  limited  on  the  one  hand  by  the 
possibility  of  creation  of  a  very  rigid  Made,  and  on  the  other,  uy 
the  possibility  of  providing  satisfactory  service  life  of  blades 
having  small  rigidity. 

At  the  assigned  total  weight  of  design  the  maximum  rigid  blade 
is  obtained  If  the  material  of  its  longeron  is  disposed  on  the 
contour  of  the  profile,  i.e.,  to  inscribe  the  longeron  into  the 
profile  of  the  blade.  With  this  a  great  percent  of  the  blade  weight 
can  be  inclosed  in  Its  force  element  -  the  longeron.  Such  blades 


are  usually  the  most  profitable  from  the  point  of  view  of  the  value  of 
effective  stresses,  but  it  is  difficult  to  make  them.  Simpler  in 
production  were  blades  with  a  free  form  of  sections  of  the  longeron 
(for  example,  in  the  form  of  a  pipe)  not  inscribed  into  profile 
of  the  blade.  Such  blades  possess  small  bending  strength  and  give  the 
least  successful  resonance  diagram  during  oscillations  in  the  flapping 
plane. 

According  to  dynamic  characteristics  in  the  plane  of  stroke,  <t 
is  possible  to  distinguish  the  following  types  of  blades: 

Blades  with  low  rigidity  in  the  plane  of  stroke.  Such  blades 
are  usually  obtained  in  a  construction  based  on  a  tubular  steel 
longeron  with  a  frame  nonoperating  during  bending.  On  Pig.  1.4  the 
dotted  line  denotes  the  resonance  diagram  for  a  blade  whose  rigidity 
in  the  flapping  plane  is  on  the  lower  limit  rigidities  encountered 
in  practice.  With  such  parameters  the  blade  falls  into  resonance  of 
the  second  tone  with  the  4th  harmonic  and  third  tone  with  the  6th 
harmonic  of  exciting  forces,  which  is  why  in  it  there  appear 
considerable  stresses  with  these  frequencies  (see  also  Fig.  1.66). 

These  resonances  appear  especially  sharply  in  conditions  of  low 
speeds,  where  for  blades  of  this  type  tne  stresses  appear  even  higher 
than  at  the  maximum  speed  (Fig.  1.64).  Therefore,  their  service  life, 
as  a  rule,  is  limited  by  stay  in  conditions  of  low  speeds. 

Blades  with  low  rigidity  are  usually  a  failure  in  strength  and 
service  life,  but  are  often  used,  since  their  manufacture  proves  to 
be  the  simplest. 

Blades  with  average  rigidity  in  the  flapping  plane.  With  an 
Increase  in  rigidity  the  frequencies  of  natural  oscillations  of  the 
blade  depart  from  these  resonances.  In  this  case  it  is  possible  to 
develop  a  ful?"  successful  blade.  Figure  1.4  shows  the  resonance 
diagram  or  such  a  blade  by  a  solid  line.  As  follows  from  this  diagram, 
the  second  tone  of  oscillations  of  such  a  blade  still  did  not  approach 
the  5th  harmonic,  and  the  third  tone  appeared  somewhere  between  the 
7th  and  &th  harmonics.  Constructively  these  are  usually  blades  with 
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j  contour  (or  close  to  this  form)  longeron  inscribed  into  the 
profile.  The  longeron  can  be  both  steel  and  Duralumin. 

Without  an  increase  in  weight  of  the  blade  it  is  impossible  to 
increase  rigidity  more.  Moreover  an  insignificant  increase  of 
rigidity  can  lean  to  resonance  of  second  tone  with  the  5th  harmonic 
of  external  forces.  Therefore  the  following  in  order  of  increase  in 
rigidity  can  be  only  weighted  blades  with  greatly  increased  rigidity. 

Weighted  blades  witn  great  rigidity  in  the  flapping  plane.  If 
one  were  to  increase  the  weight  of  the  blade ,  putting  this  weight  into 
the  construction  of  the  longeron,  then  it  is  possible  to  increase 
its  rigidity  so  much  that  the  frequency  of  the  second  tone  will 
appear  higher  than  the  5th  harmonic.  In  this  case  the  resonance 
diagram  shown  in  Fig.  1.4  by  a  dot-dashed  line  is  possible.  In  the 
blade  longeron  with  such  a  resonance  diagram  even  smaller  varying 
stiesses  will  occur,  but  the  blades  appear  somewhat  heavier  as 
compared  to  blades  of  average  rigidity.  However,  for  small 
nelicopters  for  which  the  relati.e  weight  of  the  rotor  is  small,  such 
loading  of  blades  is  possible. 

It  is  necessary  to  note  that  with  an  appraisal  of  the  dynamic 
characteristics  of  different  blades  in  the  flapping  plane  there  was 
absolutely  not  taken  into  account  the  location  of  the  first  tone 
of  oscillations  of  the  blade.  Usually  the  first  tone  lies  between 
the  2nd  and  3rd  harmonics  and  it  is  possible  to  change  its  location 
considerably  only  in  designs  distinguished  by  some  peculiarities, 
for  example,  for  jet  rotors  with  engines  on  the  ends  of  blades  or 
for  rotors  with  nonhinged  fitting  of  the  blades.  The  insignificant 
displacement  of  frequency  of  natural  oscillations  of  the  first  tone, 
observed  for  standard  rotors,  as  a  rule,  essentially  does  not  have 
an  effect  on  the  magnitude  of  effective  varying  stresses. 

4.  Selection  of  Blade  Parameters  for  Elimination  of 
Resonances  in  the  Plane  of  Rotation 

In  the  designing  of  a  blade  it  appears  necessary  to  ensure 
the  absence  of  resonances  in  the  plane  of  the  greatest  rigidity  of 
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the  blade,  which  can  approximately  be  considered  as  coinciding  with 
the  plane  of  rotor  rotation.  The  plane  of  the  greatest  rigidity  of 
the  blade  usually  coincides  with  the  plane  of  the  chords.  Therefore, 
rigidity  characteristics  of  the  blade  in  this  plane  can  be  changed 
in  wider  limits  than  in  the  flapping  plane.  Starting  from  the  round 
pipe,  the  section  of  the  longeron  can  be  increased  up  to  dimensions 
occupying  practically  the  whole  profile  from  the  leading  to  trailing 
edge.  However,  there  are  definite  limitations  in  this  plane.  Thus 
the  increase  in  width  of  the  longeron  chordwise  certainly  leads  to  a 
shift  in  the  centering  of  the  blade  to  the  trailing  edge,  which  is 
usually  impermissible  from  the  point  of  view  of  requirements 
presented  for  elimination  of  flutter.  Furthermore,  the  increase 
in  width  of  the  longeron  can  be  accompanied  by  an  increase  in  varying 
stresses  in  it.  With  the  lowering  of  rigidity  of  the  longeron  by 
means  of  decreasing  of  its  width  the  torsional  rigidity  of  the  blade 
simultaneously  drops.  This  circumstance  is  one  of  factors  preventing 
development  of  blades  with  very  low  rigidity  in  the  plane  of  rotation. 

With  an  estimate  of  resonance  characteristics  in  the  plane  of 
rotation,  one  should  examine,  mainly,  the  first  tone  and  in  separate 
cases  also  the  second  tone  of  oscillations  of  the  blade.  The 
excitation  of  oscillations  according  to  higher  tones  appears  weak. 

According  to  their  dynamic  characteristics  in  the  plane  of  the 
greatest  rigidity  the  blades  can  be  divided  into  the  following 
types : 

Slades  with  lowest  possible  rigidity  in  the  plane  of  rotation. 
This  type  of  blade  usually  includes  blades  with  a  tubular  longeron 
and  a  frame  nonoperating  during  bending.  Frequencies  of  natural 
oscillations  of  this  type  of  blades  in  the  plane  of  rotation  appear 
to  be  approximately  the  same  as  those  in  the  plane  of  thrust  or  even 
somewhat  lower  due  to  the  fact  that  the  value  of  coefficient  K ^  [ses 
formula  (3-8)]  in  the  examined  plane  is  somewhat  lower  (this  will 
still  be  discussed  in  §  4,  No.  4).  The  first  tone  of  oscillations 
in  this  case  appears  to  be,  as  a  rule,  nevertheless  somewhat  higher 


t;jan  the  2nd  harmonic  of  external  forces,  and  serious  troubles  from 
this  resonance  usually  do  not  occur.  It  is  a  worse  matter  with  the 
second  tone.  It  can  fall  into  the  resonance  with  the  4th  harmonic 
of  external  forces.  This  usually  leads  to  considerable  increase  in 
stresses  from  this  frequency  In  the  plane  of  rotation.  On  Fig.  1.5 
the  das  ed  line  shows  the  resonance  diagram  for  a  blade  whose 
rigidity  in  the  plane  of  rotation  lies  on  the  lower  border  of 
rigidities  encountered  in  practice.  This  blade  is  close  to  the 
resonance  of  the  second  tone  with  the  4th  harmonic  of  external  forces. 

Blades  with  low  rigidity  in  the  plane  of  rotation.  If  the 
rigidity  of  the  blade  in  the  plane  of  rotation  is  somewhat  increased 
in  such  a  way  that  its  first  tone  remains  between  the  2nd  and  3rd 
harmonics,  and  the  second  tone  emerges  from  resonance  with  the  4th 
harmonic,  then  there  will  be  obtained  a  blade  fully  satisfactory  with 
respect  to  stresses  in  the  plane  of  rotation.  It  is  necessary  to 
note  that  with  an  Increase  in  rigidity  one  should  fear  resonance  of 
the  second  tone  with  the  5th  harmonic  to  the  number  of  turns  of  the 
rotor.  Practice  shows  that  with  this  resonance  stresses  in  the  plane 
of  rotation  are  rather  greatly  increased,  which  can  even  have  an 
effect  on  their  service  life.  The  resonance  diagram  of  blades  with 
low  rigidity  in  the  plane  of  rotation,  for  which  the  second  tone 
is  located  between  the  5th  and  6th  harmonics,  is  shown  on  Fig. 

1.5  by  solid  lines. 

Blades  with  low  rigidity  in  the  plane  of  rotation  are  used 

i 

widely  in  practice  and,  as  a  rule,  cause  no  troubles  connected  with 
oscillations  in  this  plane.  However,  frequently  according  to  their 
rigidity  characteristics  in  the  flapping  plane  they  approximate  blades 
with  low  rigidity  in  the  flapping  plane  which  are  distinguished  by 
increased  stresses  at  low  speeds.  With  an  increase  in  rigidity  of 
the  blade  in  the  flapping  plane  rigidity  in  the  plane  of 
rotation  is  frequently  simultaneously  increased.  This  circumstance 
forces  us  to  use  the  blade  with  even  higher  rigidity  in  the  plane  of 
rotation. 
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Blades  with  average  and  high  rigidity  In  the  plane  of  rotation. 

The  blades  with  average  rigidity  in  the  plane  of  rotation  usually 
include  blades  whose  first  tone  lies  between  the  3rd  and  4th 
harmonics  of  external  forces,  and  the  second  tone  emerges  into  the 
region  of  frequencies  with  so  weak  an  excitation  that  it  is  of  little 
interest  to  us.  On  Fig.  1.5  the  frequency  of  the  first  tone  of 
these  blades  is  shown  by  a  double  line. 

Blades  with  high  rigidity  in  the  plane  of  rotation  include 
blades  whose  frequency  of  the  first  tone  lies  higher  than  the  4th 
harmonic  of  external  forces  (dot-dashed  line  on  Fig.  1.5). 

Blades  with  average  and  high  rigidity  in  the  plane  of  rotation 
can  be  carried  out  with  fully  moderate  stresses.  However, 
frequently  with  the  use  of  such  blades  there  are  difficulties  connected 
with  the  drop  in  frequencies  of  the  blade  due  to  the  elasticity  of 
the  sealing  of  the  rotor  on  the  fuselage.  This  circumstance  should 
certainly  be  considered  in  the  designing  of  blades  of  this  type. 
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§  4 .  Calculation  of  Forms  and  Frequencies  of  Natural 
Oscillations  of  the  Blade  In  the  Field 
of  Centri'fugal  Forces 

1.  Purposes  and  Problems  cf  Calculation 

Above  in  §  1,  No.  8,  it  was  already  noted  that  the  necessity 
In  the  determination  of  forms  and  frequencies  of  natural  oscillations 
^f  the  blade  appears  with  the  solution  of  two  types  of  technical 
problems  presenting  different  requirements  to  the  method  of 
calculation. 

The  first  type  includes  problems  in  which  the  calculation  cf 
forms  and  frequencies  is  produced  for  selection  of  parameters  of 
the  blade,  which  exclude  the  possibility  of  the  appearance  of 
resonances.  Calculation  in  this  case  is  finished  by  construction 
of  a  resonance  diagram,  and  forms  of  natural  oscillations  play  the 
role  of  only  intermediate  results  and  subsequently  are  not  used. 
Therefore,  in  widespread  calculations  of  this  type  the  form  of 
natural  oscillations  of  the  blade  in  the  field  of  centrifugal  forces 
is  considered  coinciding  with  the  form  of  an  irrotational  blade. 

The  influence  of  centrifugal  forces  is  considered  only  ir.  values  of 
frequencies  which  are  calculated  from  power  ratios  determined  by 
equation  (5.8).  Such  a  rather  simple  method  of  calculation  fully 
satisfies  purposes  of  problems  of  this  type. 

The  second  type  pertains  to  problems  in  which  forms  and  fre¬ 
quency  of  natural  oscillations  are  used  for  calculation  of  forced 
oscillations  with  the  determination  of  varying  stresses  effective 
in  the  blade  design.  To  obtain  results  in  this  case  there  is  much 
importance  in  calculation  of  those  peculiarities  which  introduce 
tensile  centrifugal  forces  into  the  form  of  oscillations. 

Ir.  this  paragraph  it  will  be  shown  that  centrifugal  forces 
considerably  change  the  form  of  natural  oscillations  of  the  blade. 

An  especially  great  Influence  of  centrifugal  forces  appears  in  the 
form  of  distribution  of  the  curvature  of  the  elastic  line  along  the 
length  of  the  blade  and  to  a  lesser  degree  in  the  form  of  movements 


of  the  blade's  elements.  The  change  in  form  of  distribution  of  the 
curvature  naturally  leads  to  the  redistribution  of  flexural  stresses 
along  the  blade.  The  influence  of  centrifugal  forces  on  the 
distribution  of  stresses  along  the  length  of  the  blade  has  the 
greatest  effect  in  places  of  a  sharp  drop  in  flexural  rigidity  and 
bracing  of  the  concentrated  load. 

It  is  necessary  to  note  that  'n  the  determination  of  forms  of 
natural  oscillations,  taking  into  accoiuit  centrifugal  forces, 
definite  difficulties  are  encountered  which  should  be  examined  in 
greater  detail. 

2.  Limits  of  Applicability  of  Methods  of  Calculation 
Reduced  to  the  Solution  of  the  Integral 
Equation  Blade  Vibrations 

To  calculate  free  oscillations  of  the  blade  in  the  field  ?f 
centrifugal  forces  it  would  be  very  convenient  to  use  the  same  method 
as  is  used  for  the  blade  of  an  irrotational  rotor.  However,  it 
appears  that  the  method  of  successive  approximations  (see  §  2) 
occurring  in  the  solution  of  integral  equation  (2.1)  cannot  be  used 
in  all  cases  for  the  solution  of  equation  (3.1) >  which  describes 
natural  oscillations  of  the  blade  in  the  field  of  centrifugal  forces. 

In  §  2,  No.  1,  it  was  shown  that  with  fourfold  integration  cf 
equation  (2.1)  the  problem  is  reduced  to  the  solution  of  integral 
equation  (2.4).  This  integral  equation  can  be  recorded  in  somewhat 
different  form: 

where  Af is  the  bending  moment  from  inertial  forces 
appearing  with  oscillations  of  the  blade  with  a  frequency  p  »  1. 

Analogously  with  integration  of  equation  (3.1)  the  problem  is 
reduced  to  the  solution  of  an  equation  of  the  following  form: 

.  (»■}) 
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.r.oro  M  is  the  bending  momc-n-  of  centrifugal  forces  at  the 

u  •  c 

/insular  velocity  of  rotor  rotation  '-0=1. 


(4.4) 

(4.5) 


If  the  method  of  successive  approximations  applied  to  equation 
(J*.l)  gives  good  convergence  in  all  cases  pertaining  to  design  of 
the  rotors,  then  in  the  application  to  equation  (4.3)  it  converges 
only  in  a  certain  region  of  values  of  the  parameter  7* 


Fig.  1.6.  Resonance  diagram  of  helicopter  blade  in 
the  thrust  plane  plotted  bj  *he  method  of  successive 
approx ima  tions . 


Figure  1.6  gives  a  resonance  diagram  for  the  standard  blade 
of  the  helicopter  with  hinged  fitting  to  the  hub.  Plotted  along 
the  axis  of  the  abscissas  on  this  graph  are  numbers  of  turns  of  the 
rotor  and  along  the  axis  of  the  ordinates,  the  frequency  of  natural 
oscillations. 

Values  of  frequencies  of  natural  oscillations,  obtained  as  a 
result  of  solution  of  equation  (4.3)  by  the  method  of  successive 
approximations,  are  noted  on  Fig.  1.6  by  dots.  Opposite  every  dot 
is  the  corresponding  value  of  parameter  7  and  the  quantity  of 
approximations  s  necessary  for  achievement  of  the  necessary  accuracy 
equal  Lo  0.0C1.  From  the  graph  it  is  clear  that  at  certain  7  tne 
value  s  starts  rapidly  to  be  increased,  and  the  method  of  successive 
approximations  ceases  to  converge. 

From  Fig.  1.6  it  follows  that  in  the  range  of  operating  numbers 
of  revolutions  for  blades  of  helicopters  such  a  method  permits 
determining  the  frequencies  of  natural  oscillations  of  third  and 
higher  tones  and  only  in  the  case  when  ail  tones  of  oscillations 
are  determined  for  a  constant  value  of  parameter  7,  which  corresponds 
only  approximately  to  conditions  of  the  stated  physical  problem. 

If  in  the  process  of  successive  approximations  parameter  7  is  refined 
under  the  assigned  value  of  angular  velocity  a>,  then  the  method 
will  converge  only  in  the  range  of  numbers  of  revolutions  considerably 
smaller  than  the  operating  ones. 

This  circumstance  creates  the  need  for  the  application  of  other 
methods  which  enable  obtaining  a  reliable  result  in  the  whole  r*nge 
of  numbers  of  rotor  revolutions. 

3.  Possible  Methods  of  the  Calculation  of  Free 
Oscillations  of  the  Blade  in  the  Field 
of  Centrifugal  Forces 

To  calculate  frequencies  and  forms  of  natural  oscillations 
In  the  field  of  centrifugal  forces  different  methods  of  calculation 
can  be  used.  Of  the  works  published  concerning  this  question,  it 
is  possible  to  indicate  works  [4],  [8),  and  [10].  Of  foreign  works 
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;>j  and  [34]  are  well-known.  .n  work.’,  [33]  and  [34]  an  accour... 
given  of  a  very  bulky  methol,  which  gives  not  very  high  accuracy 
in  the  final  results,  in  spite  of  the  fact  that  the  calculation 
should  be  conducted  with  an  accuracy  of  not  less  than  10-1?  decimal 
places. 

Here  there  will  be  discussed  the  method  which  fro;n  our  point 
of  view  is  the  most  convenient  for  calculation  of  frequencies  of 
natural  oscillations  of  the  blade  in  the  field  of  centrifugal  forces. 
It  is  based  on  the  use  of  the  method  of  three  moments,  which  was 
used  by  T.  Morris  and  W.  Tye  [3?]  for  calculation  of  flexural  stresse 
In  a  blade  stretched  by  centrifuge!  forces.  The  method  of  T.  Morris 
and  W.  Tye  is  also  discussed  in  work  [12]. 

The  method  of  three  moments,  used  to  calculate  stretched 
centrifugal  forces  of  the  blade,  has  a  number  of  considerable 
advantages.  Among  them  the  main  one  is  the  fact  that  it  does  not 
require  high  accuracy  in  the  process  of  calculation.  Calculations 
can  be  produced  even  on  the  standard  slide  rule. 

The  method  of  three  moments  for  the  calculation  of  natural 
frequencies  has  been  used  for  a  long  time.  It  is  programmed  on  the 
computers  Strela  and  M-20.  Calculation  on  the  machine  Strele  of 
the  first  eight  tones  of  natural  blade  vibrations  only  ,akes  about 
three  minutes.  There  is  made  a  very  large  number  of  the  most 
diverse  calculations.  Their  results  indicate  the  considerable 
conveniences  and  great  reliability  of  this  method. 

It  is  necessary  to  note  that  with  a  program  of  such  calculation 
there  is  no  need  to  turn  to  any  simplified  methods  of  calculation 
as,  for  example,  those  which  were  discussed  in  §  3. 

4.  Method  of  Three  Moments  for  tne  Calculation  of  Forms 
and  Frequencies  of  Natural  Blade  Vibrations 
in  the  Field  of  Centrifugal  Forces 

To  derive  the  calculation  formulas  we  use  the  beam  model  of 
the  blade  with  concentrated  loads,  which  was  already  used  in  §  2, 


/ 


No.  2.  Just  as  earlier,  the  blade  flexural  rigidity  will  be 
represented  in  the  form  of  a  step  curve  in  such  a  way  that  it 
remains  constant  for  the  extent  of  each  section  (see  Fig.  1,3). 

The  centrifugal  force  will  be  considered  applied  only  to  loads. 
Therefore,  for  the  extent  of  each  section  its  magnitude  will  not 
be  changed.  We  will  also  consider  that  the  centrifugal  force  is 
absorbed  by  a  special  bracing  of  zero  load,  whicli  nonetheless  can 
move  freely  along  the  vertical. 

It  is  obvious  that  such  an  idealized  calculation  diagram  car. 
be  reliably  used  if  the  number  of  sections  z  is  sufficiently  large. 
Usually  the  blade  is  divided  into  not  less  than  25-3D  sections. 

The  method  subsequently  proposed  consists  in  the  determination 
of  frequencies  and  forms  of  natural  oscillations  of  su~h  an  idealized 
diagram  without  any  additional  assumptions. 

Let  us  consider  two  adjacent  sections  of  the  blade  deflected 
under  the  action  of  Inertial  forces  from  the  plane  of  rotation 
the  rotor  (Fig.  1.7).  As  usual,  we  will  examine  only  small 
deflections. 


Fig.  1.7.  Diagram 
of  forces  acting 
on  two  adjacent 
blade  elements. 


The  equation  of  equilibrium  of  each  of  the  sections  under  the 
action  of  forces  external  with  reapact  to  the  given  section  can 
be  recorded  in  the  font  of  an  equality  to  zero  of  the  sum  of  moments 
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In  tne  uum  oi 


-  i.  tno. ic  t  orceu  re  Lat  i'.  •?  point  *  Xn  tne  ouni  oi  . 

v.  i  these  forces  one  should  Inc  lude  both  the  snear  force  Q  and  ber.rj  .;.»*/ 

.oment  M  effective  in  the  section. 

Then  the  sum  of  moments  of  forces  acting  on  the  blade  section 
0-1  with  reference  to  a  point  0  can  be  recorded  as 

Mi—Mr—N (jfs— |f»)  +  Q»i4»"0.  ( 4  . 6 ) 

The  sum  of  moments  of  forces  acting  on  sections  1-2  with 
reference  to  point  1  is: 


dere: 


Mt—Mi—Naij/r-yt)  +Qi*/u“0. 


Q» — 2«*«- 

t 


(4  *T) 


Dividing  equations  (4.6)  and  (4.7)  respectively  by 
and  l 12^12  and  addin&  them,  we  obtain  the  following  equation  of 
equilibrium: 


"»  »* 


(4.3) 


Designations  Introduced  here  and  also  in  equations  (4.12), 
(4.13),  (4.14),  and  (4.15),  are  copied  below  (see  expressions 
4.13-4.25). 

Analogous  to  equation  (4.8)  equations  of  equilibrium  and  for 
all  other  sections  of  the  blade  can  be  written. 

Examining  as  before  only  small  movements  of  elements  of  the 
blade,  let  us  determine  the  deformation  of  section  1-2.  The  equation 
of  deforaellcns  of  element  1-2  can  be  recorded  as  usual  [see  equation 

(3.1)1 

The  inertial  term  la  abaent  here,  inasmuch  as  inertial  forces 
are  applied  only  or.  borders  of  the  section.  Considering  that  on 
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the  length  of  the  section  El  =  const  *md  N  =  const,  and  also  that 
Ely"  =  M,  we  will  obtain 


—  -rfAf-O. 


;*-9) 


where 


Solution  of  the  equation  (4.9)  can  be  recorded  in  terms  c*’ 
hyperbolic  functions  in  the  following  way: 

AfB-4sh|ttx+£di|i|X.  (4.10) 


Coefficients  A  and  B  are  found  from  the  following  boundary 
conditions : 


-  for  x  =  0,  Mx  =  M^; 

-  for  x  =  l12,  Mx  =  M2. 
Whence 


A— 

where 

Substituting  these  values  into  equation  (4.10),  we  get 

^J-]«hM+A»»chWt.  (4  .11) 

Integrating  equation  (4.11)  twice,  assuming  chat  for  x  *  » 
y'  -  y  •  and  for  x  -  l^2  y'  •  02,  y  -  y?,  we  obtain  either 

or  ( 

The  equation  of  deformations  for  the  section  O-l  can  fee 
recorded  by  analogy  with  the  second  equation  (4.12): 
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Changing  in  equation  (4.^.-,  signs  to  the  opposite  and 
adding  with  the  first  equation  of  (4.12),  we  obtain: 

(4.14) 

Substituting  into  the  equation  of  equilibrium  of  elements  (4.8) 
the  left  side  expressed  in  terms  of  bending  moments  from  equation 
(4.14),  we  will  obtain  the  following  equation: 

**+**+**-£-£•  d-iS) 

Repeating  the  made  calculations  for  other  sections  of  the  blade, 
we  will  obtain  system  copied  below  of  differential  equations  relative 
to  unknown  functions  of  time  and  M^. 

This  system,  recorded  in  the  form  of  tables,  consists  of  two 
families  of  equations  ( 4 . 16 )  and  (4.17),  each  of  which  includes  the 
z  +  1  equation. 

Any  of  the  equations  occupying  one  line  in  Table  1.1  constitutes 
a  polynomial  whose  coefficients  are  copied  in  the  squares  of  the 
table.  AID.  components  of  the  polynomial  are  products  of  a  certain 
coefficient  determined  by  the  formulas  (4.18),  (4.21),  (4.25),  ana 
(4 .24) -(4 .27)  on  unknown  functions  and  y^  or  on  a  second  time 
derivative  yi< 

In  the  squares  of  Table  1.1  there  are  written  only  coefficients 
at  these  functions,  and  the  very  function  entering  simultaneously 
into  several  equations  are  carried  out  vertically  in  a  special  line 
placed  at  the  top  of  the  tables. 

Included  in  the  described  system  of  equations  are  also  equations 
of  type  (4.12),  which  pertain  only  to  the  shank  and  end  section  of 
the  blade  and  contain  boundary  values  8q  and  Bz.  These  equations 
are  necessary  for  calculation  of  boundary  conditions  of  the  problem. 


The  obtaineu  system  of  equations  has  the  following  form: 


Table  1.1 


ncaiaiaDOcacaEii 

ifoSnoiol 

amiBBUBBU 

■nntiBBHBil 

anneiDiH 

■UBiraraanra 

■■■Banoaon 

■■■■rassas 

■■■■ESiMSniM 

■■■■nma* 

muuMmua 

mnammmmamuamammmm] 


With  the  composition  of  the  equations  copied  above  the  following 
designations  are  accepted: 


V-ij 

*,_db 

0;  — Vi* 


*•-"*"* 

1  /  Nwn  . 

*  r 


0,-0. 

(  1— rM; 


(4. IS) 


(4.13) 


(4.20) 


(4.21) 


**"W 

*,-0. 


(4.22) 

(4.25) 

(4.24) 

(4.25) 


In  following  expressions  (4.26)  and  (4.27)  m,  is  the  mass  of 
the  i-th  load. 


(4.26) 


(4.27) 


Here  the  subscript  k  denotes  the  number  of  the  line  in  Table  1.1. 

To  solve  the  system  of  equations  recorded  in  Table  1.1,  it  is 
convenient  to  use  the  method  of  successive  approximations.  In 
reference  to  this  system  of  equations  it  consists  in  the  following. 

Let  us  present  the  time  functions  y^(t),  M^(t),  and  8^(t)  entering 
into  the  system  (4.16)  and  (4.17)  in  the  following  form: 


#i(0— Vt*hpt\ 
sin  pt; 

P,  (/)  =  ?,  *!n  pt. 


where  letters  and  8.^  denote  now  only  peak  values  of  these 

functions. 

Then,  considering  that  fftlO—ifij/i tin pt,  and  cancelling  by  sin  pt, 
we  will  obtain  a  system  of  algebraic  equations  analogous  to  the  system 
of  (4.16)  and  (4.17).  Only  in  the  right  sides  of  the  family  of 
equations  analogous  (4.16)  values  p^  will  appear. 

The  method  of  successive  approximations  will  be  started  from 

the  fact  that  as  the  zero  approximation  we  will  assign  a  certain 

function  y,  .  The  second  subscript  here  denotes  the  number  of  the 
10 

approximation.  The  function  y,  taken  as  the  zero  approximation 

0 

should  be  standardized  in  any  form,  for  example, 

*-!.  (4.28) 

If  function  y.  is  known,  then  correct  to  a  constant  factor 
2  1 

p  inertial  forces  entering  into  the  right  side  of  equations  of 
(4.16)  can  be  determined. 

I 

p 

Let  us  assume  temporarily  that  p  *  1.  Then  from  equations 

(4.16)  one  can  determine  values  of  bending  moments  and  the  angle 

of  rotation  of  the  blade  in  the  butt  Bq.  After  which  according  to 

already  known  values  and  8Q  from  equations  (4.17)  movements  of 

the  blade  axis  can  be  determined  at  deformations  which  for  the  case 
2 

p  =  1  we  will  designate  by  ui  in  such  a  way  that 

ti—pUi.  (4.29) 

After  determination  of  movements  u^  the  frequency  of  natural 
oscillations  can  be  determined.  Its  value  is  obtained  on  the  basis 
of  expressions  (4.28)  and  (4.29)  in  the  following  way: 


After  which  in  accordance  with  expression  (4.29)  there  is 
determined  and  refined  after  the  first  approximation  the  function 
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Then  the  whole  process  is  repeated  until  the  required  accuracy 

will  be  attained. 

i 

The  method  of  successive  approximations  used  permits  that  the 
determined  form  y^  converges  to  the  form  of  lowest  tone  of  natural 
oscillations  of  the  blade. 

In  the  determination  of  subsequent  tones  the  condition  of 
orthogonality  should  be  observed.  Operations  resulting  from  obser¬ 
vance  of  the  condition  of  orthogonality  remain  the  same  as  those 
for  the  blade  of  an  irrotational  rotor  (see  No.  3  of  §  2). 

The  equations  copied  above  in  an  equal  degree  apply  for  the 
calculation  of  frequencies  of  natural  oscillations  both  in  the 
flapping  plane  and  in  the  plane  of  the  rotor  rotation.  Qnly  with 
calculation  in  the  plane  of  rotation  obtained  should  the  values  of 
frequencies  obtained  above  be  corrected  by  the  formula 

(4.32) 

where  is  the  angular  velocity  of  rotation  of  the  rotor. 

The  method  of  calculation  of  forms  of  natural  oscillations  does 
not  change  from  that  in  which  plane  the  calculation  is  produced. 

Let  us  consider  more  specifically  certain  operations  in  the 
fulfillment  of  one  approximation. 

5..  Determination  of  Bending  Moments 
According  to  Known  Forces 

Let  us  start  from  the  determination  of  bending  moments  according 

to  known  inertial  forces  entering  into  the  right  side  of  equation 

(4.l6),  which  we  determine  in  each  approximation  by  assigning  in 

2 

the  beginning  the  value  p  =1. 

Having  assigned  some  form  of  oscillations  y^  we  can  determine 
coefficients  of  the  right  side  of  equations  (4.16),  which  here  we 
will  designate  by  F^. 


Coefficients  can  be  defined  by  formulas 

(4.33) 

or  better 


» 

where  Q+-i. 


Pk mm  -S?rh I  X  gfem  .. 
4 


(4.34) 


Then  the  system  of  equations  (4.16)  can  be  copied  in  the 
following  form  (Table  1.2); 


Table  1.2. 
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For  a  solution  to  this  system  it  is  necessary  to  know  two  more 
additional  equations  considering  the  boundary  conditions.  These 
equations  can  be  the  following: 

-  with  rigid  sealing  of  shank  of  the  blade 

-  with  rigid  sealing  of  the  blade  tip 

*-0. 

With  hinged  fastening  of  the  blade  tips  or  with  completely 
free  ends  Mq  ■  0  and  M2  «  0. 

Subsequently  we  will  examine  only  the  two  most  predominant 
cases,  when  the  blade  tip  is  free  (M.,  *  0),  and  in  the  shank  there 
is  either  a  hinged  holder  (Mq  »  0)  or  rigid  sealing  (Sq  *  0). 
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Let  us  consider  in  the  beginning  the  first  case  when  the  blade 
is  hinged  fastened,  i.e.,  MQ  =  0.  In  this  case  to  determine  the 
bending  moments  we  use  only  those  equations  which  in  system  (4.35) 
are  outlined  by  a  heavy  line,  after  which  from  the  first  equation 
the  value  of  the  angle  of  rotation  of  the  blade  in  the  hinge  SQ 
can  be  determined.  Prom  the  last  equation  of  system  (4.35)  it  would 

have  been  possible  to  determine  the  value  6  .  However,  we  will  not 

£ 

need  this  value  for  further  solution.  The  equation  itself  is  used 

only  in  a  case  rarely  encountered  in  practice  when  0  *  0. 

z* 

With  the  solution  of  system  (4.35)  there  can  be  selected  the 
unsuccessful  means  leading  to  the  appearance  in  the  solution  process 
of  small  differences  of  great  magnitudes,  which  in  certain  cases 
can  absolutely  spoil  the  result  even  with  the  use  of  a  machine 
provide  an  accuracy  up  to  nine  decimal  places. 

Here  we  propose  repeatedly  a  proven  means  which  permits  producing 
calculation  even  on  the  common  slide  rule. 


Let  us  divide  the  first  equation  of  the  system  (4.35),  written 
in  reference  to  hinged  bracing  of  the  blade,  by  and  the  second 
equation  by  fu  : 


ft  fl 


(4.36) 

(4.37) 


Subtracting  equation  (4.36)  from  equation  (4.37)  and  introducing 
the  following  designations 


*«  ft 


we  will  obtain  an  equation  analogous  to  equation  («.36): 


In  combination  with  the  following  equation  of  system  (4,>^; 
this  equation  will  form  a  system  of  two  equations  analogous  to 
equations  (4.36)  and  (4.37).  Repeating  the  described  operations  a 
certain  number  of  times,  we  will  finally  obtain  one  equation  cf  »he 
following  form: 


After  determination  of  the  moment  M„  ,  moment  M„  «  is 

z-l  z-2 

determined,  etc.,  up  to  moment  M^.  In  other  words,  moment  it, 
determined  every  time  when  moment  Mi+i  is  already  determined.  The 
formula  for  determination  of  moment  can  be  recorded  on  the  basis 
of  equations  (4.36)  and  (4.38)  in  the  following  way: 

*.-■5-4*....  (*.«>) 

ft  ft 

After  determination  of  bending  moments  the  angle  of  rotation 
of  the  blade  in  the  butt  hinge  0Q  is  determined  by  the  formula 

fc-V-Uf,.  (4.41) 

The  second  stage  of  the  method  of  successive  approximations 
consists  in  the  determination  of  deformations  of  the  blade  by  the 
already  known  values  of  bending  moments  and  the  angle  of  rotation 
of  the  blade  in  the  hinge  0Q. 

6.  Determination  of  Movements  by  the 
Known  Bending  Moments 

Blade  movements  with  its  deformations,  which  here  in  accordance 
with  that  said  above  we  designate  u^,  can  be  determined  from  system 

(4.17) .  However,  it  is  possible  to  show  that  equations  of  system 

(4.17)  are  insufficient  for  determination  of  all  values  of 

Indeed,  to  determine  the  positions  of  the  curve  with  a  known 
distribution  of  curvature  along  the  length,  which  is  assigned 
values  Kj,,  and  with  a  Known  value  of  the  angle  of  rotation  at  or.e 
point  3q,  one  more  additional  condition  superimposed  on  values  of 
movements  is  necessary.  The  last  equation  of  system  (4.17),  including 
the  value  cf  the  nr\gle  of  rotation  lr.  the  other  point  3Z,  is  actually 
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identical  to  the  first  equation  and  is  written  by  us  especially  by 
analogy  with  system  (4.16). 

Such  an  additional  condition  is  either  the  condition 

u.«0,  (4.42) 

if  in  the  shank  of  the  blade  there  is  a  holder,  or  the  condition 

(4.43) 

-  t-t 

if  the  blade  is  examined  as  free  on  two  sides  of  the  beam.  Condition 

(4.43)  coincides  with  the  expression  emanating  from  the  condition  of 
orthogonality  with  a  zero  tone  of  oscillations 

u<*-al««cqpst. 

1  •  • 

Having  calculated  the  coefficients  which  include  the  already 
defined  values  and  SQ  and  leaving  only  the  first  of  the  two 
identity  equations,  we  will  obtain  the  following  system  of  equations, 
which  in  combinat^jn  with  equations  (4.42)  and  (4.43)  permits 
determining  all  values  of  u^  (see  Table  1.3). 


Table  1.3. 
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Here  we  introduced  the  following  designations 

Di««4fi-iAfi-j+c<Af»+rftAft+j,  (4.45) 

where  in' this  formula  for  1  »  -1  instead  of  the  value  M_1  one  should 
put  B0,  and  the  value  d_-j_  should  be  considered  equal  to  unity 
(d-l  =  1) . 
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Unde»*  condition  (4.42)  solution  to  the  system  (4.44)  is  reduced 
to  the  determination  of  values  uA  from  simple  recurrence  formulas 
of  the  form  ! 

(4.46) 

In  solving  system  (4.44)  with  condition  (4.45)  value  u^  car.  he 
represented  as 

*-«•+&<.  (4.47) 

where  uQ  =  0,  and  can  be  determined  by  formulas  (4.46),  after 
which  the  value  uQ  can  be  defined  by  formula 


l-a 


(4.48) 


Further  course  of  successive  approximations  has  already  been 
mentioned  above. 


In  the  examined  case  of  hinged  fitting  of  the  blade  in  the 
butt,  the  method  of  successive  approximations  will  lead  in  the  begin* 
ning  to  the  determination  of  the  form  of  zero  tone,  which  with 
coincidence  of  the  blade  hinge  with  the  axi3  of  rotation  of  the 
rotor  will  coincide  with  a  straight  line.  It  is  natural  that  ir. 
this  special  case  the  calculation  should  be  started  directly  from 
determination  of  the  first  tone,  conducting  in  each  approximation 
orthogonalization  to  the  zero  tone,  considering  it  coinciding  with 
a  straight  line. 

Most  frequently  the  shank  hinge  of  the  blade  of  a  helicopter 
is  ascribed  from  the  axis  of  rotation  of  the  rotor  on  a  certain 
value  rQ,  which  can  comprise  approximately  5-10^  of  the  radius 
of  the  blade.  The  presence  of  this  distance  leads  to  the  fact 
the  form  of  the  zero  tone  of  the  hinged  suspended  blade  can  somewhat 
differ  from  a  straight  line,  and  the  frequency  of  natural 
oscillations  becomes  noticeably  different  from  the  value  equal  tc 
the  number  of  revolutions  of  the  rotor.  Below  (see  Fig.  1.14)  for 
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illustration  of  this  effect  wc  give  a  graph  of  the  form  of  zero  tone 
with  very  greatly  increased  distance  from  the  ajcis  of  rotor  rotation 
to  the  butt  hinge. 

7 .  Case  of  a  Blade  Rigidly  Fastened  in  the  Shank 

Calculation  of  forms  of  natural  oscillations  for  a  blade  rigidly 
sealed  in  the  shank  differs  very  little  from  the  case  of  the  hinged 
fitting  examined  above. 

The  first  stage  of  calculation  involving  the  determination  of 
bending  moments  is  conducted  in  the  manner  as  was  described 
above,  but  here  the  system  circled  in  (4.35)  by  a  line  is  solved. 

This  system  includes  one  equation  more,  in  which  in  virtue  of 
boundary  conditions  it  is  assumed  6=0. 

The  same  condition  is  used  and  in  the  solution  of  system 
(4.44),  in  which  the  coefficient  DQ  is  calculated  by  the  formula 

Du  **  c*Mo + doMi. 


3.  Possible  Simplifications  in  the  Calculation 

of  Coefficients 

Let  us  still  note  that  in  those  cases  when  the  blade  is  divided 
into  quite  a  large  number  of  sections  in  such  a  way  that  the  value 
of  coefficients  in  formulas  (4.20)  is  less  than  0.05-0.08, 
formulas  (4.21)  and  (4.22)  can  be  simplified  by  replacing  the 
hyperbolic  functions  entering  into  them  by  first  terms  of  their 
expansion  in  series. 

Actually,  let  us  assume  in  formulas  (4.21)  and  (4.22)  that 

‘h“““+£+£+--=‘»+T! 

*•— ■ f 

p 

and  let  us  disregard  values  a  as  compared  to  unity.  Then 
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coefficients  d^  and  e^  can  be  calculated  by  the  approximate  formulas 
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These  simplifications  somewhat  decrease  the  laboriousness  of 
calculation,  which  is  inportant  in  its  manual  fulfillment. 


9.  Certain  Results  of  the  Calculation  of  Forms 
and  Frequencies  of  Natural  Oscillations 
of  the  Blade 

Here  we  separate  two  questions,  which  represent  from  our 
point  of  view  the  greatest  interest. 

The  first  question  will  touch  upon  those  more  precise  definitions 
which  are  introduced  by  calculation  of  frequencies  and  forms  of 
natural  oscillations  of  the  blade  in  the  field  of  centrifugal  forces 
in  final  results  as  compared  to  the  approximation  of  calculation 
expounded  in  §  3.  Then  we  will  discuss  the  consideration  of  cases 
of  the  appearance  of  sharp  bends  of  the  blade  under  the  impact  of 
local  peculiarities  in  the  distribution  of  rigidity  and  mass  param¬ 
eters  along  the  length  of  the  blade.  The  appearance  of  these  bends 
is  characteristic  for  beams  stretched  by  centrifugal  forces,  and 
without  extension  centrifugal  forces  are  not  observed. 

Let  us  start  with  the  first  question.  In  No.  1  of  §  3  we  already 
noted  that  the  approximation  method  of  calculation  of  frequencies 
of  natural  oscillations  of  blades  in  the  field  of  centrifugal  forces, 
as  a  basis  of  which  there  Is  assumed  the  assumption  about  the  fact 
that  the  form  of  natural  oscillations  in  the  presence  and  absence 
of  centrifugal  forces  are  not  distinguished,  gives  quite  satisfactory 
results  in  values  of  frequencies. 

For  confirmation  of  this  position  let  us  give  values  of  fre¬ 
quencies  of  natural  oscillations  of  the  first  three  tones  of  blades 
hinged  suspended  and  rigidly  sealed  in  the  shank  of  one  of  the  heli¬ 
copters  in  the  field  of  centrifugal  forces.  Values  of  frequencies 
calculated  by  the  approximate  power  method  (see  §  3)  are  placed  in 
the  second  column  of  Table  1.4.  In  the  third  column  there  are 
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Table  x  .  >  . 


Tone  of  oscillation 

Frequency  of  natural 
oscillations 

method  of 
approxi¬ 
mation 

exact 

method 

Blade  hinged  suspended 
in  the  shank 

First . 

405.3 

404.3 

Second . 

708.5 

705. 5 

Third  . 

1069.7 

IO69.O 

Blade  rigidly  sealed  in 
the  butt 

First . . 

212.1 

194.7 

Second . .  . 

463.7 

461.9 

Third . 

821.5 

817.5 

placed  for  comparison  accurate  values  of  frequencies  calculated 
according  to  the  method  discussed  in  this  paragraph. 

A  comparison  of  values  of  frequencies  given  in  Table  1.4  shows 
that  with  a  hinged  suspension  of  the  blade  the  distinction  in  their 
values  is  very  insignificant.  With  rigid  sealing  it  is  somewhat 
more  but  also  small.  Therefore,  as  was  already  noted  above,  for 
calculations  whose  purpose  is  exclusion  of  the  possibility  of  appear¬ 
ance  of  resonances,  the  method  gives  fully  satisfactory  results. 

The  influence  of  centrifugal  forces  has  a  greater  effect  on 
forms  of  natural  oscillations  and,  especially,  on  the  distribution 
of  bending  moments  and  curvature  of  elastic  line  along  the  length 
of  the  blade. 

Figure  1.8  shows  hinged  forms  of  the  first  five  tones  (excluding 
the  zero  tone)  for  the  same  blade  as  in  Table  1.4,  and  on  Fig.  1.9 
distribution  of  bending  moments  corresponding  to  these  forms  is 
given.  Solid  Lines  on  Figs.  1.8  and  1.9  (just  as  on  Figs.  1.10, 
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Fig.  1.8.  Forms  of  first  five  tones  of 
the  blade  in  the  field  of  centrifugal 
forces  and  at  n  -  0. 


l.H,  and  1.12)  indicate  the  form  of  natural  oscillations  in  the 
field  of  centrifugal  forces  and  dashed  lines,  the  same  form  for  an 
irrotational  blade. 

Figure  1.10  gives  the  form  of  natural  oscillations  and  bending 
moments  corresponding  to  them  for  the  first  two  tones  of  the  blade 
sealed  in  the  shank. 
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Pig.  1.9.  Distribu¬ 
tion  of  bending  moments 
along  the  blade  during 
oscillations  in  forms 
of  the  first  five 
tones  in  the  field 
of  centrifugal  forces 
and  at  n  =  0.  : 


As  can  be  seen  from  all  these  graphs,  calculation  of  centrifugal 
forces  in  certain  sections  of  tne  blade  has  a  very  noticeable 
influence  on  the  form  of  natural  oscillations,  which  especially 
greatly  appears  in  diagrams  of  bending  moments  and,  consequently, 
also  in  the  distribution  of  flexural  stresses  along  the  length  of  the 
blade.  The  greater  the  influence  »  trio  lower  the  tone  of  natural 
oscillat  Lons . 
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Distribution  of  ben  i in. .  moments  along  the  blade  length  with 
its  oscillations  in  the  field  of  centrifugal  forces  is  characterized 
by  an  increase  in  bending  moments  on  certain  sections  of  the  blade 
owing  to  their  decrease  in  adjacent  sections.  Such  a  local  increase 
in  bending  moments  will  be  called  the  concentration  of  bending 
moments.  The  appearance  of  concentrations  of  bending  moments  is 
connected  with  the  presence  in  the  design  of  the  blade  of  large 
concentrated  loads  and  sharp  drops  in  bend  rigidity. 

Concentrations  of  bending  moments  lead  to  the  appearance  on 
a  series  of  sections  of  the  blade  of  increased  flexural  stresses, 
which  is  caused  by  sharp  bends  in  the  blade  on  these  sections. 

This  circumstance  is  of  considerable  interest  for  practice 
and  therefore  should  be  examined  in  more  detail. 

The  character  of  blade  oscillations  in  the  field  of  centrifugal 
forces  to  a  great  degree  is  determined  by  the  relationship  between 
values  of  elastic  and  centrifugal  forces.  If  the  bending  rigidity 
of  the  blade  is  sufficiently  great  (as  this  frequently  happens, 
especially  in  the  plane  of  rotation  of  the  rotor),  and  the  centrifugal 
forces  are  insignificant  (small  rotor  revolutions),  then  the  form  of 
oscillations  differs  little  from  the  form  of  oscillations  of  an 
irrotational  blade. 

If,  however,  conversely,  the  bending  rigidity  of  the  blade  is 
small,  and  centrifugal  forces  are  considerable,  then  the  form  of 
deformations  of  the  blade  is  determined  basically  by  inertial  and 
centrifugal  forces  and  depends  little  on  elastic  properties  of  the 
blade.  In  this  case  the  form  of  deformations  of  the  blade  with 
oscillations  differs  very  slightly  from  the  form  of  deformations  of 
an  absolutely  flexible  heavy  line  stretched  by  centrifugal  forces. 

Such  a  position,  as  a  rule,  is  observed  with  oscillations  in  the 
thrust  plane  for  blades  of  contemporary  helicopters. 

Quantitatively  the  relationship  between  elastic  and  centrifugal 
forces  can  be  estimated  with  the  help  of  coefficient  a,  which  is 
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tnc  ratio  of  the  elastic  potential  energy  to  potential  energy 
accumulated  by  the  blade  due  to  bending  in  the  field  of 
forces : 


Values  CEI  and  CN  are  depicted  in  formulas  (3.3)  and  (3.4). 


For  a  >  1  the  influence  of  elastic  properties 
greater  than  the  influences  of  centrifugal  forcer, 
opposite  picture  is  observed. 


of  the  blade  is 
For  a  <  1  lie 


Table  1.5. 


Tone  of 
oscilla¬ 
tions 

Coefficient  a  with 

deforma¬ 
tion  in 
the  flap¬ 
ping 
plane 

deforma- 
in  the 
plane  of 
rotation 

First . 

0.083 

2.2 

Second. . . . 

0.332 

3.7 

Third . 

0.629 

7.7 

Fourth. . . . 

1.116 

— 

Table  1.5  gives  values  of  coefficients  a  for  a  hinged  suspended 
blade  whose  forms  of  oscillations  are  shown  on  Figs.  1.8  and  1.9. 

This  blade  can  be  examined  as  a  typical  helicopter  blade. 

Values  of  coefficients  a  given  in  Table  1.5  confirm  the  position 
that  the  helicopter  blade  by  its  characteristics  in  the  flapping 
plane  approaches  an  absolutely  flexible  heavy  line  stretched  by 
centrifugal  forces  for  which  a  =  0. 

The  greater  the  properties  of  the  blade  and  torsion  fiber 
approach,  the  lower  the  tone  of  natural  oscillations. 


71 


The  basic  peculiarity  of  n n  absolutely  stretched  torsion  fiber 
is  the  fact  that  its  axis  undergoes  fractures  at  points  of  appli- 
cation  of  concentrated  transverse  forces  and  in  places  of  the 
connection  of  the  line  with  rigid  elements.  Such  a  fracture,  as 
a  rule,  appears  at  the  place  of  sealing  of  the  line.  If  into  the 
torsion  line  there  is  inserted  a  rigid  section,  then  along  the  edges 
of  this  section  the  same  fractures  will  appear.  Therefore,  in  those 
cases  when  properties  of  the  blade  and  the  stretched  torsion  fiber 
approach,  these  peculiarities  appear  with  deformations  of  the  blade. 

Of  course,  the  elastic  blade,  no  matter  how  low  its  flexural  rigidity 
is,  cannot  undergo  such  fractures.  Nevertheless,  fractures  peculiar 
to  an  absolutely  torsion  fiber  are  transmitted  to  the  blade  and  appear 
in  the  form  of  sharp  bends  of  its  axis.  These  bends  are  accompanied 
by  the  appearance  of  concentrations  of  bending  moments  and  the 
increase  in  flexural  stresses  at  places  of  the  bend. 

Let  us  consider  several  examples  confirming  this  position. 

Figure  1.11  gives  the  distribution  of  bending  moments  along  the 
length  of  the  blade  corresponding  to  forms  of  natural  oscillations 
of  the  first  and  second  tone  with  a  load  almost  equal  to  the  weight 
of  the  blade  and  placed  on  the  relative  radius  r  =  0.48. 

At  the  point  of  bracing  of  the  load  there  is  observed  a  sharp 
concentration  of  the  bending  moment,  which  leads  to  an  increase  in 
stresses  almost  twice  as  compared  to  an  irrotational  blade.  Intro¬ 
duction  into  the  blade  of  the  section  with  increased  rigidity  leads 
to  the  appearance  of  the  concentration  of  bending  moment  in  the 
region  of  this  section  (Fig.  1.12).  But  inasmuch  as  the  increase 
in  flexural  rigidity  leads  to  an  increase  in  the  drag  torque  on  the 
length  of  the  rigid  section,  then  the  greatest  stresses  appear  along 
the  edges  of  the  section,  i.e.,  there  where  the  absolutely  torsion 
fiber  would  undergo  fractures. 

By  the  manifestation  of  the  same  properties  of  absolutely 
stretched  torsion  fiber  there  is  explained  the  appearance  of  sharp  ( 
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concentration  in  bending  moment  in  the  case  of  rigid  blade  sealing, 
since  the  torsion  line  would  have  at  the  sealing  site  the  same 
fracture  as  that  of  a  hinged-mounted  blade. 

The  increase  in  bending  moment  corresponding  to  the  first  tone 
with  rigid  sealing  of  the  blade  in  the  shank  occurs  almost  six  times 
(see  Fig.  1.10)  as  compared  to  the  moment  of  an  irrotational  blade. 
Ouch  a  sharp  concentration  in  bending  moment  has  a  noticeable 
influence  even  on  values  of  frequencies  of  natural  oscillations 
(see  Table  1.^).  This  considerably  lowers  the  possibilities  of  the 
method  of  approximation  (see  §  3)  in  the  application  to  calculation 
of  a  blade  with  rigid  sealing  in  the  shank. 

In  a  number  of  cases  in  practice  it  appears  necessary  to 
introduce  into  the  rotor  blade  additional  hinges  or  to  displace  the 
position  of  those  hinges  which  are  already  in  the  construction  of 
the  hub.  The  need  to  create  additional  hinges  can  be  connected  with 
the  necessity  to  lower  the  flexural  stresses  on  some  section  of  the 
blade  or  with  the  change  in  frequencies  of  its  natural  oscillations. 

Let  us  see  how  the  introduction  into  it  of  an  additional  hinge 
has  an  effect  on  flexural  deformations  of  the  blade.  It  was  said 
earlier  that  the  blade  of  a  helicopter  is  similar  in  its  charac¬ 
teristics  to  a  stretched  torsion  fiber.  The  stretched  chain  with 
hinges  continuously  distributed  along  the  length  behaves  just  as 
the  torsion  fiber.  Therefore,  one  can  assume  that  the  blade  of  a 
helicopter  takes  during  deformations  approximately  the  same  form  as 
a  stretched  multilinked  chain.  It  is  natural  therefore  that  the 
introduction  into  the  blade  of  an  additional  hinge  cannot  con¬ 
siderably  affect  the  form  of  its  deformations.  This  circumstance 
is  illustrated  in  Fig.  1.13,  where  the  form  of  the  first  tone  of 
natural  oscillations  of  the  blade  is  shown  with  an  additional  hinge 
introduced  into  It  and  without  it.  From  Fig.  1.13  also  it  is  clear 
that  the  influence  of  an  additional  hinge  noticeably  has  an  effect 
on  the  form  cf  bending  moment  only  on  the  small  section  close  to 
the  hinge.  On  sections  far  from  the  hinge  its  influence  is  small. 


Fig.  1.13.  Form  of  the 
first  tone  of  natural 
oscillations  of  a 
blade  with  an  additional 
hinge  and  without  it: 
a  and  b)  forms  of  first 
tone  in  the  field  of 
centrifugal  forces 
without  a  hinge  (a)  and 
with  a  hinge  (b);  c)  form 
of  first  tone  of  irrota- 
tional  blades  with  a 
hinge;  d  and  e)  form  of 
bending  moment  in  first 
tone  in  the  field  of 
centrifugal  forces  without 
a  hinge  (d)  and  with  a 
hinge  (e). 


It  is  necessary  to  note  especially  that  in  the  examined  case 
when  the  blade  has  two  hinges,  forms  of  its  oscillations  in  the  field 
of  centrifugal  forces  very  greatly  differ  from  forms  of  oscillations 
of  an  irrotational  blade.  During  oscillations  in  the  first  tone  the 
irrotational  blade  is  not  at  all  deformed.  Therefore,  ir.  the  given 
special  case  the  approximate  power  method  or  calculation  of  frequen¬ 
cies  in  such  a  form  is  expounded  in  §  3  will  simply  not  be  used. 

It  is  also  impossible  to  disregard  the  field  of  centrifugal 
forces  in  examining  deformations  of  the  blade  in  rotor  of  the 
Derschmidt  type  with  a  hinge  greatly  remote  from  the  axis  of  rotation 
The  form  of  oscillations  of  the  lowest  tone  of  the  blade  of  this 
rotor  and  the  bending  moment  corresponding,  to  it  are  shown  on 
Fig.  1.14.  Neglecting  the  centrifugal  forces  the  form  of  blade  woui  i 
coincide  with  a  straight  line,  and  the  magnitude  of  the  bending 
moment  shown  on  Fig.  1.14,  which  for  this  rotor  ir,  very  great  ar.u 
actually  determines  tne  possibility  of  its  application,  would  be 
impossible  to  find. 
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Fig.  1.14.  Form  of  lowest  tone 
of  natural  oscillations  of  a 
blade  with  a  hinge  ascribed  from 
the  axis  of  rotation  and  bending 
moment  corresponding  to  this  form 
(with  oscillations  in  the  flapping 
plane  p^y/n  =  1.35#  with  oscilla¬ 
tions  in  plane  of  rotation 
PqAi  *  0.91). 

The  examples  given  show  that  in  a  whole  series  of  cases  the 
forms  of  natural  oscillations  in  the  field  of  centrifugal  forces 
considerably  differ  from  corresponding  forms  of  an  irrotational 
blade.  This  circumstance  certainly  should  be  considered  in  the 
designing  of  the  blade.  Therefore,  in  work  in  the  design  office, 
when  all  calculations  are  conducted  on  electronic  computers  and  the 
degree  of  complexity  of  the  method  remains  simply  unnoticed,  there 
is  no  sense  in  reverting  to  the  methods  of  approximation. 

§  5.  Torsional  Blade  Vibrations 

1.  Problems  Solvable  in  the  Calculation 
of  Torsional  Vibrations 

Above  in  §§  1  and  4  it  was  noted  that  the  calculation  of  forms 
and  frequencies  of  natural  flexural  oscillations  of  the  blade  has 
together  with  an  auxiliary  importance  (for  calculation  of  stresses) 
also  an  independent  importance  as  a  method  for  selecting  parameters 
cf  the  blade  which  exclude  the  possibility  of  flexural  resonances. 
This  problem  does  not  exist  for  calculation  of  free  torsional 
vibrations,  since  in  practice  oscillations  considerable  in  amplitude 
which  were  caused  by  twisting  resonance  were  never  observed.  As 
n  rule,  considerable  torsional  vibrations  appear  only  with  flutf*"' 
or  during  forced  oscillations  under  conditions  of  proximity  of  the 
flutter.  Therefore,  the  magr.-  ude  of  frequency  of  natural  torsional 
vibrations  itself  is  of  no  practical  interest  (if  one  were  not  to 
examine  it  as  a  parameter  characterizing  the  torsional  rigidity  of 
the  blade),  and  results  of  the  calculation  of  forms  and  frequencies 
of  natural  oscillations  have  only  an  auxiliary  assignment  for  cal¬ 
culation  of  flutter  or  cf  flexural  stresses,  wr.Ich  are  calculated 
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taking  into  account  tor. .ion,'-,  J'  i’crmations  of  tne  blade.  The  other 
problem  of  calculation  of  fre-..-  torsional  vibrations  of  the  blade 

i3  not  raised. 

There  are  basically  two  problems  of  the  calculation  of  forced 
torsional  vibrations.  The  first  is  the  determination  of  elastic 
deformations  of  the  blade  the  calculation  of  which  is  necessary  for 
calculation  of  flexural  stresses,  and  the  second  is  the  determina¬ 
tion  of  values  of  hinged  moments  necessary  for  calculation  of  the 
rotor  control  system. 

2.  Differential  Equation  of  Torsional  Blade  Vibrations 

Let  us  represent  the  blade  in  the  form  of  8  cantilever  recti¬ 
linear  rod  with  torsional  rigidity  variable  in  length  GT*p.  We  will 
consider  the  mass  moment  of  inertia  of  the  rod  sections  relative  to 
its  axis  I  ,  just  as  the  torsional  rigidity,  as  a  continuous  function 
variable  in  length  of  the  rod,  the  centers  of  gravity  of  all  sections 
of  the  rod  -  as  lying  on  the  rod's  axis,  and  sealing  of  the  rod  — 
elastic  on  torsion. 

It  is  natural  that  reduction  of  the  problem  on  oscillations 
of  the  blade  to  the  calculation  of  such  a  model  presupposes  the 
application  of  a  whole  series  of  simplifying  assumptions.  We  will 
consider  that  the  axis  of  rigidity  of  the  blade  is  rectilinear  and 
coincides  with  the  axis  of  axial  hinge  of  the  rotor  hub.  We  will 
assume  the  flapping  compensator  h  equal  to  zero. 

Calculation  of  the  shift  in  centers  of  gravity  and  a  determina¬ 
tion  of  the  influence  of  the  flapping  compensator  on  frequencies  of 
natural  oscillations  will  be  examined  in  $  6. 

Application  of  the  enumerated  assumptions  permits  solving  the 
problem  on  torsional  vibrations  of  the  blade  absolutely  independent .y , 
not  connecting  them  with  its  flexural  vibrations. 

Let  us  compose  the  differential  equation  of  torsional  vibrations 
cf  the  Made.  Torque  in  or  -  'on.  of  the  Kao*  -an  !e  determine  i 


from  the  differential  equation: 


- ».  (5.1) 

where  S?  is  the  linear  torque  of  external  and  inertial  forces  having 
an  effect  on  the  element  of  the  blade. 

Under  the  impact  of  torque  every  element  of  the  blade  twists 
at  the  angle: 

df-^-dr.  (5.2) 

vl  ip 

where  qp  is  the  elastic  angle  of  rotation  of  the  blade  section. 

The  value  of  torque,  obtained  from  (5.2),  will  be  substituted 
into  (5.1).  Then  the  differential  equation  of  twisting  deformations 
of  the  blade  can  be  recorded  in  the  form 

[GT^Y+W-O.  (50) 

Let  us  examine  the  torsional  vibrations  of  the  rotor  blade 
revolving  in  a  vacuum.  The  linear  torque  in  this  case  will  be  equal 
to: 

TO*=*  —  fm9-~  “*(l|r”  (5. 4) 

where  I  and  I  are  mass  moments  of  inertia  of  the  blade  section 

y  x 

relative  to  its  principal  axes  of  inertia. 

If  the  extent  of  the  profile  along  the  x  axis  is  considerably 
larger  than  along  the  y  axis,  and  this  usually  occurs,  then  it  is 
possible  approximately  to.  assume  that 

lt — /,£/«  (5-5) 

where  I  is  the  linear  mass  moment  of  inertia  of  the  blade  section 
m 

with  respect  to  the  axis  passing  through  the  axis  of  rigidity. 

Substituting  expression  (5.4),  taking  into  account  (5.5)*  into 
equation  (5.3) >  we  will  obtain  the  differential  equation  of  torsional 
\  vibrations  of  the  rotor  blade  revolving  in  the  field  of  centrifugal 

forces : 
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*1^  i' —  A.l?+w*p)s«0. 


(5.6) 


The  model  of  the  blade  examined  here  has  the  following  boundary  \ 
conditions : 


for  r  =  0: 


for  r  =  R: 


!6ro?1.«e,„W 

0, 


(5.7) 


where  cJtf  is  the  rigidity  of  the  rotor  control  system  reduced  to 
the  axial  hinge  of  the  hub  (rigidity  of  control  determines  the  magni¬ 
tude  of  rigidity  of  elastic  sealing  of  the  blade  in  the  shank);  cpQ  — 
rotation  of  blade  in  axial  hinge  due  to  deformations  of  rotor  control 
system. 


3.  Determination  of  Forms  and  Frequencies  of  Natural 
Oscillations  of  the  Torsional  Blade 

Here  we  will  use  the  same  method  of  solution  which  was  discussed 
in  No.  1  of  §  ?  for  determination  of  forms  and  frequencies  of 
flexural  vibrations.  Let  us  assume  that 

?(/)*s9$3n  \t.  (5.3) 

Substituting  expression  (5.3)  into  equation  (5.6),  we  will 
obtain 

[Gr„*’Y U*-*?)  /.9-0.  (5.9) 

From  this  equation  It  immediately  follows  that  forms  of  natural 
torsional  oscillations  of  a  rotational  and  irrotational  blade  are 
identical,  and  the  frequencies  are  connected  by  a  simple  relation 
of  the  form 

(5.10) 

where  v  is  the  frequency  of  natural  oscillations  in  the  field  of 
centrifugal  forces;  vQ  is  the  frequency  of  natural  oscillations  of 
the  blade  of  an  irrotational  rotor. 

integrating  equation  (5.9) >  taking  into  account  boundary 
conditions  (5.7)  for  the  case  co  =  0,  we  will  obtain 


73 


Here  and  below  the  index  at  v ,  which  denotes  that  the  frequency 
of  natural  oscillations  is  determined  for  o>  =  0,  will  be  omitted. 

Equation  (5.11)  is  solved  by  the  method  of  successive  approxi¬ 
mations,  just  as  this  was  carried  out  in  the  solution  of  equations 
(2.4)  in  §  2. 


Let  us  assign  the  arbitrary  form  of  oscillations  q>.  This  form 
should  be  in  some  way  standardized,  for  example 

-?«-!.  (5-12) 

where  <pR  is  the  elastic  angle  of  twist  of  the  blade  tip. 

Then,  fulfilling  the  operations  assigned  by  expression  (5.11), 
we  will  determine  the  function 


(5.13) 


The  frequency  of  natural  torsional  oscillations  of  the  blade 
can  be  determined  from  the  condition  of  standardization  (5.12) 

(5.14 ) 


where  $R  is  tne  value  of  function  $  at  r  =  R. 


Assigning  a  new  value  of  function 

(5.15) 

and  performing  operations  (5.15)  and  (5.14)  still  as  many  times 
as  it  is  necessary  to  provide  the  necessary  accuracy,  we  will  obtain 
the  final  values  v  and  <p.  As  with  the  determination  of  forms  and 
frequencies  of  natural  flexural  oscillations,  such  a  method  of 
successive  approximations  leads  to  the  determination  of  the  lowest 
tone  of  natural  torsional  oscillations.  In  the  determination  of 
subsequent  tones  it  is  necessary  to  fulfill  the  condition  of 
orthogonality 


« 


(5.16) 
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Here  the  index  j  denotes  tne  form  of  the  sought  tone  of 
oscillations  and  index  m  the  form  of  the  already  determined  lowest 
tones.  Assuming 


(5.17) 


we  will  obtain  from  condition  (5.16)  expressions  for  constant 

coefficients  c  : 

m 


c, 


1  '  • 


(5.18) 


Frequencies  of  natural  oscillations  of  subsequent  tones  are 
determined  with  each  approximation  by  the  formula 


«-l 


(5.19) 


Upon  completion  of  the  determination  of  all  forms  and  frequencies 
of  natural  oscillations  necessary  for  further  calculations  it  is 
necessary  to  correct  the  frequencies  by  the  formula  (5.10),  con¬ 
sidering  the  influence  of  centrifugal  forces. 


Calculations  of  forms  and  frequencies  of  natural  torsional 
oscillations  of  a  blade  for  real  helicopters  show  that  of  decisive 
importance  in  the  determination  of  values  of  frequencies  of  the 
lowest  tone  of  oscillations  is  the  rigidity  of  the  rotor  control 
system.  Almost  always  the  torsional  rigidity  of  the  blade  proves 
to  be  considerably  higher  than  the  rigidity  of  the  control  system. 
Figure  1.15  gives  forms  of  the  first  tone  of  natural  torsional 
vibrations  of  blades  of  different  helicopters  found  in  mass 
exploitation. 


According  to  the  relationship  between  twisting  strains  of  the 
blade  and  rotor  control  system  with  oscillations  in  the  first  tone, 
it  is  possible  to  judge  the  magnitude  of  twisting  rigidity  of  the 
blade  as  compared  to  rigidity  of  the  control  system.  The  relationship 
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Fig.  1.15.  Forms  of  natural  torsional  oscil¬ 
lations  of  the  blade  with  different  relation¬ 
ships  of  rigidity  of  the  blade  and  control 
system, 

between  these  rigidities  is  estimated  by  the  coefficient  a  (see 
Fig.  1.15).  This  coefficient  itself  determines  part  of  the  total 
angle  of  rotation  of  the  blade  tip  due  to  deformations  of  only  the 
blade . 

The  described  peculiarity  in  the  relationship  of  rigidities  of 
the  blade  and  control  permits  in  certain  calculations  using  the 
assumption  of  the  fact  that  twisting  deformations  of  the  blade  are 
small  as  compared  to  deformations  of  control  and  introducing  into 
the  calculations  only  the  twist  of  the  blade  due  to  the  control 
deformation.  This  assumption  is  frequently  used  during  calculation 
of  flutter  (see  Chapter  IV  of  Book  One). 

Results  of  the  calculation  by  the  expounded  method  permit 
judging  the  character  of  location  of  frequencies  of  natural  torsional 
oscillations  of  blade  with  respect  to  harmonic  components  of 
aerodynamic  forces.  Figure  1.16  gives  a  resonance  diagram  of 
torsional  vibrations  of  a  blade,  plotted  for  one  of  the  existing 
helicopters,  and  Fig.  1.1/  gives  forms  of  the  first  three  tones. 

In  No.  1  of  this  paragraph  it  was  already  noted  that  variable 
external  forces  twisting  the  blade  are  small,  and  therefore  even  with 
resonance  of  the  amplitude  of  torsional  vibrations  they  do  not  become 
dangerous  for  the  blade  strength.  In  view  of  chis  there  is  usually 
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Fig.  1.16.  Resonance 
diagram  of  torsional 
oscillations  of  the 
blade. 


Fig.  1.17.  Forms  of 
first  three  tones  of 
torsional  vibrations  of 
blade . 


no  attempt  to  avoid  twisting  resonances,  and  the  resonance  diagram 
shown  in  Fig.  1.16  is  given  only  for  an  estimate  of  the  absolute 
magnitude  of  frequencies  of  torsional  vibrations. 


From  Fig.  1.16  it  follows  that  even  the  second  tone  of  torsional 
vibrations  proves  to  be  in  operating  revolutions  npa#  higher  than  the 
fift^  enth  harmonic  to  the  number  of  revolutions  of  the  rotor. 
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Frequencies  of  subsequent  tones  appear  even  above.  Therefore, 
probably  only  the  frequency  of  the  first  tone  of  natural  torsional 
oscillations  of  the  blade  can  be  of  practical  interest. 

All  the  above-mentioned  considerations  pertained  to  torsional 
vibrations  of  the  rotor  blade  examined  separately  neglecting  those 
connections  which  are  superimposed  on  oscillations  of  construction 
of  the  blade  fastening  on  the  hub.  It  appears  that  the  connection 
between  torsional  vibrations  of  separate  blades  of  the  rotor  through 
the  control  system  can  considerably  change  the  whole  picture  of 
oscillations . 

4.  Determination  of  Forms  and  Frequencies  of  Natural 
Oscillations  of  the  Rotor  as  a  Whole 

Figure  1.18  gives  a  diagram  of  the  control  system  of  the  angle 
of  setting  of  blades  used  on  the  majority  of  contemporary  helicopters. 


Fig.  1.18.  Diagram 
of  cyclic  pitch  con¬ 
trol:  1  —  lever  of 
blade  turn;  2  —  hori¬ 
zontal  hinge;  3  — 
vertical  hinge;  4  — 
blade;  5  —  disk  of 
cyclic  pitch  control; 
6  —  slider. 


Constructively  this  system  is  carried  out  in  such  a  way  that  the 
loading  of  a  certain  control  circuit  depends  on  what  combination  of 
forces  arrives  on  the  disk  of  the  cyclic  pitch  control  from  the 
blades.  The  form  of  this  combination  d^nends  on  the  form  of  vibra¬ 
tions  of  the  rotor,  i.e.,  on  the  distribution  of  phases  of  vibrations 
by  the  bJndes.  Thus,  for  example,  in  the  case  when  all  blades 
vibrate  with  an  Identical  phase,  only  the  control  circuit  is  loaded 
by  collective  pitch.  When  oppositely  located  blades  vibrate  in  a 
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reverse  phase,  circuits  of  transverse  and  longitudinal  control 
are  loaded.  Finally,  if  the  number  of  blades  in  the  rotor  is  larger 
than  three,  then  such  forms  of  oscillations  are  possible  when  all 
forces  arriving  from  the  blades  are  locked  on  the  disk  of  the  cyclic 
pitch  control. 

The  variable  forces  appearing  during  blade  vibrations  cause 
deformations  of  those  control  circuits  which  are  loaded  by  these 
forces.  With  deformations  of  separate  control  circuits  the  disk  of 
the  cyclic  pitch  control  oscillates,  and  vibrations  of  the  disk 
tie  fully  defined  phases  to  vibrations  of  the  blades.  Thus,  for 
example,  with  vertical  vibrations  of  the  disk,  appearing  in  the 
deformation  of  the  control  circuit  by  collective  pitch,  vibrations 
of  the  rotor  of  such  form  are  excited  at  which  phase  of  all  blades 
are  identical. 

When  the  disk  of  the  cyclic  pitch  control  during  vibrations  is 
inclined,  the  oppositely  located  blades  are  excited  in  a  reversed 
phase.  Thus  the  disk  of  the  cyclic  pitch  control  connects  vibrations 
of  separate  blades  in  the  rotor.  As  a  result  it  turns  out  that 
vibrations  of  blades  can  occur  only  with  fully  defined  forms  of 
vibrations  of  the  entire  rotor  as  a  whole,  and  the  number  of  such 
forms  coincides  with  the  number  of  blades  in  the  rotor.  With  this 
each  form  of  vibrations  corresponds  to  its  value  of  rigidity  of 
control  reduced  to  the  axial  hinge  of  the  blade  which  depends  on  the 
rigidity  of  that  control  circuit  which  with  this  form  is  loaded. 
Accordingly,  inherent  to  each  form  of  vibrations  of  the  rotor  is  its 
value  of  frequency  of  natural  torsional  oscillations  of  the  blade. 

Consequently,  for  a  rotor  with  the  number  of  blades  z ^  there 
is  z^  different  frequencies  of  natural  oscillations,  which  correspond 
to  each  tone  of  torsional  oscillations  of  the  blade.  Inherent  to 
each  frequency  of  natural  oscillations  is  its  definite  form  of 
distribution  of  angles  of  twist  along  the  length  of  the  blade,  but 
qualitatively  all  forms  corresponding  to  a  definite  tone  of 
oscillations  are  not  distinguished,  and  thus,  for  example,  they 
have  an  identical  number  of  nodes  of  oscillations. 


As  an  example  it  is  possible  to  cite  values  of  frequencies  of 
natural  oscillations  of  the  first  tone  for  a  four-bladed  rotor  of 
the  helicopter  Mi-4. 

The  lowest  values  of  frequencies  with  loading  of  longitudinal 
and  lateral  controls  attributed  to  working  numbers  of  revolutions 
of  the  rotor  are  — =  3. 4-3. 5.  With  loading  of  the  circuit  of 

*pil  Yt 

the  collective  pitch  this  values  takes  the  value  =4.6  and 

when  all  forces  from  the  rotor  are  locked  on  the  disk  of  the  cyclic 
pitch  control,  =  6.6. 

A  very  important  circumstance  is  the  fact  that  within  fre¬ 
quencies  of  oscillations  corresponding  to  harmonics  to  the  number  of 
revolutions  of  the  rotor  on  which  external  forces  have  a  noticeable 
magnitude  lies  only  the  first  tone  of  natural  torsional  oscillations 
of  blade.  All  subsequent  tones  of  oscillations  lie  above  and  there¬ 
fore  are  of  no  practical  interest. 

§  6 .  Joint  Flexural-Torsional  Vibrations  of  the  Blade 


1.  The  Connection  Between  Flexural  and 
Torsional  Vibrations 

Above  free  flexural  and  torsional  vibrations  of  the  blade  as 
two  independent  problems  not  connected  between  themselves  were 
examined.  In  a  real  blade  torsional  and  flexural  oscillations  are 
always  connected.  How  great  this  connection  proves  to  be  will  be 
shown  below.  We  will  examine  vibrations  of  the  blade  in  a  vacuum 
when  the  connection  between  torsional  and  flexural  oscillations  is 
carried  out  only  owing  to  the  shift  in  centers  of  gravity  of  sections 
with  respect  to  the  axis  of  rigidity  of  the  blade  and  due  to  the 
nonholonomic  constraint  through  the  flapping  balance.  Let  us  use 
the  method  of  calculation  constructed  on  the  basis  of  the  method  of 
three  moments,  described  in  §  4 ,  in  reference  to  calculation  of 
flexural  vibrations. 

The  possibility  of  fulfillment  of  the  calculation  of  frequencies 
of  natural  flexural-torsional  vibrations  can  be  useful  to  the  designer 

in  the  solution  of  a  whole  series  of  concrete  practical  problems . 
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Thus,  for  example,  the  necessity  of  fulfillment  of  such  a 
calculation  appears  in  those  cases  when  to  eliminate  resonance  it 
is  proposed  to  install  extension  balancers  on  the  blade.  Here  there 
are  considered  those  relatively  rare  cases  when  arrangement  of  bal¬ 
ancers  is  proposed  not  to  eliminate  flutter  but  to  change  the 
frequencies  of  natural  oscillations. 

The  desire  to  consider  the  connection  between  flexural  and 
torsional  vibrations  can  appear  for  the  designer  also  in  the  case 
when  the  calculation  of  frequencies  of  natural  oscillations  of  the 
blade  for  some  reason  does  not  coincide  with  the  experiment.  Here  in 
a  number  of  cases  it  can  appear  that  this  distinction  is  explained 
by  a  disregard  of  this  connection.  It  is  possible  to  hope  that 
results  of  calculations  mentioned  below  will  facilitate  permission 
of  those  doubts. 


It  is  necessary,  however,  to  note  that  the  calculation  of  fre¬ 
quencies  of  natural  oscillations  in  a  vacuum  cannot  give  an  answer 
to  many  questions  appearing  in  practice  in  connection  with  the 
appearance  in  the  blade  of  increased  varying  stresses  with  any 
freqxiency  and  estimated  as  resonances,  since  aerodynamic  forces  can 
introduce  in  many  cases  very  substantial  corrections  into  the  pattern 
of  the  phenomenon. 

2.  Method  of  Calculation  of  Joint  Vibrations 

Fulfillment  of  the  calculation  of  forms  and  frequencies  of 
natural  flexural-torsional  vibrations  is  considerably  simplified  if 
one  were  to  examine  the  blades  of  only  the  definite  most  widespread 
type,  during  the  calculation  of  which  the  following  assumptions  can 
be  used: 


1.  The  axis  of  Vis--,  rigidity  is  a  straight  line  coinciding 
with  the  axis  of  ax*  *  . 


In  principle  ' 
these  axes  will  tv. 
into  the  calculat i . 


id  hod  of  calculation  will  not  he  c-.anged 
incide.  Only  it  will  be  necessary  to  ir.t 
ormular  a  number  of  auui*  ional  terms  cons 


when 
roducc 
ibr '.nr 


the  distance  between  these  axes.  For  simplicity  of  computations 
let  us  assume  that  the  axis  of  rigidity  passes  through  the  axis  of 
rotation  of  the  rotor. 

2.  The  plane  of  least  rigidity  of  the  blade  is  considered 
coinciding  with  the  flapping  plane. 

J>.  The  blade  accomplishes  torsional  vibrations  due  to  twisting 
deformations  of  the  actual  blade,  deformations  of  the  control  svstem 
by  the  blade  angle  and  as  a  result  of  nonholonomic  constraint  through 
the  flapping  balance  with  vibrations  of  the  blade  in  the  flapping 
plane. 


These  assumptions  permit  representing  the  blade  in  the  form  cf 
a  weightless  free  beam  uivided  into  z  sections,  along  the  edges  of 
which  wit-  a  certain  extension  loads  with  mass  m^  are  loca.te<_ 
(Fig.  1.1°).  Every  load  except  mass  m, ,  concentrated  in  the  ce;  rcr 
of  gravity  of  the  corresponding  element  of  the  blade,  possesses  also 
a  certain  moment  of  inertia  /*»,  with  respect  to  the  axis  pass  hut 
‘.'.rough  the  center  of  gravity  cf  the  lead  and  parallel  elastic  axis 
of  the  .lade. 

Flexural  and  torsional  rigidities  will  be  presented  in  the  form 
cf  step  curves  in  such  a  way  that  they  remain  constant  for  the  extent 

of  earn  section. 


C  '? 

> 


The  presence  of  a  flapping  os  lance  leads  to  nonholonomic 
constraint  between  flexural  and  torsional  vibrations,  which  can  be 
expressed  by  formula 


(6.1) 


where  <j>0  Is  the  angle  of  rotation  of  the  blade  in  the  axial  hinge; 
«KP„  —  torque  relative  to  the  axial  hinge;  Cynp  -  rigidity  of  blade 

angle  control  system  reduced  to  the  axial  hinge;  h  —  flapping 
balance;  —  angle  of  rotation  of  the  blade  relative  to  the 
horizontal  hinge. 

Furthermore,  boundary  conditions  in  the  shank  of  the  hir.ge- 
raounted  blade  during  its  oscillations  in  the  thrust  plane  somewhat 
change.  In  the  presence  of  a  flapping  balance  these  conditions  can 
be  recorded  as: 


(6.2) 


where  is  the  bending  moment  and  the  torque  in  the  blade  shank. 


With  the  composition  of  differential  equations  of  vibrations 
of  the  blade  in  the  flapping  plane  we  will  use  the  method  cf  tr.ree 
moments  in  that  form  which  was  discussed  in  §  4 .  The  application 
of  this  method  to  the  calculation  case  examined  here  leads  to  the 
following  equations: 


"W+l  "M-f  1 


(6.3) 


Here 


“2  1-0. 1.2.....*); 


(•  .*) 


f,  -  vertical  movements  cf  points  of  elastic  axis  of  *.?,♦?  blade 
(see  Fi r..  l.lv);  .v,  —  vertical  movements  of  centers  cf  gravi*;.  of 

masses  m, . 


Expressions  for  constant  coefficients  ai,  b^  c±,  h±,  and  g 
are  given  in  §  4,  see  formulas  (4  ,l8)-(4 .25) . 

Movements  in  elastic  axis  and  centers  of  gravity  of  elements 
of  the  blade  are  connected  by  the  relationship 

ft***  Hi  “I”  (6  ,p) 

v;here  go  are  angles  of  rotation  of  elements  of  the  blade  around 
its  elastic  axis. 

To  determine  the  forms  and  frequencies  of  flexural-torsional 
vibrations  of  the  blade  one  should  add  the  equations  of  torsional 
vibrations  to  equations  (6.3). 

If  the  torque  can  be  considered  constant  in  magnitude  for  the 
extent  of  each  section  of  the  blade,  it  can  be  determined  as 

'N-..,**  (6-6) 

iti  , 

In  magnitude  of  torque  torsional  deformations  of  the  blade 
can  be  determined  thus 


(6.7) 


where  GrWj_w  is  the  torsional  rigidity  of  the  section  of  the  blade 
along  a  length  equal  to  /;-u,  and  cPq  is  determined  by  the  formula 
(6.1). 


In  the  use  of  the  method  of  three  moments  boundary  conditions 
of  the  problem  are  considered  in  coefficients  of  equations  of  the 
system.  Thus,  in  tne  cose  examined  here  the  boundary  condition 
(6.2)  leads  to  a  change  in  coefficients  of  the  first  two  equations 
of  system  (6.3).  For  a  blade  with  hinged  fitting  in  the  shank  these 
equations  can  be  recorded  in  the  following  way: 

—  the  first  equation  of  system  (6.3)  from  which  the  value 
is  determined: 


(6.8) 


Po  +  T  M*i  —  ; 

'V0| 

-  the  second  equation  of  system  (6.3): 

«VWr,.+f.'-fi+M«.“|£-Jk-  (6.9) 

Thus  the  system  of  equations,  including  equations  (6.3),  (6.5) , 
(6.6),  and  (6.7),  constitutes  a  system  of  differential  equations  of 
flexural-torsional  vibrations  of  the  blade.  The  solution  of  this 
system  permits  determining  the  form  and  frequency  of  natural  flexural- 
torsional  vibrations  of  the  blade,  which  enters  into  the  problem  of 
the  calculation. 

If  one  were  to  assume  that  the  variables  entering  into  differen¬ 
tial  equations  (6.3),  (6.5),  (6.6),  and  (6,7)  are  changed  according 
to  the  sinusoidal  law-  of  the  form 


0i(O=0i  *&>/*<, 

then  these  equations  can  be  converted  into  a  system  of  algebraic 
equations  relative  to  unknowns,  which  are  peak  value  of  former 

variables.  Only  into  certain  coefficients  of  these  equations  will 

P  2 

parameters  v  and  v*"—  enter  by  cofactors.  If  we  assume  p  =1, 

p* 

then  these  equations  can  be  copied  in  the  form 


+ V”,+.  :  1 

1  -vi— 1.1  I 

(6.10) 

f  f  f 

-0  — Y)  2  /u^+yS^Vi/;- V 

1  1  i  t 

(6.11) 

1 

4- 

(6.12) 

(6.13) 

where 

*+i 
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The  quantities  entering  into  these  equations  are  subordinated 
to  the  following  relations: 

f, 

(6.14) 

It  is  convenient  to  solve  the  system  of  equations  (6,10),  (6.11), 
(6.12),  and  (6.13)  by  the  method  of  successive  approximations.  Tn 
every  approximation  there  should  be  fulfilled  a  more  precise  definition 
of  parameter  y  under  the  angular  velocity  of  rotation  of  rotor  cd 
assigned  in  the  calculation. 

Fulfillment  of  successive  approximations  is  produced  in  the 
following  order. 

Let  us  assign  a  certain  value  of  parameter  y  and  arbitrary 

form  of  zero  approximation  of  functions  y,  and  <p,  . 

x0  x0 

The  functions  taken  as  the  zero  approximation  should  be 
standardized,  for  example, 

After  that  by  formula  (6.5)  there  can  be  obtained  function  f,  . 

0 

Then  by  equation  (6.11)  quantity  5L_  ,  which  is  necessary  for  solution 

kPq 

of  the  system  of  equations  (6.10)  can  be  determined.  Simultaneously 
is  determined. 

After  solving  the  system  of  equations  (6.10)  and  determining 
u^  from  the  first  equation  of  this  system,  is  determined: 
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Then  by  equation  ^o,x^j  ..  io  xc  ^ermined,  and  by  equation 

(6.13)  values  of  v.,  which,  furthermore,  shc”ld  satisfy  the 
condition  2/»n®<- 0  are  determined  . 

The  frequency  of  natural  oscillations  is  determined  from  the 
condition  of  standardization  on  the  basis  of  the  first  relation  of 

(6.14)  thus: 

(6.16) 

After  that  from  relations  (6.14)  functions  y^  and  cp^  can  be 
determined,  which  are  used  for  the  following  approximation  fulfilled 
in  the  same  order.  Simultaneously  there  is  refined  parameter  7. 

Such  a  method  of  successive  approximations  leads  to  the  determi¬ 
nation  of  the  frequency  and  form  of  the  lowest  tone  of  natural 
oscillations.  To  determine  the  following  tones  there  is  used  the 
condition  of  orthogonality,  which  for  flexural-torsional  vibrations 
has  the  following  form: 

2h»J**r+ww*’]=<>-  (6.17) 

« 

Here  index  j  denotes  the  form  of  the  sought  tone  and  index  m, 
the  form  of  the  already  determined  lowest  tones. 

Application  of  the  expounded  method  of  calculation  gives  results 
quite  satisfactory  for  practice. 

It  is  necessary  to  note  tha*  in  those  cases  when  the  frequency 
of  natural  oscillations  of  two  consecutive  tones  have  sufficiently 
close  values,  this  method  of  calculation  does  not  give  a  convergent 
solution.  Practically,  however,  this  circumstance  does  not  have 
great  significance,  since  this  can  be  only  in  the  case  when  the 
connection  between  torsional  and  flexural  vibrations  is  very  weak, 
and  corresponding  forms  of  vibrations  can  be  determined  separately 
neglecting  this  connection. 
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3.  Influence  of  the  Connection  Between  Bending 
and  Torsion  on  Frequency  of 
Natural  Oscillations 

Here  we  will  examine  how  much  the  frequencies  of  natural 
flexural-torsional  vibrations  of  the  blade  can  differ  from  corre¬ 
sponding  partial  frequencies,  l.e.,  frequencies  obtained  neglecting 
the  connection  between  bending  and  torsion. 

Calculations  show  that  the  connection  between  bending  and  torsion 
has  the  greatest  influence  on  frequencies  of  natural  oscillations  of 
the  blade  in  those  regions  where  partial  frequencies  of  bending  and 
torsion  approach.  Therefore,  one  should  investigate  only  the  giver, 
regions.  Outside  these  regions  partial  frequencies  of  the  blade 
and  frequencies  of  the  connected  flexural-torsional  vibrations 
practically  coincide. 

It  is  Known  that  partial  frequencies  of  natural  oscillations 
of  bending  of  a  hinge-mounted  blade  for  all  contemporary  helicopters 
lie  in  very  narrow,  fully  defined,  zones,  the  location  of  which  with 
respect  to  harmonics  of  external  excitation  cannot  be  substantially 
modified.  On  Fig.  1.20  these  zones  are  plotted  on  the  resonance 
diagram  of  the  blade.  This  diagram  is  constructed  for  a  region  of 
frequencies  including  only  a  number  of  first  harmonics  to  the  number 
of  revolutions  of  the  rotor,  since  external  forces  acting  on  the 
blade  with  higher  harmonics  are  insignificant  in  magnitude  and  cannot 
cause  any  noticeable  vibrations  of  blade.  Falling  into  this  region 
are  only  the  first  three  tones  of  partial  frequencies  of  the  bending 
blade.  Practically  only  these  tones  must  be  of  interest  during  the 
designing  of  the  blade.  Frequencies  of  natural  oscillations  of 
bending  can  fall  out  of  shown  zones  only  for  rotors  with  an  unusual 
method  of  fastening  of  the  blades  on  the  hub,  for  example,  for 
rotors  with  rigid  fastening  of  blades  or  with  a  hub  on  a  Cardan 
joint. 

Partial  frequencies  of  natural  torsional  oscillations  of  the 
blade  can  be  changed  in  wider  limits,  basically  due  to  the  distinction 
in  rigidities  of  the  rotor  control  system  whose  construction  can  be 
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Fig.  1.20.  Regions  of  location  on  a  resonance 
diagram  of  frequencies  of  natural  oscillations 
of  the  first,  second  and  third  tone  of  bending 
and  first  tone  of  torsion  for  blades  of  dif¬ 
ferent  helicopters. 


very  diverse.  Nonetheless,  with  respect  to  values  of  partial  fre¬ 
quencies  of  natural  torsional  oscillations  of  the  blade  there  can 
be  made  a  very  important  conclusion  involving  the  following.  Into 
the  region  of  frequencies  interesting  to  us  there  can  fall  only  the 
first  tone  of  torsional  vibrations.  The  second  tone  of  torsional 
vibrations  appears,  as  a  rule,  in  the  region  not  lower  than  the 
15th  harmonic  to  the  number  of  revolutions  of  the  rotor  (see  Fig. 

1.16),  i.e.,  beyond  the  borders  of  the  region  interesting  for  the 
designer.  Oscillations  considerable  in  amplitude  with  such  fre¬ 
quencies  usually  do  not  appear.  Therefore,  of  practical  interest 
from  the  point  of  view  of  the  possibility  of  appearance  of  resonances 
is  only  the  first  tone  of  natural  torsional  oscillations  of  the  blade. 

Here  it  stands  to  remember  that  the  rotor  blade  of  the  helicopter  | 
can  have  several  first  tones  of  torsional  vibrations  with  different 
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frequencies  depending  upon  the  form  of  oscillations  of  the  rotor  on 
the  whole  and  on  what  control  circuit  is  loaded  with  this  form  of 
oscillations.  The  distinction  in  frequencies  of  natural  oscillations 

l 

of  these  forms  will  be  determined  solely  by  the  difference  in  rigidity 
of  loaded  control  circuits. 

In  flight  every  harmonic  of  external  forces  can  exite  only 
one  fully  defined  form  of  oscillations.  Therefore  in  the  investigation 
the  possibility  of  the  appearance  of  resonance,  one  should  certainly 
check  whether  the  resonance  is  possible  when  the  rigidity  accepted 
in  calculation  corresponds  to  that  form.  In  this  paragraph  only 
natural  oscillations  of  the  system. are  examined.  Therefore,  we 
will  not  dwell  on  this  question  in  detail. 

Figure  1.20  shows  a  region  in  which  usually  frequencies  of  the 
first  tone  of  natural  torsional  oscillations  of  the  blade  lie  for 
those  forms  of  oscillations  of  the  rotor  when  circuits  of  cyclical 
control  and  collective  pitch  control  are  loaded.  For  rotors  with 
the  number  of  blades  of  more  than  three  a  form  of  oscillations  is 
possible  at  which  all  forces  arriving  from  the  blades  are  locked 
on  the  disk  of  the  cyclic  pitch  control.  The  rigidity  of  control 
corresponding  to  this  form  appears  usually  very  high.  On  Fig.  1.20 
the  upper  limits  of  the  region  of  the  location  of  torsional  vibra¬ 
tions  in  this  case  is  noted  by  a  dot-dashed  line. 

Let  us  consider  the  case  most  widespread  in  practice  when  partial 
frequencies  of  the  first  tone  of  bending  and  first  tone  of  torsion 
coincide  in  magnitude  in  the  zone  of  operating  revolutions  of  the 
rotor.  Let  us  investigate  two  variants  of  the  distribution  of 
centers  of  gravity  of  the  blade  along  its  length. 

In  both  variants  in  accordance  with  the  assumptions  accepted 
above  we  will  consider  that  the  axis  of  rigidity  of  the  blade  is 
rectilinear  and  coincides  with  the  axis  of  axial  hinge  of  the  hub. 

The  distance  to  centers  of  gravity  of  the  sections  will  be  counted 
off  from  the  axis  of  rigidity  to  the  chord  of  the  blade  in  percent. 

All  investigations  will  be  conducted  in  reference  to  the  blade  of 


Fig.  1.21.  Step 
centering  of  the  blade 
with  replacement  of 
the  sign  in  the  node 
of  the  first  tone  of 
natural  flexural 
oscillations . 


the  helicopter  with  a  Duralumin  pressed  longeron  with  a  chord 
constant  along  the  length.  Such  a  blade  has  approximately  a  constant 
linear  weight  along  the  length.  Its  chord  consists  of  about  one- 
twentieth  of  the  radius  of  the  rotor. 

So  that  results  of  calculations  are  most  obvious  we  will 
consider  that  with  changes  of  the  centering  of  the  blade  mass 
moments  of  inertia  of  its  sections  with  respect  to  the  axis  passing 
through  the  centers  of  gravity  are  not  changed,  i.e.,  there  is 
maintained  the  position 

const 

In  the  beginning  let  us  examine  the  case  when  the  centering  of 
sections  of  the  blade  are  constant  along  Its  lengtiu,  i.e., 

-const, 

where  b  is  the  chord  of  the  blade. 

This  variant  of  the  distribution  of  centerings  should  be 
considered  very  widespread  in  practice.  Furthermore,  it  permits 
in  very  clear  form  tracing  the  influence  of  centering  and  estimating 
ite  significance  as  factors  of  the  connection  between  flexural  and 
torsional  vibrations. 

Figure  1.22  gives  a  resonance  diagram  of  the  blade  for  this 
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case.  Solid  lines  show  partial  frequencies  of  bending  and  torsion 
of  the  blade,  and  dashed  lines,  the  frequencies  of  Joint  flexural  - 
torsional  vibrations,  which  are  calculated  for  a  shift  in  centering 
with  respect  to  the  axis  of  rigidity  equal  to  10#  of  the  chord  of 
the  blade.  Calculations  are  carried  out  for  the  case  when  x  «  0. 
Therefore,  the  sign  of  two  •’h^ft  in  centering  has  no  importance. 

Here  and  later  we  intentionally  examine  the  very  wide  range 
of  the  change  in  centerings  so  that  in  a  clearer  form  we  can  tr*»  'o 
its  influence.  In  practice  constructive  possibilities  and  con¬ 
ditions  superimposed  by  flutter  permit  changing  the  centering  in 
very  small  limits.  Usually  for  blades  of  rotors  the  centering  'hango 
from  20#  to  25#  of  the  chord  of  the  blade  (here  there  are  given 
values  counted  off  from  the  leading  edge  of  the  blade),  i.e.,  the 
whole  range  of  the  change  in  centering  consists  of  only  about  5# 
of  the  chord  of  the  blade.  Therefore,  from  examining  Fig.  1.22 
the  conclusion  can  be  made  that  displacement  of  the  centering, 
constant  along  the  length  of  the  blade,  has  e  very  slight  effect  on 
values  of  frequencies  of  natural  oscillations. 
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Fig.  1.23.  Frequencies  of  natural  flexural- 
torsional  vibrations  of  the  blade  with  the 
step  law  in  the  change  of  centering  along 
the  length  of  the  blade  with  a  shift  of  10# 
and  2056  chordwise  from  the  axis  of  rigidity. 


In  the  second  case  examined  here  the  distribution  of  centering 
is  selected  in  a  way  at  which  its  influence  appears  the  greatest 
during  oscillations  witn  a  frequency  close  to  the  partial  frequency 
of  bending  of  the  first  tone.  The  centering  is  taken  as  constant 
along  the  length  of  the  blade,  but  its  sign  is  changed  in  the  node 
of  the  first  tone  of  partial  flexural  form. 

Step  centering  can  be  created  for  the  blade  in  those  cases  when 
an  antiflutter  balancer  Is  introduced  into  the  design  not  along  the 
whole  length  but  only  on  a  small  section  on  the  blade  tip.  Results 
of  the  calculation  for  this  variant  of  the  distribution  of  centering 
are  shown  in  Fig.  1.23.  The  Influence  of  centering  in  this  case  is 
rather  great.  Therefore,  with  such  distribution  of  it  along  tr.e 
length  the  connection  between  bending  and  torsion  should  be  con¬ 
sidered  during  calculation  of  f,c 
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Fig.  1.24.  Influence  of  shift  chordwise  by 
10%  and  20#  of  a  load  in  10  kg  weight  concen¬ 
trated  on  the  blade  tip  on  magnitude  of 
frequencies  of  natural  flexural-torsional 
vibrations  of  the  blade. 


It  is  necessary  to  ®  imine  still  the  influence  of  the  concen¬ 
trated  load  transferee  chordwise.  We  take  the  magnitude  of  load 
equal  to  8#  of  the  weight  of  the  blade.  This  is  prouably  that 
maximum  magnitude  of  the  load  which  can  be  practically  secured  on 
the  blade.  The  most  effective  place  of  fixing  such  a  load  from  tr 
point  of  view  of  the  creation  of  great  factors  of  the  connection  oi 
flexural  and  torsional  vibrations  is  that  point  of  the  blade  where 
movements  in  the  thrust  plane  are  maximum.  Therefore,  we  will 
examine  the  case  wUh  fixing  of  the  load  on  the  blade  tip. 

Figure  1.2*  shews  results  of  the  calculation  for  this  case. 

The  Influence  of  the  concentrated  load  on  the  frequency  of  natural 
oscillations  with  great  limits  of  it  can  be  considered  ubstantial; 
nowev^r,  it  is  doubtful  whether  the  application  of  sue*  means  to 


eliminate  resonance  can  be  re'/.^ren  ied  to  the  designer.  Nonetheless, 
installation  of  the  load  can  be  examined  as  a  temporary  means  of 
treatment  of  blades  undergoing  great  varying  stresses  due  to 
resonance . 

The  last  parameter,  which  should  be  examined  as  a  factor  of 
the  connection  between  bending  and  torsion,  is  the  flapping  balance. 
To  estimate  its  influence  on  the  magnitude  of  frequencies  of  natural 
flexural-torsional  vibrations  calculations  with  the  flapping  balance 
w  «  1.0  were  made.  This  is  the  largest  value  of  the  flapping 
balances  ever  used  in  practice.  All  the  above-mentioned  data  were 
obtained  with  n  =  0. 

Of  the  calculations  made  it  follows  that  the  influence  of  the 
flapping  balance  is  insignificant.  However,  calculation  of  the 
flapping  balance  can  in  some  measure  be  justified,  inasmuch  as  it 
introduces  a  certain  refinement  into  the  form  of  distribution  of 
the  bending  moment  in  the  blade  shank. 
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§  7.  Forced  Oscillations  of  the  Blade 

1.  Application  of  the  Method  of  B.  G.  Galerkin  for 

Calculation  Deformations  of  the  Blade. 

Determination  of  Static  Blade 

Deformations  V 

* 

The  problem  of  determining  blade  deformations  whose  derivation  is 
given  in  §  1  is  reduced  to  the  solution  of  the  differential  equation 
(1.9)  already  described  above. 

(?.i) 

where  T  is  the  linear  external  load  on  the  blade  distributed  along  the 
radius  and  variable  in  time 

Above  in  §§  2,  j5,  and  4  examined  the  solution  of  the  homogeneous 
equation  for  T  =  0,  '.■••hich  describes  natural  oscillations  of  the  blade. 
Here  there  will  he  examined  forced  oscillations  of  the  blade  when  T  is 
a  certain  periodic  function  variable  with  frequency  v. 

In  the  special  case  when  v  =  0  the  problem  is  reduced  to  the 
determination  of  static  deformations  of  the  blade  from  a  load  Tq 
constant  in  time. 

The  simplest  method  of  solution  of  equation  (7.1)  is  the  method 
of  B.  G.  Galerkin. 

To  illustrate  the  application  of  the  method  of  B.  G.  Galerkin  for 
determining  deformations  of  the  blade  let  us  examine  in  the  beginning 
the  static  problem  when  the  external  load  is  net  changed  with  time. 

With  this  y  =  0,  and  equation  (7.1)  can  be  written  as 

l£/yT-lW-r,-  (?•<’) 

Let  us  represent  deformations  of  the  blade  in  the  form 

'"SW".  (7.5) 

where  y'  is  the  rorm  of  natural  oscillations  of  the  blade  with  respect 
to  the  j-th  tones;  6^  -  certain  coefficients  which  we  will  subsequently 
call  coefficients  of  blade  deformations.  Coefficients  of  deformations 
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in  all  further  calculations  «...  application  of  the  method  of  B. 

G.  Galerkin  will  play  the  role  of  generalized  coordinates  of  the  system 

We  will  substitute  expression  (7*5)  into  equation  (7.2),  multiply 
all  terms  of  the  equation  successively  by  y^,  y^,  y  etc.,  and 
will  integrate  them  along  the  radius  of  blade. 

In  virtue  of  the  orthogonality  of  y^^  functions  the  operation 
made  will  convert  the  differential  equation  (7.2)  to  a  series  of 
independent  equations  of  the  form 

(7.4) 


(7.5) 

The  quantity  Cj  will  be  called  the  generalized  rigidity  of  the 

blade  with  deformations  with  respect  to  the  form  of  the  j-th  tone  in 

the  field  of  centrifugal  forces.  From  consideration  of  formulas  (7.5) 

it  follows  that  the  generalized  rigidity  of  the  blade  C.  is  equal  to 

J 

the  doubled  potential  energy  accumulated  by  the  blade  during  its 

elastic  deformations  in  the  ^ield  of  centrifugal  forces  with  respect 

to  the  standardized  form  of  the  j-th  tone.  Quantity  A.  will  be  called 

J 

the  generalized  external  force  deforming  the  blade  with  respect  to  the 
form  of  the  j-th  tone.  The  quantity  cf  generalized  force  is  equal 
to  the  doubled  work  of  external  herded  forces  Tq  on  deformations  of 
the  blade  with  respect  to  the  standardized  form  of  the  j-th  tone  of 
its  natural  oscillations. 

From  equation  (7.4)  coefficients  of  deformations  of  the  blade  5, 
can  be  determined 


after  which  the  form  of  static  deformations  of  the  blade  is  determined 
from  (7.5). 
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The  more  tones  we  take  in  the  calculation  of  forms  of  natural 
oscillations,  the  more  accurate  the  form  of  deformations  is  deternined. 
However,  for  purposes  of  practice  it  appears  sufficient  to  be  limited 
to  the  first  four  tones  of  oscillations  of  the  blade.  , 

If  coefficients  of  deformations  6^  are  known,  then  it  is  easy  to 
determine  the  bending  moments  and  flexural  stresses  in  the  blade. 

They  are  determined  by  the  formulas: 


Af«22,AfU>; 

/ 


(7.7) 


Here  and  are  forms  of  distribution  of  bending  moments 

and  flexural  stresses  with  stanl  rdized  deformations  of  the  blade  with 
respect  to  the  j-th  tone  of  its  natural  oscillations. 


The  quantities  entering  into  formulas  (7.7)  obey  these  relation¬ 
ships  : 


ilW 


(7.8) 


t 

1 


where  W  is  the  drag  torque  of  sections  of  the  blade. 

2.  Determination  of  Deformations  of  the  Blade  with 
Periodic  Application  of  the  External  Load 

Let  us  examine  the  case  when  the  external  load  is  changed  according 
to  the  law: 


r-r.tiow.  (7.9) 

To  solve  this  problem  we  will  also  use  the  method  of  B.  G. 

Galerkin.  Representing  the  blade  deformations  in  the  form  of  (7.3) » 
we  will  substitute  expressions  (7.3)  and  (7.9)  into  equation  (7.1) » 
multiply  all  terms  of  the  obtained  equation  successively  by  y'^  and 
integrate  along  the  length  of  the  blade.  In  virtue  of  the  orthogonality 
of  functions  y'^',  we  will  obtain  a  series  of  independent  differential 
equations  of  the  form 


mfli+Cfa—AiMlavi, 


(7.10) 
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where 


(7.11) 


Quanity  will  be  called  the  equivalent  mass  of  the  blade  with 
its  oscillations  with  respect  to  the  form  of  the  j-th  tone.  If  forms 
of  oscillations  are  standardized  in  such  a  way  that  -1,  then 

nij  is  the  equivalent  mass  of  the  blade  reduced  to  its  end.  From  the 
first  formula  of  (7.11)  it  also  follows  that  the  equivalent  ^mass  of 
the  blade  is  equal  to  its  doubled  kinetic  energy  when  elements'  of  the 
blade  move  at  speed  y(*^. 


To  determine  the  steady  motion  let  us  assume  that 

Substituting  this  expression  into  equation  (7.10)  and  reducing  all 
terms  of  the  equation  by  the  quantity  sin  vt,  we  will  obtain  the 
equation 


(7.12) 


whence  the  value  of  the  amplitude  of  deformations  of  the  blade  appears 
equal  to 


(7.13) 


It  is  easy  to  note  that  the  relation  C^/m^  equal  to  the 
frequency  of  natural  oscillations  of  the  j-th  tone  of  the  blade. 
Actually,  if  one  were  to  assume  in  equation  (7*12)  Aj  *  0,  then  the 
value  of  v  in  this  case  will  determine  the  frequency  of  natural 
oscillations  of  the  blade  and  can  be  obtained  from  equation  (7.12): 


t-t-Ctm,.  {1.1k) 

In  accordance  with  expression  (7.6)  the  ratio  A^/C^  determines 
the  magnitude  of  deformations  in  the  case  if  the  load  Tv  would  be 
applied  statically. 


10K 


!f 


J 
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It  is  convenient  to  represent  expression  (7. 13)  in  form 

IW-ytA,  (7,3.5) 

where  ii?  is  the  coefficient  determining  the  magnitude  of  deformation 
with  a  statically  applied  external  force  T^;  subsequently  this 
coefficient  will  be  called  the  coefficient  of  quasi-static  deformations 
of  the  blade; 
oscillations . 


-  coefficient  of  dynamic  increase  in  the  amplitude  of 


For  the  examined  case 


1- 


f, 


(7.16) 


From  expression  (7.16)  it  follows  that  with  resonance,  when  the 
frequency  of  forced  oscillations  v  is  equal  to  the  frequency  of 
natural  oscillations  p^,  the  coefficient  of  dynamic  increase  in 
amplitude  turns  into  infinity.  This  result  is  regular  for  problems  in 
which  forced  oscillations  without  damping  are  examined. 

In  reality  the  blade  of  the  helicopter  operating  in  an  air  medium 
undergoes  with  oscillations  considerable  aerodynamic  damping. 
Aerodynamic  damping  limits  the  amplitude  of  oscillations  of  the  blade 
during  resonance  and  cannot  fail  to  be  considered,  if  problem  of 
calculation  includes  the  determination  of  oscillations  of  the  blade 
under  conditions  of  resonance. 

With  the  determination  of  oscillations  of  the  blade  of  the 
helicopter,  when  oscillations  appear  under  the  action  of  aerodynamic 
forces,  it  is  very  difficult  strictly  to  separate  forces  of 
aerodynamic  damping  from  aerodynamic  forces  causing  oscillations  of 
the  blade.  Such  a  separation  can  be  carried  out  only  conditionally. 
However,  in  a  number  of  simplified  methods  of  calculation  such  a 
separation  is  used.  Therefore,  here  we  will  reproduce  such  an 
approach  more  specifically. 
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3.  Simplified  Approach  to  the  Calculation 
of  Forced  Oscillations  of  the  Blade 

Let  us  assume  that  the  external  aerodynamic  loads  having  an  effect 
on  the  elastic  blade  in  flight  can  be  divided  into  two  parts:  into 
external  loads  having  an  effect  on  the  blade  and  into  forces  of 
aerodynamic  damping.  We  will  approximately  assume  that  external  loads 
having  an  effect  on  an  elastic  blade  coincide  with  loads  having  an 
effect  on  an  absolutely  bending  rigid  blade.  Then  for  execution  of 
the  calculation  it  remains  only  to  determine  the  forces  of  aerodynamic 
damping. 

Usually  forces  of  aerodynamic  damping  are  determined  for  conditions 
with  axial  flowing  around  of  the  rotor,  after  which  there  is  the 
assumption  that  in  all  other  conditions  of  flight  with  oblique  flowing 
around  of  the  rotor  the  coefficients  of  aerodynamic  damping  are  not 
changed. 

In  conditions  with  axial  flowing  around  of  the  rotor  the  force  of 
aerodynamic  damping  can  be  determined  proceeding  from  the  following. 

During  oscillations  elements  of  the  blade  move  with  a  speed  of  y. 
Due  to  this  angles  of  attack  of  all  elements  of  the  blade  are  changed 
by  the  magnitude 

• 

A«  —  — 
mr 

With  a  change  in  angle  of  attack  on  elements  of  the  blade, 
additional  forces  of  aerodynamic  damping  act 

C^-^AO-  — fCpbmrj/.  (7.17) 

Let  us  assume  that  the  aerodynamic  load  T  can  be  represented  as 
consisting  of  two  components: 

r-r«+ra—  (7.18) 

where  r*  is  the  aerodynamic  load  acting  on  the  rigid  blade;  and  Tm m 
is  the  additional  load  from  aerodynamic  damping  appearing  with  elastic 
oscillations  of  the  blade. 

Then  equation  (7.1)  can  be  rewritten  in  the  following  form: 


| 

i 

i 
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(7.19) 


[£/»T-W+*»"+-i-c;S4-'ir-7V 

Let  us  examine  oscillations  of  the  blade  from  the  sinusoidal 
component  of  the  aerodynamic  load,  which  is  variable  according  to  the  , 
law 

’  r„-7\«In\rf. 


If  we  represent  deformations  of  the  blade  in  the  form  of  (7.3) 
and  apply  to  equation  (7.19)  the  method  of  B.  G.  Galerkin,  then  it  is 
possible  to  arrive  at  a  system  of  ordinary  differential  equations 
with  respect  to  coefficients  of  deformations  5j.  Individual  equations 
of  this  system  will  be  connected  with  each  other  by  terms  into  which 
there  enters  the  integral: 


D/m—j  bry<Ayw<tr, 


where  y^  and  y^m^  are  forms  of  natural  oscillations  corresponding  to 
different  tones  (j  /  m). 


In  simplified  methods  of  calculation  the  integrals  D^m  are  usually 
assumed  to  be  equal  to  zero,  although  such  an  assumption  in  many  cases 
cannot  be  justified. 


If,  nevertheless,  we  take  this  assumption,  then  as  a  result 
using  the  method  of  B.  G.  Galerkin  we  will  obtain  a  number  of 
independent  differential  equations  of  form 


«A+ sta  W, 


(7.20) 


where  the  coefficient  determines  the  magnitude  of  aerodynamic 
damping: 


l  * 

*'“T 


,  (7.21) 

Dividing  all  tenns  of  equation  (7.20)  by  m^,  we  obtain  the 
equation  of  the  form 


(7.22) 
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where 


2 «/ 


Usually  for  the  characteristic  of  the  magnitude  of  damping  there 
is  used  the  coefficient 


Its  magnitude  in  reference  to  aerodynamic  damping  of  the  blade 
is  calculated  by  the  formula 


(7.23) 

# 

Solution  of  the  equation  (7.22)  carried  out  in  this  way,  as  was 
done  above  in  the  solution  of  equation  (7.10),  leads  to  the  formula 


where  the  coefficient  of  dynamic  increase  In  the  amplitude  of 
oscillations 


Thus,  the  solution  of  the  problem  examined  here  is  composed  of 
the  determination  of  quasi-static  coefficients  of  deformations  and 
their  subsequent  multiplication  by  the  magnitude  of  coefficient  of 
dynamic  increase  in  amplitude  V 

Such  an  approach  has  certain  discrepancies  In  virtue  of  the 

artificial  separation  of  aerodynamic  forces  into  two  component::  by 

formula  (7.18),  the  insufficiently  founded  assumption  of  the  fact 

that  D,_  -  0  and  the  approximate  determination  of  coefficients  of 
•J® 

aerodynamic  damping  for  conditions  with  axial  flowing  around  of  tne 
rotor.  Therefore,  in  §5  8  and  9  there  will  be  discussed  methods  of 
calculation  In  which  t>-  "mplificatiors  given  here  are  not  used. 


However,  such  simplified  approach  describes  very  well  the 
qualitative  pattern  of  phenomena  observed  during  oscillations  of  the 
blade. 


4.  Amplitude  Diagram  of  Blade  Oscillations 

Above  in  §  it  was  already  indicated  that  for  an  estimate  of 
the  character  of  blade  oscillations  a  resonance  diagram  of  the  blade 
Is  widely  used.  A  resonance  diagram  permits  estimating  how  much  the 
frequency  of  natural  oscillations  of  the  blade  differ  from  frequencies 
of  excitation  and  there  is  no  danger  in  the  appearance  of  resonance 
oscillations.  However,  in  those  cases  when  the  frequency  of  natural 
oscillations  and  frequencies  of  excitation  do  not  differ  greatly,  it 
is  interesting  to  estimate  to  what  amplitudes  of  oscillations  of  the 
blade  this  can  lead.  Such  an  estimate  car.  be  made  by  using  the 
amplitude  diagram  of  blade  oscillations.  This  diagram,  constructed 
for  a  blade  with  standard  mass  and  rigidity  characteristics,  is  shown 
in  Pig.  1.25. 


Fig.  1.25.  Amplitude  diagrar 
of  blade  oscillations. 


Plotted  Ct long  the  axis  of  abscissas  on  this  diagram  is  the 
frequency  of  excitation  referred  to  the  angular  velocity  of  rotation 
of  the  rotor, 


(7.*5) 


1  I'ltiod  along  t!"  axis  of  ordinates  t.-n* r.  <>f  dynamic 

ir  r«\\i;;«'  in  ampl  1 1 of  oscillations.  The  uiagrar-  constructed 
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only  for  the  first  ^ree  tones  of  elastic  oscillations  of  the  blade 


w T  th  the  use  o'" 


fa:tors  by  th* 


5.  Calculi  tier,  of  Oscillation."  in  the  Case  when  the 
Phase  of  Application  of  Internal  Load  is 
Variable  Along  the  Length  of  the  Blade 

In  No.  3  of  this  section  there  were  given  formulas  for  the  case 
when  the  external  Iced  is  represented  in  the  form 

rB»r,siDy. 

Such  a  form  of  recording  of  the  load  is  possible  only  in  the  case 
when  the  phase  of  its  application  along  the  length  of  blade  is  constant. 
As  a  rule,  such  a  pattern  during  oscillations  of  the  blade  of  the 
helicopter  does  not  appear.  The  phase  of  the  external  load  changes 
along  the  length  of  the  blade,  and  therefore  the  load  should  be 
represented  in  form 

f.tlntf,  (7.26) 

where  components  of  external  load  f,  and  T.  are  changed  along  the 
length  of  the  blade  according  to  various  laws. 

Substituting  tne  expression  (7.26)  into  equation  (7.19)  and 
using  the  method  of  B.  G.  Galerkin,  assuming  that  D^m  =  0,  we  will 
obtain 

where 

Let  us  assume  that 

ff.V") 


Then 


where 


K]e-*v* 


1 

*ll 

-v 

s?+*/^»r 

'-7j  +*‘7, 

(7.29) 


C/ 

C;  /J«/ 


(7. JO) 


ire  coefficients  of  quasi-static  deformations  of  the  blade. 

Formulas  (7.29)  permit  determing  dynamic  coefficients  of 
deformations  of  the  blade  if  quasi-static  coefficients  of  deformations 
obtained  with  respect  to  aerodynamic  loads  f.  and  f,  are  known. 

6.  Aerodynamic  Load  on  a  Rigid  Blade 

In  flight  variable  loads  with  frequencies  multiple  to  revolutions 
of  the  rotor  act  on  the  blade  of  the  helicopter.  As  already  was  said, 
the  greatest  varying  stresses  in  the  blade  cause  the  first  to  eight 
r.armcnlcs  of  aerodynamic  load  to  revolutions  of  the  rotor.  Higher 
harmonics  appear  usually  so  small  that  they  do  not  cause  any 
noticeable  stresses  in  the  blade  even  with  resonances. 

The  calculation  of  variable  aerodynamic  loads  on  the  blade 
presents  well-known  difficulties.  These  difficu.1  ties  are  connected 
first  of  all  with  the  necessity  to  determine  the  alternating  field 
of  induced  speeds  and  to  calculate  the  nonlinearity  in  the  dependence 
cf  aerodynamic  coefficients  on  the  angle  of  attack  of  the  profile,  M 
number  and  connection  of  loads  with  torsional  vibrations  of  the  blade. 
An  account  of  these  peculiarities  is  examined  in  the  appropriate 
paragraphs.  Here  we  will  compose  formulas  for  determining  variable 
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aerodynamic  leads  on  a  bendin.c 
following  assumptions. 


a)  We  will  consider  that  the  inflow  angle  to  the  profile  of  the  V 
blade  $  (Fig.  1.26)  is  small,  and  therefore  it  is  possible  approximately 
to  assume  that 


C>  =  arctg 


Ejl 

V, 


(7.51) 


where  $  is  the  inflow  angle;  U  and  U  are  mutually  perpendicular 

x  y 

components  of  the  relative  flow  rate  lying  in  a  plane  normal  to  the 
axis  of  the  blade  (see  Fig.  1.26).  Here  the  speed  !J  is  parallel  to 
the  plane  of  rotation  of  the  rotor. 


Fig.  1.26.  Diagram  of  flowing 
around  of  a  bending  and 
torsional ' rigid  blade. 


Assuming  also  that  cos <5 si,  we  will  consider  that  the  sought  load 
T,  effective  in  the  flapping  plane,  does  not  differ  from  load  T 
perpendicular  to  flow  flowing  to  the  blade  profile  (Fig.  1.26). 

b)  We  will  assume  that  the  quantity  of  relative  flow  rate  U 
flowing  around  the  profile  differs  little  from  quantity  U  : 

UszV,-  (7.52) 

c)  We  will  consider  that  with  the  determination  of  loads  in  the 
flapping  plane  the  drag  of  the  profile  can  be  disregarded,  and  we  can 
assume  that  c  =  0. 

A 

The  coefficient  of  lift  of  the  profile  c  will  be  considered 
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linearly  dependent  on  the  angle  of  attack  of  the  profile  a: 

(7.33) 

d)  The  induced  flow  rate  v  flowing  through  the  rotor  will  be 
considered  constant  along  the  entire  area  outlined  by  the  rotor: 

tj 

c- const  (7.3^) 

With  these  assumptions  only  the  constant  part  and  first  two 
harmonics  of  aerodynamic  forces  appear  considerable  and  then  only  at 
average  and  high  speeds  of  flight  of  the  helicopter.  Higher  harmonics 
appear  small,  and  their  calculation  with  enumerated  assumptions  is  of 
no  interest. 

Using  these  assumptions,  the  linear  aerodynamic  load  on  blade  can 
be  determined  by  the  formula 

(7.35) 

Let  us  assume  further  that  the  angle  of  attack  of  the  profile 

(7.36) 

where  b>r  is  the  angle  of  setting  of  the  blade  piofile  in  the  section 
at  a  distance  r  from  the  axis  of  rotation. 

Then  formula  (7. 35)  can  be  converted  to  the  form 

T-y&WUl+UJJ, 1.  (7.37) 

For  an  absolutely  bending  rigid  blade  suspended  to  the  hub  with 
the  help  of  a  flapping  hinge,  speeds  entering  into  formula  (7.37)  can 
be  determined  by  the  following  formulas: 

Ut—  — ~fc). 

Here  —  the  flapping  angle  of  the  blade  relative  to  the  flapping 

hinge;  £0«»—  -  derivative  of  angle  ^  with  respect  to  time;  i,  — 

dt 

relative  flow  rate  through  the  rotor; 

Ao*"ptffas+?o. 


(7 .3*0 
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wr.ere  a,  is  the  angle  of  attach  -■?  the  rotor  in  axes  of  the  shaft  : 
ft  —  induced  flow  rate  constant  along  the  disk  of  the  rotor  attributed  \ 
to  mR. 

The  blade  angle  can  be  recorded  as 

9r— •#+ A9— fl  1  sin  if— 8a  cos  i|> — *po.  (7.29) 

where  60  is  the  blade  angle  on  the  relative  radius  ?= 0,7  or  other 
radius  accepted  for  reading  of  q0  when  po=0;  A9  —  geometric  twist  of 
the  blade;  61  and  8a  are  angles  of  cyclic  control  of  the  blade  assigned 
by  the  cyclic  pitch  control. 

If  one  were  to  "•'present  flapping  motion  of  the  blade  in  the  form 
of  series 

Po=*o“  2  (*•  cos  ^ + *«sta  «*)  (7.40) 

« 

and  retain  in  it  only  the  first  two  harmonic  components,  inasmuch  as 
subsequent  components  under  the  accepted  assumptions  are  small,  then 
the  expression  (7.37)  can  be  converted  to  the  form 

where 

P0  mm b  -f  p+  y  n*  )  <?,  — J-  4-  V?b,  J ; 

pra*+ fr*  +  y  p* )  b\  -  —  ^ra, + pr«4,]; 

^1*=*  [p^+  2prfc+  (  -  r»  +  ~  )o*  - \Jtot  -  y  pr*j] ; 

P,~b  [  -  j- 11*?,  +  ,7a;  + •  p  +  y  P*  )  «i  +  ] ; 
ft* b  [ -  ~ 2rtoj+*(r*+  y  I**)**  | • 

In  the  process  of  fulfillment  of  these  transformations, 
substitution  allowing  the  carrying  out  of  transition  to  the  so-called 
equivalent  rotor  was  used. 

i 

An  equivalent  rotor  is  called  a  rotor  whose  shaft  we  will  mentally 

1  1 


turn  relative  to  the  real  rotor  at  such  an  angle  at  which  the  same 
angles  of  attack  of  sections  of  the  blade  are  attained  without,  cyclic 
control  of  the  blade  angle.  All  formulas  written  for  the  equivalent 
rotor  can  be  used  without  changes  for  the  real  rotor  not  having  a 
cyclic  pitch  control.  The  equivalent  rotor  is  usually  also  given 
properties  of  the  rotor  not  having  a  flapping  balance.  In  this  case 
the  equivalence  of  formulas  is  observed  only  with  correct  to  the  first 
harmonics  of  the  flapping. 

Transformation  of  formulas  for  aerodynamic  loads  in  reference  to 
the  equivalent  rotor  was  performed  with  the  application  of  the 
following  of  substitutions: 

9, “  5«r  +  A? = 8# — *0O+ A?; 
a, -x*| -f8,; 

•»). 

where  f,et  is  the  true  blade  angle  taking  into  account  the  action  of 
the  Flapping  balance  on  that  radius  of  which  is  accepted  for  reading 
of  this  angle;  a\,  b\ ,  and  —  coefficients  of  flapping  and  the  relative 
rate  for  the  equivalent  rotor. 

Higher  harmonics  of  aerodynamic  load  will  not  be  examined  here. 

Figure  1.2?  shows  the  constant  part  and  cosinusoidal  and 
sinusoidal  components  of  the  first  two  harmonics  of  aerodynamic  load 
: or  the  typical  blade  of  a  helicopter  obtained  by  formulas  (7.^2)  for 

conditions  of  horizontal  flight  of  the  helicopter  when  it-0,28. 

» 

On  Figs.  1.2'1  and  1.29  these  loads  are  added*  and  there  is  shown- 
the  relative  aerodynamic  load  P  having  an  effect  on  the  blade  In  the 
longitudinal  plane  of  trie  rotor  when  f^O’and  *~I80’  (Fig.  1.23)  arid  in 
the  transverse  plane  when  90*  and  $-270*  (Fig.  1.29). 


(7.4:5) 
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7.  Determining  Coefficients  of  Flapping  of  the  Blade 

To  determine  aerodynamic  loads  by  formulas  (7.42)  it  is  necessary 
to  know  the  coefficients  of  flapping  of  the  bending  rigid  blade. 

Coefficients  of  flapping  can  be  determined  from  the  differential 
equation  (7.1)  if  one  were  to  represent  the  solution  of  the  equation 
in  the  form 


(7.44) 


where  y'  •  is  the  form  of  oscillations  of  the  olade  with  respect  to 
the  zero  tone. 

For  the  rigid  blade  this  form  of  oscillations  coincides  with  a 
straight  line. 

*  i-W* 

If  the  distance  from  the  axis  of  rotation  to  the  flapping  hinge  is 
equal  to  zero  (/,.«» 0),  then 

I*-'.  (7.45) 

which  is  correct  both  for  a  rigid  and  for  an  elastic  blade  (see  §  4). 


Assuming  /r.»-0,  we  will  substitute  expression  (7.45)  into  the 
differential  equation  (7.1)  and  apply  to  it  the  method  of  B.  G. 
Oalerkin.  This  operation  leads  to  the  differential  equation  of 
flapping  oscillations  of  the  blade 


7&+«*W-J  Mr, 


(7.46) 


where  I  is  the  moment  of  inertia  of  the  blade  relative  to  the  flapping 
hinge. 

Equation  (7.46)  can  also  be  obtained  from  the  condition  of 
equality  to  the  zero  of  the  moment  of  all  forces  relative  to  the 
flapping  hinge. 

Gubsti t.iitinr  expressions  (T.^O)  and  (7.**i)  into  equation  (7.A6) 
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and  equating  coefficients  with  similar  harmonic  functions  of  the 
azimuth,  we  will  obtain  the  system  of  equations  from  which  all 
coefficients  of  flapping  can  be  determined.  This  system  of  equations 
will  be  written  in  the  form  of  a  table  (see  Table  1.6). 


Table  1.6. 


*1 

'// 

if*'*' 
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‘F*» 

F* 

V* 

-24  j 
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Hi 

-ifcr 


Every  equation  of  the  obtained  system  constitutes  a  sum  of 
products  of  certain  coefficients  recorded  in  the  squares  of  Table  1.6 
on  the  unknown  coefficients  of  flapping  of  the  blade,  which  enter 
simultaneously  into  several  equations  and  are  carried  out  vertically 
in  a  special  line  placed  above  the  table.  Well-known  coefficients  of 
every  equation  occupy  one  line  in  Table  1.6.  In  the  right  side  of 
the  table  in  a  special  column  there  are  given  the  coefficients  of  <fc, 
which  form  the  right  side  of  equations.  Unfilled  squares  of  the 
table  correspond  to  coefficients  equal  to  zero. 

In  the  composition  of  the  table  the  following  designations  are 


used : 


(7.48) 


The  mass  characteristic  of  the  rigid  blade  7  is  determined  by  the 
following  expression: 

(7.49) 

With  the  solution  of  this  system  of  equations  it  appears  that 
coefficients  a^  and  b2  are  considerably  less  than  coefficients  a^, 
a^,  and  b*.  Therefore,  they  can  be  disregarded  in  the  determination 
of  coefficients  aQ,  b*,  and  a*.  This  assumption  leads  to  simple 
formulas  for  determining  the  coefficients  of  flapping  of  the  blade 


where 


a  o  **  V  B  *r  \  J 


18  +  8i4*vi 

h  ^ 

3  18  + 8^ 


[a  (4AB»;-L-eJLa;j-'S(2ACa0+lg)]; 
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(7.50) 


8.  Simplified  Calculation  of  Elastic 
Oscillations  of  the  Blade 

On  the  basic  of  simplifying  assumptions  accepted  in  this 
paragraph  there  can  be  constructed  a  calculation  of  elastic 
oscillations  and  flexural  stresses  in  the  blade  in  conditions  of 
horizontal  flight  of  the  helicopter.  Such  a  calculation  natural ly 
cannot  give  positive  results  in  the  application  to  low  flight  speeds 
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when  the  basic  role  is  played  by  variable  loads  connected  with 
nenuniform  field  of  induced  speeds,  and  high  speeds  when  it  is 
impossible  not  to  consider  the  nonlinearity  of  aerodynamic  coefficients 

depending  .on  the  angle  of  attack  and  phenomena  induced  by  the 
compressibility  of  flow. 

In  accordance  with  the  above-mentioned  formulae  it  is  convenient 
to  produce  calculation  in  axes  of  the  equivalent  rotor. 


Calculation  of  elastic  oscillations  of  the  blade  is  fulfilled  in 
the  following  order: 


1.  First  of  all  there  are  determined  parameters  of  conditions  of 
the  flight  in  which  calculation  of  stresses  should  be  performed. 

These  are  the  following  parameters: 

a)  angle  of  attack  of  the  rotor  am; 

b)  angular  velocity  of  rotation  of  the  rotor  a>; 

c)  height  and  speed  of  flight,  which  are  represented  ir.  the 
calculation  by  coefficients  p  and  u. 


2.  There  is  calculated  *  no  relative  rate  of  flow  through  the 
rotor  according  to  the  formula 


Ct 

«» •>+(«* 
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where  Cr  Is  the  thrust  coefficient  of  the  rotor. 


f-r  :  l  ) 

•  -  A  / 


5.  The  blade  angle  in  the  control  section  relative  V  wrier  is 
a::signed  the  geometric  twist  of  tne  blade  is  calculated. 


Neglecting  forces  connected  with  the  second  •  a  rr*  c  }  c  *,r 
flapping  mot  Ion  this  angle  can  be  determined  r,j  f'-  rmu'i** 


tb~#* +  + 

B  +  yrX) 


Here 
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(7.53) 


t  —  thrust  coefficient; 

o  -  rotor  solidity. 

4.  By  formulas  (7.50)  there  are  calculated  coefficients  of 
flapping  of  the  blade  and  by  the  formulas  (7.41)  and  (7.42),  external 
loads  on  the  blade. 

5.  To  determine  flexural  stresses  it  is  necessary  to  calculate 
the  forms  and  frequencies  of  natural  oscillations  of  the  blade. 

6.  If  such  a  calculation  is  performed,  then  according  to 
formulas  (7.30)  there  can  be  determined  quasi -static  coefficients  of 
deformations  with  respect  to  different  tones  of  oscillations  of  the 
blade  from  the  constant  part  of  the  first  and  second  harmonics  of  the 
aerodynamic  load. 

Substituting  expression  (7.41)  into  formula  (7.30),  we  will 
obtain  values  of  quasi-static  coefficients  of  deformations  with  respect 
to  the  J-th  tone  of  oscillations  of  the  blade. 
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•  rr‘  subscript  at  coefficients  of  quasi -static  deformations 
of  the  blade  corresponds  to  the  order  of  harmonic  of  aerodynamic 
forces.  The  index  j  denotes  coefficients  referring  to  the  j-th  tone 
of  oscillations  of  the  blade;  7 is  the  mass  characteristic  of  the 
blade  with  deformations  with  respect  to  the  j-th  tone: 

i/Kc’  *  r-7  ccn 

Y/ — —  — •  (7.55) 


For  integrals  entering  into  formulas  (7.54)  there  are  accepted 
the  following  designations: 


where  is  the  form  of  oscillations  of  the  blade  with  respect  to 

the  j-th  tone,  standardized  in  such  a  way  that  for 


7.  Let  us  record  deformations  of  the  blade  in  the  following  form: 

y~[c9-  e ,  coi  fi  -  d,  sin  *  -  c2  cos  2i  -  d3  sin  2j>]  + 

+ l*o — ex  cos  9 — /,  sin  ^ — e ,  cos  2|» — /,  sin  2}»]  -f 

+ cos  *  A,  sin  *  -  cos  2*  -  A,  sin  2^  y <*>  -f- . . .  (7.57) 

Here  to  determine  deformations  of  the  blade,  besides  the  form  of 
the  zero  tone,  which  in  the  case  rQ  =  0  coincides  with  a  straight 
line,  there  are  used  first  three  tones  of  natural  oscillations  of  the 
blade  y^,  y^,  and  y^,  standardized  in  such  a  way  that  for 
r-/?  yV'~R.  Then  coefficients  of  deformations  of  the  blade  entering 
into  formula  (7.57)  can  be  determined  in  terms  of  quasi -static 
ooeff'i clerits  of  deformations  in  accordance  with  (7.29). 
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Ac  an  example  let  us  write  tne  formulas  for  determination  of 
coefficients  of  deformations  with  respect  to  the  first  tone. 
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If  dynamic  coefficients  of  deformations  are  known,  then  there  can 
easily  be  determined  any  components  of  stresses  effective  in  the  blade. 
This  will  be  discussed  in  more  detail  in  No.  17  of  §  8  and  in  No.  8  of 

5  9. 


In  the  simplified  method  of  calculation  discussed  here,  besides 
the  initial  assumptions  concerning  physical  properties  of  the  model 
of  the  blade,  accepted  with  derivation  of  equation  (7.1)  and  with 
calculation  of  the  right  side  of  this  equation  reduced  to  formula 
('‘.35),  there  is  used  a  multitude  of  additional  assumptions  of  a 
calculating  character  used  on  almost  ell  stages  of  the  calculation. 
Although  all  these  simplifications  make  the  method  of  calculation 
fully  useful  for  execution  manually,  they  introduce  a  multitude  of 
Inaccuracies  which  yield  badly  to  quantitative  appraisal.  Nevertne- 
less,  in  spite  of  this  deficiency,  the  described  simplified  method  of 
calculation  possesses  a  very  important  advantage  -  great  clarity.  In 
fact,  all  results  of  calculations  obtained  by  other  improved  methods 
are  estimated  and  analyzed  on  the  basis  of  dependences  represented 
here  in  simplified  form. 

However,  even  with  the  application  of  all  these  simplifications 
calculation  by  this  method  manually  requires  the  work  of  one  calculator 
for  not  less  than  a  month.  Contemporary  rates  of  designing  of  the 
blade  cannot  be  provided  when  calculating  with  such  duration. 

Therefore,  the  calculation  of  elastic  oscillations  of  the  blade, 
utilized  for  selection  of  it  In  the  process  of  designing,  can  he 
•arrled  out  only  on  high-speed  electronic  computers.  It  is  natural 
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that  in  this  case  there  is  no  need  to  use  assumptions  facilitating 
the  process  of  the  calculations. 

Therefore,  in  §  8  there  'will  lc  discussed  the  method  of  calculatio 
founded  on  the  same  initial  assumptions  if  one  were  not  to  consider  the 
calculation  of  variable  induced  speeds  but  that  fulfilled  without  any 
assumptions  of  a  calculating  character, 

§  8.  Calculation  of  Flexural  Stresses  in  the 
Blade  at  Low  and  Average  Speeds  of  Flight 

1.  Peculiarities  Distinguishing  Conditions 
of  Flight  at  Low  and  Average  Speeds 

Low  and  average  speeds  of  a  helicopter  are  examined  here  as 
conditions  sufficiently  remote  from  stall  in  whicn,  furthermore,  there 
cannot  be  taken  into  account  phenomena  connected  with  the 
compressibility  of  flow.  Proceeding  from  this,  during  calculation  of 
aerodynamic  loads  it  is  approximately  assumed  that 

a.  ($.1) 

This  assumption  considerably  simplifies  computations  necessary 
in  the  composition  of  calculation  formulas. 

On  the  other  hand  conditions  of  flight  at  low  speed  can  be 
defined  as  conditions  especially  dangerous  for  fatigue  strength  in 
which  the  greatest  variable  flexural  stresses  in  the  blade  frequently 
appear . 

These  considerations  justify  the  application  of  the  method  of 
calculation  useful  only  for  low  and  average  speeds  of  flight  and  not 
useful  for  high  speeds  and  those  conditions  in  which  phenomena 
connected  with  the  nonlinear  character  of  the  dependence  =  f(a) 
and  with  the  compressibility  of  flow  become  decisive. 

It  is  necessary  to  note  that  assumption  (8.1)  does  not  always 
appear  correct  for  conditions  of  flight  at  low  speeds.  In  those 
cases  when  on  tpe  blade  of  the  rotor  tner_  occurs  an  excessively 
great  load,  calculation  should  be  produced  taxing  into  account  the 


nonlinear  dependence  of  aerodynamic  coefficients  on  the  angle  of 
attack  of  the  profile.  The  method  of  such  a  calculation  will  be 
examined  in  §  9* 

The  overload  of  blades  can  be  judged  according  to  the  magnitude 
of  thrust  coefficient  of  the  rotor  t.  Calculations  show  that 
assumption  (8.1)  can  be  used  in  conditions  of  low  speeds  without  the 
introduction  of  considerable  errors  into  the  results  while  t  <  0.18. 

In  conditions  with  vertical  overloads  of  such  as,  for  example, 
conditions  of  braking  of  the  helicopter  before  landing,  disturbance 
of  this  inequality  is  possible  for  those  rotors  for  which  in  a  steady 
state  of  flight  it  is  observed.  All  these  considerations  should  be 
considered  in  the  selection  of  the  method  for  calculation. 

The  Metnod  of  Calculation  of  Stresses 

Discussed  in  this  paragraph  is  the  most  widespread  method  of 
calculation  of  varying  stresses,  which  is  based  on  the  application  of 
the  method  E.  G.  Galerkin  with  the  expansion  of  coefficients  of 
deformations  in  Fourier  series  with  respect  to  harmonics. 

In  connection  with  the  possibility  of  the  application  of  this 
method  for  the  calculation  of  conditions  of  low  speeds,  into  all 
calculation  formulas  there  are  introduced  harmonic  components  of  the 
induced  field,  and  the  problem  of  deformations  of  the  blade  is 
solved  jointly  with  the  problem  of  the  determination  of  inductive 
speeds . 

However,  such  an  approach  is  not  an  obligatory  belonging  of  the 
proposed  method  here.  With  the  calculation  of  stresses  at  average 
speeds  of  flight,  when  variable  induced  speeds  introduce  not  very 
considerable  refinements  into  the  results,  they  cannot  be  considered. 

In  this  case  the  method  of  calculation  will  be  very  greatly  simplified. 

If  one  were  to  take  the  assumption  (8.1),  then  the  aerodynamic 
load  will  appear  to  be  the  linear  function  of  movements  of  elements 
of  the  blade,  and  the  problem  of  calculation  of  flexural  deformations 
will  lead  to  the  solution  of  the  linear  differential  equation  (1.9). 
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To  solve  this  equation  the  method  of  B.  G.  Galerkin  is  used. 

Deformations  of  the  blade  are  in  the  form  of  a  series  with  respect  to 
eigenfunctions,  and  temporal  coefficients  of  this  series  are  expanded  { 
In  a  Fourier  series.  Application  of  the  B.  G.  Galerkin  method 
converts  the  differential  equation  of  oscillations  of  the  blade  to  a 
system  of  algebraic  equations  relative  to  unknown  coefficients  of 
Fourier  series,  and  the  determination  of  flexural  deformations  of  the 
blade  is  reduced  to  the  calculation  of  these  unknown  coefficients. 

Such  a  method  of  calculation  will  be  discussed  here, 

?.  Assumptions  in  Determining  Induced  Sp  .eds 

In  calculating  flexural  stresses  at  low  flight  speeds  when  their 
magnitude  is  mainly  determined  by  the  degree  of  irregularity  of 
induced  speeds,  it  is  very  important  to  know  on  the  basis  of  what 
assumptions  this  field  is  determined. 

In  Book  One  (Chapter  II,  §  5)  it  was  already  stated  that  induced 
speeds  can  be  represented  in  the  form  of  the  sum  of  external  and 
natural  induced  speeds.  This  division  is  somewhat  conditional  but 
appears  very  useful,  since  it  permits  giving  an  appraisal  of  the 
influence  of  separate  components  of  induced  speeds  by  analogy  with 
the  fact  that  it  is  already  known  for  the  wing  of  an  aircraft  and 
thereby  justifies  the  acceptance  of  certain  assumptions  important  for 
the  following  presentation. 

The  flow  past  a  blade  of  a  helicopter  in  the  flow  with  a 
nonuniform  field  of  induced  speeds  is  analogous  to  the  flowing  around 
of  a  wing  of  an  aircraft  during  flight  in  erratic  air,  when  the  wing 
continuously  encounters  air  currents  with  different  speed  and 
direction.  With  rotation  of  the  rotor  the  blade  also  encounters  on 
its  path  a  nonuniform  field  of  speeds,  but  this  field  is  caused  not 
by  atmospheric  turbulence  but  by  the  induced  influence  of  the  whole 
vortex  system  of  the  rotor.  This  field,  by  analogy  with  a  wing,  is 
usually  called  the  external  field  of  induced  speeds  in  contrast  to 
the  field  of  speeds  induced  in  the  region  of  the  blade  by  its  natural 
vortices  flowing  from  it  in  connection  with  a  (  hange  In  circulation 
with  respect  to  time  and  radius  of  the  blade.  These  vertices  create 
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considerable  induced  speeds  at  the  blade  only  because  they  are  at  a 
very  close  distance  to  it.  With  departure  at  a  distance  of  20-30°  in 
azimuth  of  the  rotor,  their  influence  on  aerodynamic  load  cn  the  blade 
vanishes . 

Just  as  with  calculation  of  a  wing,  in  determining  aerodynamic 
loads  on  the  blade  it  is  possible  to  use  the  "hypothesis  of 
stationarity. "  By  this  hypothesis  it  is  assumed  that  with  nonstationary 
flowing  around  of  the  profile  the  same  loads  act  on  it  as  if  the 
streamline  flow  appearing  at  the  examined  instant  would  remain  constant 
in  time.  In  accordance  from  this  hypothesis,  with  calculation  of 
aerodynamic  loads  on  the  wing  there  is  considered  a  change  in  angle 
of  attack  only  from  the  external  velocity  field,  and  the  influence  of 
natural  induced  speeds  will  be  disreg?  -;ed. 

Let  us  use  a  similar  approach  to  the  blade.  In  the  determination 
of  aerodynamic  loads  we  will  consider  only  the  external  field  of 
induced  speeds. 

During  the  calculation  of  this  field  certain  additional 
assumptions  connected  with  peculiarities  of  the  vortex  system  in 
conditions  of  low  speeds  can  be  accepted. 

Figure  1.30  shows  the  form  in  the  plan  on  the  system  of  free 
vortices  flowing  from  blade  tips  of  a  five-blade  rotor  in  conditions 
of  flight  with  a  speed  corresponding  to  n  =  0.05.  At  this  speed  the 
varying  stresses  in  blades  of  the  rotor  reach  maximum  values. 

lrection  of  flitfC  , 

Fig.  1.30.  Form  in  tne  plan  on 
a  system  of  vortices  flowing 
from  blade  tins  in  conditions 
u  =  0.05. 
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The  picture  shown  in  this  figure  is  incomplete,  since  shown  on 
it  are  only  free  vortices  descending  from  blade  tips  and  not  vortices 
descending  from  all  other  radii  of  the  blade.  Radial  (transverse) 
vortices  are  also  not  shown.  However,  even  from  this  picture  it  is 
possible  to  form  an  idea  as  to  how  close  vortices  in  conditions  of 
low  speeds  are  located.  This  peculiarity  of  the  vortex  system  permits 
that  induced  influences  of  separate  vortexes  merge  and  appear  in  the 
form  of  a  general  irregularity  of  the  total  velocity  field.  Sharp 
peaks  of  induced  speeds,  which  are  characteristic  for  a  vortex  system 
with  rarely  located  vortices,  do  not  appear.  Therefore,  at  low  speeds 
of  flight,  especially  for  rotors  with  a  large  number  of  blades, 
induced  speeds  can  be  determined  from  the  theory  which  examines  the 
configuration  of  the  rotor  with  an  infinite  number  of  blades. 

With  an  increase  in  the  speed  of  flight  the  system  of  free 
vortices  starts  to  be  extended  and  becomes  more  rare.  In  the  same 
direction  the  vortex  system  is  changed  with  a  decrease  in  the  number 
of  blades  in  the  rotor.  Calculation  with  respect  to  a  configuration 
with  an  infinite  number  of  blades  becomes  less  accurate. 

With  transition  from  the  rotor  to  a  configuration  with  an 
infinite  number. of  blades,  the  local  effect  of  vortices  directly 
adjoining  to  the  blade  is  so  greatly  weakened  that  we  can  approximately 
assume  that  this  configuration  does  not  consider  the  Influence  of 
adjoining  vortices,  and,  consequently,  the  velocity  field  determined 
by  it  practically  coincides  with  the  field  of  external  induced  speeds. 

« 

The  above-stated  considerations  lead  to  the  conclusion  that  for 
the  calculation  of  elastic  oscillations  of  the  blade  at  low  speeds  cf 
flight  there  can  be  used  the  vortex  theory  founded  on  the  configuration 
with  an  infinite  number  of  blades. 

In  flight  at  lew  speeds  there  is  usually  measured  varying  stresses 
in  which  a  large  part  consists  of  high  harmonics  to  the  number  of 
revolutions  of  the  rotor  lying  usually  in  the  range  of  the  ** th  to  th* 
6th.  Therefore,  the  method  of  determination  of  induced  speeds  must 
Include  one  more  very  import  an*  requirement.  This  method  should 
determine  the  field  of  induces  speeds  at  least  correct  to  tie  * tr. 
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harmonic,  which  is  possible  only  in  the  case  when  the  values  of 

circulation  are  determined  with  correct  to  the  same  harmonic. 

#  • 

Consequently,  all  methods  not  satisfying  this  requirement  drop  out 
and  cannot  be  used  in  the  calculation  of  elastic  oscillations. 

It  was  already  stated  above  that  here  there  will  be  discussed 
the  method  of  calculation  of  stresses,  in  which  all  variables  are 
expanded  in  Fourier  series  with  respect  to  the  harmonics.  Therefore, 
it  appears  convenient  to  use  the  method  of  determination  of  the  field 
of  induced  speeds  in  which  these  speeds  are  determined  also  in  the 
form  of  expansion  with  respect  to  the  harmonics. 

These  requirements  are  satisfied  in  the  very  best  manner  by  the 
V.  E.  Baskin  theory  [31  (8ee  also  §  5,  Chapter  II,  Book  One).  There¬ 
fore,  this  theory  will  be  used  in  this  paragraph  during  the  calculation 
of  stresses. 

4.  Calculation  Formulas  for  Determining 
the  Field  of  Induced  Speeds 

Let  us  consider  the  system  of  formulas  proposed  by  V.  E.  Baskin 
for  calculation  of  the  field  of  induced  speeds  in  the  plane  of 
rotation  of  the  rotor. 

Let  us  represent  the  field  of  these  speeds  in  the  form  of  the  sum 
of  its  harmonic  components.  Here  both  the  total  flow  rates  and 
harmonic  components  of  this  speed  are  attributed  to  the  peripheral 
speed  of  rotation  of  blade  tips  of.  the  rotor  o>R. 

• 

Here  >  is  the  total  flow  rate  through  the  rotor  referred  to  aiR;  \  - 
onstant,  part  of  induced  speed  also  referred  to  »B.  i*  and  — 
harmonic  components  of  induced  speed;  —  azimuthal  angle  of  the  blade 
counted  off  from  Inc  axis  coinciding  in  direction  with  the  tail  beam 
of  a  single-rotor  helicopter; 


where  V  is  the  speed  of  flight  of  the  helicopter;  e,  —  angle  of 
attack  of  tne  rot' r  in  axes  of  the  shaft. 


The  linear  aerodynamic  load  which  affects  the  blade  will  be 
presented  in  the  form 

r— i-  cyfiiSWP-  (8.5) 

where  c®  Is  the  angle  of  inclination  of  the  dependence  r,»/(a),  which 
here  is  taken  linear  in  the  form  of  (8.1);  p  -  air  density;  1^,  - 
value  of  chord  of  the  blade  on  the  relative  radius  r  ■  0.7. 

The  value  P  entering  into  this  expression  will  subsequently  be 
called  the  relative  aerodynamic  load. 


Let  us  represent  value  P  in  the  form: 

P-T^+S^.cos/e^+^.ilosri).  (8.4) 

■ 

The  harmonic  components  of  speed  >.»  are  in  the  form  of  the  sum 
of  the  so-called  partial  induced  speeds,  each  of  wnich  is  induced 
only  by  one  harmonic  of  the  aerodynamic  load: 


V-2L- 


(«.5) 


In  these  expressions  the  complete  total  components  of  induced 
speeds  have  one  subscript  n  and  the  partial  —  two  indices  n  and  m. 


Values  of  partial  harmonic  components  of  induced  speeds  are 
determined  according  to  the  following  expressions: 

—  for  a»0c  , 


-  for  a/0: 

it— +  (-  W*  Vft* 
L-  -  •j-tjtA.it— i)V*V(P.). 


Tf  power  in  whl^h  t  is  raised  is  negative  (*—«<0).  then  in 
formulae  (8,f»)  one  should  assume  t?4it  t— 


1 1C 


Coefficients  entering  into  formulas  (8.6)  have  the  following 


values: 


'’•"TOT5 


*  *  _  * 


(8.7) 


where  o  is  the  rotor  solidity  and  i*  is  the  number  of  blades  in  the 
rotor. 

The  value  of  flow  rate  A*,  average  along  the  radius  of  the  blade 
is  determined  from  the  formula 


(6.3) 


To  determine  the  functions  /(*•>  and  entering  into  equations 

(i.6)  from  the  theory  of  V.  E.  Baskin  there  follows  the  following 


formulas: 


A*.)- j /.(«*)*  **; 

jPmi 9)Sm(*&  <«*. 


(8.9) 


where  and  Jm  &  are  Bessel  functions  of  the  first  kind  with  the 

order  n  ana  m,  respectively;  z  -  parameter  of  integration. 


Here  in  order  to  define  more  accurately  according  to  what  parameter 
integration  is  produced,  a  new  designation  for  the  relative  radius  of 
the  blade  p  is  introduced.  This  designation  will  be  used  only  in  the 
calculation  of  Integrals  (8.9). 

:  .  Transformat ions  of  Calculation 
Formulas  into  Particular  Cases 

In  particular  cases  expressions  (8.6)  are  considerably  simplified. 
?o  in  the  case  wnon  n  *  m  »  0 


(8.10) 
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For  subsequent  computations  the  result  obtained  for  the  case 
when  n  ■  m  is  especially  important.  It  appears  that  the  coinciding 
harmonics  of  the  aerodynamic  load  and  induced  speed  are  uniquely 
connected  by  expressions:. 


(8.11) 


where 


(8.12) 


Such  a  form  of  expressions  makes  separation  of  the  component s  of 
induced  speeds  into  two  types  expedient.  These  include  basic 
components  of  induced  speed  Induced  by  the  same  harmonic  of  aerodynamic 
load  as  the  harmonic  of  induced  speed  and  side  components,  induced  by 
all  remaining  harmonics  of  the  aerodynamic  load. 

This  separation  permits  recording  expressions  (8.5)  in  the  form 


(“•15 ) 


where  basic  components  of  the  induced  speed  are  defined  by  expressions 
(8.11),  and  the  sum  of  all  side  components  the  induced  speeds  are 
introduced  into  equations  with  the  help  of  new  designations  Ij  and 


mU 


Here  ^  is  t.he  number  of  harmonic  components  of  induced  speeds 
considered  in  the  calculation. 


At  n  <•  0  the  first  terms  of  these  expression;,  should  be  assumed 


ir< 


equal  to  zero,  and  at  «-* „  the  same  should  be  done  with  the  second 
terms.  In  the  formulation  of  equations  for  calculation  of  stresses 
the  Induced  speeds  will  be  represented  in  the  fora  of  (8.13). 

% 

6.  Numerical  Determination  of  Values 
of  Integrals  J(Pj  and 

When  m  ft  n,  calculation  of  Integrals  (8.9)  is  associated  with 
well-known  difficulties.  To  determine  values  of  these  Integrals  V.  E. 
Baskin  proposed  a  method  in  which  components  of  the  aerodynamic  load 
are  approximated  with  the  help  of  trigonometric  polynomials.  For 
this  it  is  necessary  to  determine  values  of  Pm  on  radii  of  the  blade 
assigned  beforehand  not  coinciding  with  those  which  are  used  in  the 
whole  calculation.  In  reference  to  the  method  expounded  here  this  Is 
not  very  convenient.  Therefore,  here  there  will  be  used  another 
method  more  suitable  for  the  given  case  In  which  calculation  of 
integrals  J(Pm)  and  /(?„)  is  produced  approximately  according  to  the 
same  form  in  which  integrals  during  calculation  of  stresses  in  the 
blade  are  calculated.  For  this  the  blade  is  divided  Into  separate 
sections  within  limits  of  which  the  aerodynamic  load  is  represented 
in  the  form  useful  for  integration.  It  is  natural  to  divide  the  blade 
into  the  same  sections  in  all  cases  both  with  calculation  of  stresses 
and  with  calculation  of  integrals  (S.9).  Let  us  present  the  load 
/V,(q)  in  such  a  way  that  on  each  section  of  integration  It  changes 
according  to  *the  law 

(3-15) 

Here  p"  is  the  current  value  of  the  relative  radius  of  the  blade; 
after  fulfillment  of  integration  and  substitution  of  llmlt3  the  value 
will  not  be  encountered  in  the  formulas  without  an  index.  *  —  the 
ratne  value  of  relative  radius  but  with  index  k  denotes  that  the 
examined  radius  coincides  with  the  radius  for  which  the  relative 
aerodynamic  load  is  calculated. 

Subsequently,  as  was  already  stated,  we  will  distinguish  the 
relative  radii  *  on  which  there  is  taken  the  value  of  the  aerodynamic 
load  from  relative  radii  7,  for  which  the  induced  speed  Is  calculated. 
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This  permits  avoiding  possible  confusion. 


Me  will  consider  that  the  relative  aerodynamic  load  is  changed 
according  to  the  law  (8.15)  for  the  extent  of  each  section  limited  by 

relative  radii 

t— and 

On  Pig.  l.Jl  the  solid  step  line  shows  the  form  of  distribution 
of  relative  aerodynamic  load  along  the  length  of  the  blade  in  which  it 
is  represented  for  calculation  of  induced  speeds  by  expression  IS) 
in  the  case  m  ■  0.  Su  n  a  form  of  presentation  of  aerodynamic  load 
can,  of  course,  introduce  certain  errors  into  values  of  induced  speeds. 


Pig.  1.31.  Form  of  relative  aero¬ 
dynamic  load  accepted  for  calculation 
of  Induced  speeds. 


However,  calculations  made  for  estimating  the  magnitude  of  this  error 
showed  that  it  is  small  and  cannot  introduce  oonsiderable  changes  into 
results  of  the  calculation. 

Tl*  w«  nubr.tl *»»*.*•  the  value  ■  !'  rejetjvo  a^r^»dynamt r  lf-ad  expresre'. 
in  torn  (  i.15)  Into  * J  *•  expression  -*f  the  integrand  of  equation  ( 
ti.en  the  Internal  integral  in  the  right-hand  side  of  this  equation 
can  be  represented  In  vr.e  fori r  of  a  rr-rtain  rum  of  definite  integral,;: 


I 


(8.16) 


The  definite  integrals  entering  in  this  expression  can  be 
calculated  analytically  [see  11].  Substituting  into  the  obtained 
expressions  limits  of  integration,  it  is  possible  to  write 


where 


\  Pmi»)J •(*$<* * 2)“** Jm*1  (**  t*+*MJ) •  (8.17) 

i  » 

A  —**•*'**■» if 

•  *  J  [ J* 


Substituting  the  thus  expressed  value  of  the  internal  integral 
Into  equations  (8,9) »  we  will  obtain 


(8.18) 


where 


i  • 

Or  if  we  were  to  record  in  simpler  form 


m  mm 


(3.19) 


(3.20) 


Integral  (b.20)  is  breaking  integral  bearing  the  name  of  the 
integral  Weber  and  Shafkheytlin  [11].  Its  analytic  expression 
depending  upon  the  relationship  between  7^  and  bar  the 

following  form: 

If  then 


♦.W1 


i 

r*  < 

r  •  4 1 4  •  \ 

*  J 

i*  »  t 

f-f5) 

xF[JLtl±!L;  *±ll lfL;  «+* 


.>\) 


f 


If  7<e.-f  then 


0 

ft ,(— I— ) 

”  («^*-*ij»,r,„  +  1)r(-=L±l-L)X 

xf  r.«±|±i;  „+1; 

I  «  2  \»*+  C»+j/  J 


(8.22) 


Here  r  is  the  gamma  function  with  different  arguments,  and  F  is  the 
hypergeometric  function  of  arguments  a,  p,  y.  and  z. 


These  arguments,  as  can  be  seen  from  expressions  (8.21)  and  (8.22) 
can  have  various  values  depending  on  the  relationship  between  r^  and 
J_  (qi,+o*+i).  Thus,  for  example,  in  expression  (8.21) 

c_r  w-t-2-m  . 

a _ m  + 

p  2 

Y=/n+2; 

V  a?,  )• 

With  calculation  on  electronic  digital  computers  these  functions 
are  easily  programmed.  Therefore,  their  calculation  presents  no 
difficulties. 


7,  Assumptions  Accepted  in  the  Determination 
of  Aerodynamic  Forces 

In  I, In*  determination  of  acre. dynamic  loads,  besides  the  assumptions 
( “. .  I )  there  are  used  the  same  assumptions  which  were  used  in  the 
dolennl.nat.lun  of  loads  on  a  rigid  blade  (§  7,  No.  6)  with  the  exception 
of  assumption  (7.3*0  • 

1.  We  will  consider  that  the  inflow  angle  to  blade  profile  0 
is  small,  and  that  therefore  it  is  possible  approximately  to  assurrr‘: 

fl>»=arctg^fe^,  (8-23) 

yj  "m 
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where  <J>  is  the  inflow  angle;  lTx  and  are  mutually  perpendicular 
components  of  relative  flow  rate  lying  in  the  plane  normal  to  the 
elastic  axis  of  the  blade  {Fig.  1.32);  here  the  speed  U  is  parallel 
to  the  plane  of  rotation  of  the  rotor. 

2.  We  will  consider  that  the  quantity  of  relative  flow  rate  U 
flowing  past  the  profile  differs  little  from  quantity  Ux>  Therefore 
we  will  assume  that  U&U*. 

3.  We  will  consider  that  with  the  determination  cf  loads  in  the' 
flapping  plane  (the  plane  passing  through  the  axis  of  rotation  of  the 
rotor)  the  profile  drag  can  be  disregarded,  and  we  can  assume  that 

cx  -  °* 

4.  Assuming  that  cos  0  =  1  we  will  consider  that  the  load  in  the 
flapping  plane  does  not  differ  from  the  load  perpendicular  to  the  flow 
flowing  to  the  profile  of  the  blade  (see  Fig.  1.32). 


Fig.  1.32.  Diagram  of  flowing 
around  of  the  blade  accepted 
in  the  calculation  of  stresses 
at  low  flight  speeds. 


8.  Calculation  Formulas 

With  the  use  of  assumptions  shown  in  No.  7  the  value  of  relative 
aerodynamic  load  P  entering  in  equation  (8.3)  can  be  determined  by  the 
formula: 

1.  (8.24) 

where  br  is  the  quantity  of  the  chord  of  the  blade  on  the  examined 

radius  referred  to  the  chord  on  radius  r  =  0.7;  U  and  U  —  the  same 

x  y 

components  of  relative  flow  rate  wnich  are  in  expression  (8.23)  hut 
referred  to  the  peripheral  velocity  of  the  blade  tips  vR: 
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UM-r- fps!n*; 

£/#=X— jtcos>  ^ — — -|f.  (u*25) 

*»« 

Here  X  is  the  relative  flow  rate  through  the  rotor;  this  speed  is 
determined  by  expression  (8.2);  y  -  movements  of  elastic  axis  of  the 
blade  in  the  plane  perpendicular  to  the  plane  of  rotation  from  which 
these  movements  are  reckoned;  -  angle  of  inclination  of  elastic 

axis  of  the  blade. 

The  prime  here  denotes  differentiation  with  respect  to  the  radius 
of  the  blade  and  the  dot,  with  respect  to  time. 

The  blade  angle  can  be  recorded  in  the  form 

9=804-A?-8iSfiv;.— e.cos->— (8.26) 

Here  0O  Is  the  blade  angle  on  the  relative  radius  r  =  0.7  or  other 
radius  accepted  for  the  reading  of  GQ  when  the  angle  of  rotation  of 
the  blade  in  the  flapping  hinge  3r.  is  equal  to  zero;  A?  —  geometric 
twist  of  the  blade;  9^  and  -  angles  cyclic  control  assigned  by  the 
cyclic  pitch  control;  >t  -  flapping  balance;  -  angle  of  rotation  of 
the  blade  in  the  flapping  hinge. 

Let  us  represent  deformations  of  the  blade  in  the  form 

(8.27) 

where  6  are  coefficients  of  deformation  of  the  blade  corresponding  to 

trie  j-th  tone  of  its  natural  oscillations;  these  coefficients  are 

functions  of  time  and  therefore  are  also  called  temporal  factors: 

( 1 ) 

y'  —  forms  of  natural  oscillations  of  the  blade  in  a  vacuum,  which 
are  standardized  in  such  a  way  that 

Let  us  expand  the  time  factors  6^  in  Fourier  series  with  respect 
to  the  harmonics.  Then  it  will  be  possible  to  represent  deformations 
of  the  blade  in  the  form: 
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(8.30) 


II 

ioT 

1 

t 

1 

[7  -T  r=>-»  Tyf  (\,-j  -  £„+i) 

1 

where 


- j - s - - ; 

5,*= - J - *£ -  . 


(8.31) 


We  will  subsequently  call  values  5.  and  §n  equivalent  chor  ’.s  of 
the  blade,  since  in  the  calculation  they  play  the  same  role  as  real 
chords  and  are  in  formulas  (8.30)  at  the  same  places  where  in  formulas 
(8.29)  value 3  br  are. 

Thus  the  harmonic  components  of  aerodynamic  loads,  taking  into 
account  variable  induced  speeds,  should  be  determined  by  introducing 
into  the  formulas  only  side  components  of  induced  speeds  and  instead 
of  real  chords  -  equivalent  chords  of  the  blade.  Values  of  equivalent 
chords  of  the'blade  can  be  different;  depending  upon  flight  conditions 
and  the  order  of  the  determined  harmonic  of  aerodynamic  loads. 

However,  they  appear  to  be  less  than  the  real  chords.  Consequently, 
all  the  harmonic  components  of  aerodynamic  loads  appear  less  than 
those  values  which  they  would  have  if  the  basic  components  of  induced 
speeds  would  be  equal  to  zero  and  as  many  times  as  the  equivalent 
chords  are  less  than  the  real  chords,-  The  introduction  of  equivalent 
chords  leads  to  a  decrease  in  all  components  of  aerodynamic  load  of 
both  exciting  and  damping  oscillations  of  the  blade.  Therefore,  the 
values  of  relative  coefficients  of  aerodynamic  damping,  v/hich  determine 
the  amplitudes  of  oscillations  with  resonances  are  decreased.  This 
leads  to  the  fact  that  far  f 1  cm  resonance  variable  deformations  of 
the  blade  decrease  and  with  resonance  they  remain  approximately  the 
came  as  with  the  calculation  neglecting  this  effect. 

Expressions  of  the  type  (S.30),  copied  for  all  harmonic  components 
of  the  aerodynamic  load,  appear  interconnected  through  components  of 
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induced  speeds.  Consequently,  they  are  a  certain  complex  system  of 
equations  of  relatively  unknown  loads,  which  can  be  solved  only  in 
the  case  when  values  /«  and  fn  are  known.  These  values  depend  on  the 
value  of  coefficients  of  deformations  of  the  blade.  Therefore,  to 
solve  this  system  of  equations  it  is  necessary  to  formulate  an 
equation  for  determination  of  coefficients  of  deformations.  This  will 
be  carried  out  below. 

If  one  were  to  depict  in  detail  values  /„  and  entering  into 
equation  (8. 30),  then  expressions  for  harmonic  components  of  the 
aerodynamic  load  can  be  represented  in  the  form  of  Table  1.7. 

The  expression  for  each  harmonic  component  of  the  load  P%  and 
occupies  one  line  in  the  table  and  constitutes  a  sum  of  products  of 
coefficients  recorded  in  several  expressions  and  carried  out  vertically 
in  a  special  line  placed  at  the  top  of  the  table.  These  factors,  as 
was  already  stated  above,  will  be  called  coefficients  of  deformations 
of  the  blade.  In  the  right  side  of  the  table  there  is  copied  a 
number  of  terms  f\,  and  J\t  not  connected  with  unknown  ”1 

coefficients  of  the  deformations. 

In  order  to  determine  the  values  Pn  and  Pu  the  sum  of  products 
of  terms  of  each  line  by  unknown  coefficients  of  deformations  formed 
with  terms  not  dependent  on  coefficients  of  deformations  must  still 
be  multiplied  by  values  Bn  and  <§».  For  memory  these  quantities  are 
copied  in  the  left  part  of  the  table. 

The  number  of  terms  entering  into  expressions  for  Pn  and 
depends  on  the  number  of  harmonics  and  tones  of  natural  oscillations 
considered  in  the  calculation.  In  Table  1.7  there  are  copied 
expressions  for  the  case  when  in  the  calculation  only  two  tones  and 
four  harmonics  of  variable  forces  are  considered. 

In  programs  which  are  used  during  calculations  on  electronic 
digital  computers  there  is  usually  considered  four  tones  of  natural 
oscillations  and  six  to  eight  harmonics  of  variable  forces. 


Table  1.7.  (Continued) 


Table  1.7.  (Continued) 


Terms  not  dependent  on  coef 
flcients  of  deformations 


r<f** 

<•1  mf 

<• 9  Unf  i| 

mtf  \  m 

*i  T 

«•».  mtf  (  . 

«•*  ti*  if  * 


I 


QQD 


tinif 


'V'b*, 


f a 


A-J/A-lv 


9.  Transition  to  the  Equivalent  Rotor 

In  orde*  to  show  the  possibility  of  traneition  to  the  equivalent 
rotor  in  the  compilation  of  Table  1.7  there  is  used  the  equality 

which  is  correct  only  in  the  case  when  the  distance  from  the  axis  of 
rotation  to  the  flapping  hinge  t,M  is  equal  to  zero. 

If  one  were  now  to  use  well-known  formulas  for  coefficients  of 
flapping  motion  and  angle  of  attack  of  the  equivalent  rotor 

then  it  will  be  possible  somewhat  to  simplify  expressions  for  Pn  and 
Pu  by  introducing  in  the  first  line  values  a^  and  b*  instead  of  ai 
and  b,.  Here  coefficients  J*  will  appear  equal  to  zero,  and  values 
of  angles  6^  and  0 2,  in  general,  will  not  enter  into  the  equations. 

In  other  words,  the  well-known  position  about  the  fact  that  the  loads 
on  the  blade  do  not  depend  on  the  deflection  of  the  disk  of  the  cyclic 
Fitch  control,  when  ltMm 0  is  completely  observed  in  expressions  of 
Table  1.7. 

However,  simplifications  appearing  with  transition  to  the 
equivalent  rotor  are  so  immaterial  that  they  do  not  justify  assumptions 
about  the  fact  that  4^,-0.  Therefore,  we  will  subsequently  examine 
oscillations  of  the  blade  only  in  axes  of  the  shaft,  and  the  idea  of 
the  equivalent  rotor  will  not  be  used. 

10.  Basic  Assumptions  Utilized  in  the 
Calculation  of  Flexural  Stresses 

In  the  calculation  of  flexural  stresses  in  the  blade  let  us  use 
all  those  assumptions  which  were  accepted  in  the  derivation  of  the 
differential  equation  of  oscillations  of  the  blade  in  the  thrust 
plane  (1.9).  Let  us  represent  the  blade  in  the  form  of  an  elastic 
beam  stretched  by  centrifugal  forces  N.  Parameters  of  this  beam  — 
its  linear  mass  m  and  flexural  rigidity  El  -  will  be  considered 
continuously  distributed  along  the  length  of  the  blade. 


Furthermore,  we  will  take  tne  following  assumptions: 


1.  We  will  consider  that  the  plane  of  least  rigidity  of  the  blade 
coincides  with  the  flapping  plane,  and  therefore  when  bent  in  the 
flapping  plane  the  blade  will  be  only  under  the  impact  of  forces  acting 
in  this  plane. 

2.  In  the  determination  of  loads  in  the  flapping  plane  we  will 
not  consider  twisting  deformations  of  the  blade  (for  an  account  of 
twisting  deformations  see  §  7,  Chapter  TV,  Book  One). 

3.  We  will  examine  the  standard  type  of  rotor  with  articulated 
blades,  and  the  distance  from  the  axis  of  rotation  to  the  flapping 
hinge  will  not  be  disregarded,  i.e.,  we  will  assume  lrim-+  0.  We  will  not 
consider  also  the  frictional  force  in  the  suspension  hinges  of  the 
blade. 


11.  Differential  Equation  of  Oscillations 
of  the  Blade  and  Its  Solution 

With  the  use  of  these  assumptions  calculation  of  flexural  stresses 
will  lead  to  the  solution  of  the  differential  equation  whose  derivation 
is  given  in  §  1  of  this  chapter: 

(h.52) 

With  the  examined  fastening  of  the  blade  boundary  conditions  can 
be  thus  recorded  so: 


*-0:  [EffU-Qi  \ 

(£.yi;-o.  1 


0-33) 


Entering  into  the  right-hand  side  of  equation  (i.3?),  the  value 
of  linear  aerodynamic  load  is  determined  by  formulas  0.3)  and  O .M 
and  according  to  Table  1.7. 


Substituting  Into  this  equation  the  solution  in  the  form  of 
0.28)  and  applying  to  it  the  method  of  ?.  G.  Oalerkin,  w?  will  obtain 
the  system  of  algebraic  equations  relative  tc  unknown  coefficients  of 
deformations.  This  svsIcr  of  equations  w-'M  re  present'  i  in  the  f err 
of  Table  i.=. 


Ta&le  1.8.  (Continued) 
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Ea>_h  equation  of  the  obtained  system  constitutes  a  sum  of 
products  uf  certain  coefficients,  recorded  in  squares  cf  the  table,  by 

unknown  coefficients  of  deformations  entering  simultaneously  into 
several  equations  and  carried  out  vertically  in  a  special  line  placed 
at  the  top  of  the  table.  The  known  coefficients  of  each  equation 
occupy  one  line  in  the  table.  On  the  right  of  the  cable  in  a  special 
column  there  are  copied  coefficients  and  $*,  which  constitute  the 
right-hand  side  of  the  equations. 

In  Table  1.8,  just  as  in  Tables  1.7  and  1.9,  there  are  unfilled 
squares.  This  means  that  coefficients  of  equations  for  which  these 
squares  are  intended  are  equal  to  zero. 


12.  Determination  of  Coefficients  of  the 
Left  Side  of  Equations  cf  Table  1.8 

To  determine  coefficients  of  the  left-har.u  side  of  equations  in 
the  program  of  calculation  there  should  be  created  a  special  operator. 
This  operator  should  give  values  of  all  coe;ff icients  of  any  equation 
of  the  system.  In  order  to  make  nis  operator  as  simple  as  possible 
we  will  divide  the  whole  table  of  coefficients  into  a  series  of  zones 
according  to  the  number  of  tones  of  natural  oscillations  utilized  in 
the  calculation.  We  will  unite  by  these  zones  into  separate  groups 
those  coefficients  wh  have  a  similar  means  of  formation  in  the 
application  of  the  B.  G.  Calerl'in  method  and  can  be  calculated  by  the 
same  formulas. 

Transformation  of  differential  equation  (8.32)  with  the  help  of 
the  B.  G.  Galerkin  method  to  a  system  of  algebraic  equations  of 
Table  1.8  consists  of  the  following  operations: 

1.  Substituted  into  the  differential  equation  (8.32)  is  a  solution 
in  the  form  of  (8,23)  into  which  different  forms  of  natural  oscillations 
enter.  If  forms  entering  into  the  solution  (3.28)  are  marked  by  index 
J,  then  all  terms  of  the  equation  obtained  as  a  resist  of  this 
operation  can  be  divided  into  several  groups,  each  of  which  is 
characterized  by  the  defined  index  J. 


Then  all  terms  of 


tee  equations  are  multiplied  successively 


2. 


by  the  same  forms  of  natural  oscillations  y^.  As  a  result  of  this 
operation  there  will  be  formed  a  system  of  equations  where  every 
equation  of  this  system  differs  from  others  by  the  form  of  the  tone  of  ( 

(T\ 

natural  oscillations  yK  '  by  which  all  terms  of  the  equation  were 
multiplied.  Therefore,  the  thus  obtained  equations  are  numbered  by  us 
by  values  of  the  index  I. 

3.  The  following  action  of  the  B.  G.  Galerkin  method  is  the 
integration  of  all  functions  obtained  as  a  result  of  preceding 
operations  along  the  length  of  the  blade.  As  a  result  of  this 
operation  all  terms  of  equations,  which  were  earlier  functions  of  the 
radius  of  the  blade,  become  constant  coefficients. 

4.  After  that  each  thus  obtained  equation  can  be  divided  into  a 
whole  series  of  simpler  equations,  if  one  were  to  equate  between 
themselves  all  coefficients  standing  at  similar  values  cos ny  and  sinmf. 

As  a  result  of  this  operation  each  equation  with  the  number  I  will  be 
turned  into  a  whole  family  of  equations.  Separate  equations  entering 

f  in  this  family  in  Table  1.8  are  coordinated  by  index  i.  Furthermore, 

every  pair  of  equations  referring  to  similar  harmonics  is  noted  by 
|  the  index  n,  which  is  equal  to  an  order  of  the  appropriate  harmonic. 

Analyzing  the  thus  obtained  system  of  algebraic  equations,  it  is 

i 

possible  to  note  that  all  analogous  coefficients  of  equations  were 

% 

\  placed  in  Table  1.8  along  the  diagonals.  Such  location  is  repeated  in 

,  all  zones  corresponding  to  different  indices  of  J  and  I.  Here  one 

should  stipulate  that  tKis  rule  has  individual  exceptions,  which  can 
\  easily  be  noted  in  examining  Table  1.8. 

Using  indices  i,  n,  J,  and  I  introduced  above,  it  appears  possible 
to  form  general  formulas  for  all  coefficients  entering  into  the 
left-hand  side  of  equations  of  Table  1.8.  In  the  forming  of  these 
j  formulas  we  will  also  use  special  functions  f^(a)  and  f2(a),  which 

takes  the  following  values  depending  upon  parity  and  value  of  their 
argument : 


/.(«) 

/«<«) 


II  at  a  even; 
0  at  a  odd; 

1 1  at  «— 0; 

|0  at  «#0. 


These  formulas  have  the  following  form: 

M -  ~f’/,  (i)  Hj,  -!*«,/,  (/ -f- 1)  a,; 

* =  - 


(3.JU 


Here  where  is  the  angle  of  rotation  in  the  flapping  hinge 

with  oscillations  according  to  the  standardized  form  in  accordance 
with  (3.27)  of  the  j-th  tone  of  natural  oscillations;  V/  —  mass 
characteristic  of  the  blade  with  oscillations  with  respect  zo  the 
i-th  tone: 


V  —  **0*0.7**  . 

y'  2m}-  * 


(*.35) 


my*  —  equivalent  mans  of  the  blade  with  its  oscillations  with  respect 
to  the  form  of  the  I-th  tone: 


* 

/*»•*»«  jm  [JW]*rfr; 

in  the  special  case  when  1  =  0  and  it  is  possible  to  assume.  y(0> ~~r, 
and  the  expression  for  Yo  coincides  with  the  conventional  expression 
(7.^9)  for  mass  cha racteristic  of  the  rigid  blade  (7-^9) ;  Pj  —  frequency 
of  natural  oscillations  of  the  blade  with  respect  to  the  form  of  the 


Jbl 


J-th  tone;  in  the  process  of  the  fulfillment  of  computations  the  value 
of  the  frequency  is  ascribed  by  expression 


^BtW)'?*r  +  ^NW)'\Ur 


(8.36) 


oj  —  angular  velocity  (or  number  of  turns  of  the  rotor  depending  upon 
in  what  units  p^  is  determined):  the  ratio  p;/«  should  be  a  dimension- 


less  value. 


Other  quantities  entering  into  formulas  (8.3^)  have  the  following 


values: 


B*—j  BU}rj?dr; 

*>M-j#n?i7dn- 

0 

Gjl  —j  BU}  ~r'/y,dr; 


Yu  dr. 


(3.37) 


Here  B'  '  is  the  equivalent  chord  of  the  blade  determined  by  formulas 
(8.31)  and  having,  consequently,  different  values  depending  upon  the 
number  of  the  equation: 

at  i  even; 

BU)zJ%m  at  i  odd; 

y  and  j?  —  forms  of  natural  oscillations  of  the  blade  whose  tone  is 
determined  by  value  of  indices  J  and  I. 


Literal  designations  of  these  forms  are  noted  above  by  a  bar. 

This  means  that  they  are  standardized  in  such  a  way  that  At  the 

same  time  values  of  the  first  derivative  of  these  forms  in  differenti¬ 
ation  with  respect  to  the  radius  of  the  blade  P?  are  not  noted  by  a 
bar.  This  means  that  these  derivatives  are  taken  from  forms  of 

T 

oscillations  y°,  which  are  standardized  in  such  a  way  that  yJK—R. 


Formulas  (8.34)  permit  determining  the  line  of  coefficients  K,  L, 
M,  N,  R,  Q,  S,  T,  U,  L,  K  for  any  zone  of  Table  1.8,  if  coordinates 
of  this  zone  J  and  I  and  the  number  of  equation  in  zone  i  are 
prescribed.  Thus  assigning  consecutively  different  values  of  J,  I, 
and  i  and  turning  to  the  operator,  which  includes  actions  provided 
for  by  formulas  (8.34),  one  can  determine  all  coefficients  of  the 
left  side  of  equations  of  Table  1.8. 


13.  Determination  of  Coefficients  of  the 
Right  Side  of  the  Equation  of  Table  1.8 

To  determine  coefficients  of  the  right  side  and  <£„  in  the 
program  of  calculation  there  should  be  formed  a  special  operator  in 
which  these  coefficients  are  determined  according  to  the  following 
formulas : 


-('*/+-|VC/)  e1  +  ^tga,C/  +  2uB?  +  ^; 


(8.38) 


For  harmonics  higher  than  the  third  (when  n  >  3) 

In  formulas  (8.3H)  new  designations  for  a  series  of  integrals 
are  used: 


1  n- 


<P  awn  **rr-.mgmum>#rtr.+ 


W-  '•  •  ■•»*****-.+- 


i4}*-J  Bln  i/iy'dr; 
Bl-jB^w'dn 
Cl**j  BU)frJ/dr-, 
BlI)  fil'd}. 


(8.39) 


Here 

?,=?«,  +  A?, 

where 

ft*r  **  V *“  Vo — Vo  *“  Vo  —  *atfo! 

fr  is  the  constant  part  of  the  blade  angle  counted  off  from  the  plane 
of  rotation  of  the  rotor;  over  the  radius  of  the  blade  this  quantity- 
changes  only  owing  to  its  geometric  twist  Aq>. 


Values  /*  are  copied  in  the  far  right  column  of  Table  1.7. 

Thus,  formulas  (8.38)  permit  determining  all  coefficients  of  the 
I  right  side  of  equations  if  value  I  is  assigned. 

f 

|  14.  System  of  Equations  After  Substitution 

|  of  Formulas  (3.34)  and  (8.38) 

]  If  values  of  coefficients  determined  by  formulas  (3.34)  and 

(8.38)  are  substituted  into  equations  of  Table  1.8,  then  the  same 
;  system  of  equations  can  be  represented  in  the  form  of  Table  1.9. 

i 

f 

j  Here  for  simplicity  we  were  limited  to  the  case  when  calculation 

j  is  conducted  correct  to  two  tones  of  oscillations  and  four  harmonics 

:  with  respect  to  revolutions  of  the  rotor.  However,  the  above-mentioned 

calculation  formulas  (8.34)  and  (8.3b)  are  written  in  general  rorm 
j  and  permit  performing  calculation  with  any  accuracy. 

Si 

V 

r* 

|  By  estimating  the  real  nereis  of  practice,  it  is  possible  in  ire 

j  composition  of  the  program  to  if*  limit ed  to  calculation  of  only  four 

j 

i 

i 

i 


tones  of  natural  oscillations  and  six  to  eight  harmonics  to  revolutions 
J-he  rotor. 


15.  General  Scheme  of  Calculation 

The  system  of  algebraic  equations  copied  in  Table  1.8  constitutes 
a  certain  complex  system  of  equations  which  allows  determining  all 
unknown  quantities  convergent  in  it.  Determination  of  these  unknown 
quantities  and,  first  of  all,  coefficients  of  deformations  of  the 
blade,  is  the  purpose  of  the  meuhod  of  calculation  expounded  here. 

Above,  in  §  7,  during  calculation  of  bending  stresses  with  the 
use  of  the  B.  G.  Galerkin  method,  there  were  used  different 
simplifications  both  in  the  derivations  of  equations  given  here  and  in 
their  solution.  The  application  of  digital  computers  permits  without 
special  difficulty  to  solve  this  system  of  equations  not  introducing 
into  it  any  simplifications,  which  permits  considerably  increasing 
tne  reliability  of  the  obtained  results.  In  any  case  errors  of  the 
calculation  can  be  connected  only  with  the  initial  assumptions. 
Fulfillment  of  all  the  required  mathematical  operations  does  not 
introduce  any  errors  and  is  produced  with  any  accuracy  assigned  in 
advance. 

How  do  we  solve  this  very  complex  system  of  equations  ?  The 
simplest  method  here,  without  any  doubt,  appears  to  be  the  method  of 
successive  approximations  in  the  form  in  which  here  it  will  be 
discussed  below.  This  method  was  used  in  the  forming  of  programs  and 
checked  by  a  large  quantity  of  calculations.  The  method  very  rapidly 
coincides,  an^  to  obtain  an  accuracy  necessary  for  practice  three  to 
four  approximations  appears  sufficient. 

In  the  use  of  method  of  successive  approximations  unknown 
coefficients  of  deformations  are  determined  successively  in  order  of 
increase  in  the  index  determining  their  belonging  to  the  appropriate 
harmonic.  Therefore,  before  turning  to  a  description  of  the  order  of 
all  operations  in  using  the  method  of  successive  approximations,  it 
is  necessary  to  discuss  the  determination  of  coefficients  of 
deformations . 


16 .  Determination  of  Coefficients  of  Deformations 

In  the  determination  of  coefficients  of  deformations,  in  all  cases 
there  is  used  the  same  principle  involving  the  following.  Coefficients 
of  deformations  are  determined  pairwise  from  two  equations  of  the 
system  of  Table  1.8,  which  pertain  to  cosinusoidal  and  sinusoidal 
components  of  any  harmonic.  These  equations  are,  first  of  all,  formed 
in  the  following  way.  The  sum  of  products  a$*  and  A0^  of  'coefficients 
in  Table  1.8  is  determined  by  coefficients  of  deformations  already 
determined' at  the  moment  of  fulfillment  of  this  operation,  with  the 
exception  of  those  products  into  which  enter  coefficients  enclosed  in 
Table  1.8  by  a  dashed  line.  These  sums  of  products  are  transferred  to 
the  right  side  of  equations.  After  that  coefficients  of  deformations 
referring  to  analogous  harmonics  (true,  only  in  the  case  when  n  >  1) 
and  forms  of .deformations  are  determined  from  two  algebraic  equations 
of  the  following  form: 


where 


3S. 


(8.40) 


Coefficients  an  and  bn  here  have  a  generalized  character  in  the 
sense  that  such  an  entry  of  equations  is  possible  with  coefficients 
cn  and  dn,  en  and  fp,  and  gn  and  hn. 


Coefficients  Q,  s,  R,  and  ^  entering  into  equations  (8.40)  arc 
determined  by  formulas  (8.24)  for  the  case  when  J  =  I.  The  value  1 
for  the  first  equation  is  an  even  quantity  and  for  the  second  equation 
an  odd  quantity.  Consequently,  these  coefficients  in  this  special 
case  can  be  written  in  accordance  with  (3.24)  in  such  a  form: 


S  =*  —nDj\ 

R—nDj. 


(8.41) 


In  this  case,  when  J  =  I, 

o 
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If  in  the  first  formula  of  (8.41)  we  disregard  the  seconcl/terni 
and  approximately  assume  then  equation  (8.40)  can  be  converted 

to  the  form  utilized  in  the  simplified  methods  of  calculation  (see 

§7). 

Indeed,  by  producing  these  simplifications,  we  will  multiply  all 
terms  of  (8.40)  by  Yy-^y-. 

Pj 

Let  us  introduce  new  designations.  Quantity  nJt  determined  by 
expression 


(8.42) 


will  be  called  the  relative  coefficient  of  aerodynamic  damping. 


Quantity  vB»/uo  will  be  called  the  forced  frequency  of  excitation 
of  oscillations. 


Then  equation  (3.40)  can  be  rewritten  In  the  form  utilized  in 

§  7: 


From  these  equations  the  peak  value  of  coefficients  of 
deformations,  which  corresponds  to  the  J-th  tone  of  natural 
oscillations,  can  be  determined  as 


(8.43) 


•m  ■*  *i6ct  • 

where  is  the  coefficient  of  dynamic  increase  in  amplitude;  — 
sag  of  the  blade  with  respect  to  the  form  of  the  J-th  tone  with  static 
application  of  external  forces. 


«K’-4v/VW+Pa’i 


(8.44) 
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Thus  the  accepted  form  of  determining  coefficients  of  deformations 
in  principle  coincides  with  the  form  which  is  used  in  problems  of 
mechanics  in  the  determination  of  the  amplitude  of  oscillations  of  a 
system  with  damping  and  is  described  above  in  §  7. 

It  is  necessary  to  note  that  in  determining  coefficients  of 
deformations  equations  of  the  system  (see  Table  1.8)  will  be  converted 
to  the  form  of  (8.40)  only  in  the  case  when  n  >  1.  In  the  determination 
of  coefficients  referring  to  the  first  harmonic,  into  the  left  side  of 
equations  (8.40)  even  certain  additional  coefficients  K,  L,  and  U  will 
enter,  which,  however,  do  not  change  the  essence  of  the  matter. 

The  determination  of  coefficients  aQ,  cQ,  eQ,  and  gQ,  determining 
the  constant  part  of  deformations,  appear  somewhat  different.  '  They 
can  be  determined  from  one  equation  with  the  number  i  =  0.  However, 
in  order  not  to  disturb  the  community  of  approach,  it  is  convenient 
to  determine  them  in  the  program  also  from  two  equations  with  numbers 
i  «  0  and  i  -•  1,  the  coefficients  of  which  are  determined  by  the  same 
formulas  (8.34).  Here  one  should  assume  3>*  -0.  Such  an  approach 
permits  somewhat  simplifying  the  program  of  calculation. 

17.  Program  of  Calculation 

In  the  composition  of  the  program  of  calculation  there  is  set 
about  the  following  sequence  of  fulfillment  of  necessary  operations: 

1.  According  to  the  separate  program  which  is  absolutely 

necessary  in  the  designing  of  blades  and  therefore  should  certainly  be 
formed,  forms  and  frequencies  of  natural  oscillations  of  the  blade  in 
the  thrust  plane  are  determined.  In  the  process  of  this  calculation 
there  should  be  obtained  the  following  quantities:  p} ,  and 

my,  Here  a,J)  is  the  distribution  of  flexural  stresses  over  the  radius 
of  the  blade  with  its  oscillations  with  respect  to  the  standardized 
form  of  the  J-th  tone. 

2.  Parameters  characterizing  conditions  of  flight  of  the 
helicopter  are  prescribed:  ft: q.  oj.  a,,s>»CT,  9,,  and  ri3.  Values  u,  and  qjUCT 
can  be  determined  from  the  calculation  if  the  necessary  propulsive 
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force  and  thrust  of  the  rotor  are  assigned.  Angles  of  cyclical  control 
0^and  can  be  determined  if  from  balancing  conditions  of  the 
helicopter  there  are  determined  the  necessary  moments  M  and  M  having 
an  effect  on  its  hub  on  the  side  of  the  rotor  blades.  These  operations 
are  usually  included  in  the  program  of  calculation. 

3.  In  order  to  proceed  to  solving  the  system  of  equations,  copied 
in  Taole  1.7  and  1.8,  it  is  necessary  still  to  determine  coefficients 

7 T  and  h,.  This  system  of  equations  is  solved  by  the  method  of 
successive  approximations,  and  in  each  approximation  all  unknown  values 
are  determined  in  sequence,  which  is  copied  in  Table  1.10.  First  there 
are  determined  coefficients  recorded  in  the  first  line,  then  those  in 
the  second,  and  so  on. 

4.  After  determination  of  all  values  copied  in  Table  1.10,  if 

is  possible  to  refine  parameters  of  conditions  of  flight  a., 

and  Oj  and  to  calculate  all  coeff ic ients  in  the  following  to 
approximation  in  the  same  order. 

5.  The  sequence  of  operations  copied  in  Table  1.10  is  repeated 
until  the  difference  of  analogous  coefficients  of  deformations  in  two 
successive  approximations  appears  less  than  the  assigned  accuracy  of 
calculation  eG.  Value  eo  can  be  taken  equal  to  1/1000  or  a  somewhat 
smaller  value. 

6.  Quantities  of  bending  stresses  in  the  blade  on  each  azimuth 
can  be  determined  by  the  formula 

«♦*=]£ 

/ 

where  values  GT  are  determined  by  coefficients  of  deformations 
a0  a„  b„  ceCnbH,  etc.,  .in  accordance  with  formulas  (8.27)  and  (8.28). 

This  sequence  of  operations  form  the  content  of  the  method  of 
calculation  discussed  here.  Fulfillment  of  calculation  permits 
obtaining  the  following: 

—  flexural  stresses  and  form  of  deformations  of  the  blade  on 
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each  azimuth  of  the  rotor;  all  harmonic  components  of  these  quantities 
are  determined  simultaneously; 

-  field  of  axial  induced  speeds  in  the  plane  of  the  rotor  and  all 
harmonic  components  of  this  field; 

-  angle  of  attack  and  angle  of  setting  of  blades  of  the  rotor  in 
flight  conditions  with  assigned  values  of  propulsive  force  and  thrust; 

-  angles  of  deflection  of  the  disk  of  the  cyclic  pitch  control, 

necessary  for  creation  of  moments  M  and  M  necessary  for  balancing  of 

X  z 

the  helicopter. 

18.  Comparison  of  the  Calculation  with  the 
Experiment  at  Low  Flight  Speed 

In  flights  at  low  speed  the  magnitude  of  varying  stresses 
measured  in  the  blade  usually  has  a  very  unstable  character. 

During  the  period  of  one  flight  condition  assigned  to  pilot,  the 
amplitude  of  stresses  can  be  changed  in  magnitude  two-three  times. 

This  is  explained  by  the  fact  that  the  angle  of  attack  of  the  rotor 
and  speed  of  flight  in  these  conditions  are  very  difficult  to  maintain 
constant.  Conditions  of  flight  change  continuously.  However,  the 
designer  is  basically  interested  in  values  of  maximum  amplitudes  of 
varying  stresses,  since  they,  as  a  rule,  introduce  the  greatest  fatigue 
damage  into  the  construction. 

Usually  the  maximum  varying  stresses  in  the  blade  appear  in 
conditions  of  flight  with  the  largest  angles  of  attack  of  the  rotor. 
These  conditions  include  conditions  of  deceleration  of  the  helicopter 
and  conditions  steep  descent  at  great  vertical  velocity. 

For  comparison  of  results  of  the  calculation  and  experiment  let 
us  proceed  in  the  following  way.  Let  us  consider  all  conditions  of 
flight  with  sudden  deceleration  of  the  helicopter  before  landing  in 
which  there  was  taken  measurement  of  stresses  in  the  blade.  From  each 
flight  we  will  select  the  value  of  maximum  amplitude  of  stresses  over 


the  radius  of  the  blade  appear inE 
landing  conditions.  The  field  of 
on  Fig .  1.35. 


during  the  period  of  the  entire 
values  of  these  stresses  is  shaded 


account  tne  ronun  i.form  field  of 

•induced  speeds  and  a  comparison  of 

'/hem  with  the  experiment. 

) 

\ 

i 

Calculation  of  Stresses  will  be  made  for  condition.':  with  various 
speeds  of  flight  and -with  an  Identical  angle  of. attack  of  the  rotor. 
The  speed  flight  in  the  conditions  will  bo  characterized  by  quantity 
U.  Results  of  these  calculation  are  shown  in  Fig.  1.33.  The  solid 
lines  denote  the  dependences  of  maximum  varying  stresses  in  the  blade 
obtained  from  the  calculation  on  the  speed  of  flight.  With  this  ther 
are  examined  condition's  with  the  angle  of  attack:  a  =  0  and  a  =  3c0, 

l 

which  can  be  reached  in  conditions  of  sudden  deceleration  and  with  an 
angle  of  attack  of  a  =  £0°,  which  is  possible  during  steep  descent 
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with  great  vertical  velocity.  The  dashed  line  shows  the  same 
dependence  for  a  =  0  and  a  =  -6°  but  neglecting  of  the  variable  field 
of  induced  speeds.  In  the  fulfillment  of  these  calculations  there 
were  investigated  conditions  of  flight  without  overload,  when  the 
thrust  of  the  rotor  is  equal  to  the  weight. 

From  the  calculations  made  it  follows  that  the  greatest  increase 
in  variable  stresses  at  low  speeds  is  observed  in  those  conditions  of 
flight  at  which  the  sheet  of  free  vortices  flowing  from  the  blades 
becomes  flat.  With  departure  of  the  sheet  from  the  rotor  plane  the 
varying  stresses  sharply  decrease  and  approximate  stresses  calculated, 
neglecting  the  alternating  field  of  induced  speeds. 

With  a  comparison  of  conditions  with  identical  angles  of  attack 
a  sharp  increase  in  varying  stresses  is  observed  in  a  very  narrow 
speed  range  of  the  flight. 

Results  of  the  calculation  to  some  degree  reflect  the  pattern  of 
the  phenomenon  observed  in  flight.  Thus,  just  as  in  flight,  the 
computed  values  of  varying  stresses  increase  at  low  speeds  and  are 
increased  with  an  increase  in  the  angle  of  attack  of  the  rotor. 
However,  considerable  divergence  is  observed  between  calculation  and 
experiment . 

1.  In  identical  flight  conditions  the  amplitudes  of  varying 
stresses  obtained  in  the  calculation,  appear  less  than  tests 
measured  during  flight. 

2.  Amplitudes  of  varying  stresses,  obtained  in  the  calculation 
and  during  the  experiment,  appear  similar  in  a  quantitative  respect 

if  one  were  to  compare  the  conditions  with  different  angles  of  attack, 
taking  in  the  calculation  an  angle  of  attack  of  the  rotor  somewhat 
larger  than  occurs  in  flight. 

3.  If  one  were  to  compare  conditions  of  flight  at  which  values 
of  stresses  obtained  in  the  calculation  and  during  the  experiment 
coincide,  then  a  considerable  distinction  in  their  harmonic 
composition  is  observed.  In  stresses  measured  in  flight  the  content 


of  high  harmonics  is  higher  that  that  in  the  calculation.  Thus  in 
stresses  measured  in  conditions  of  sudden  deceleration  and  shown  in 
Fig.  1.^3  harmonics  in  the  range  of  the  fourth  to  the  sixth  predominate. 
At  the  same  time  in  the  composition  of  varying  stresses  obtained  by 
calcination  stresses  with  the  first,  third,  and  fifth  harmonics 
predominate.  Here  they  are  named  in  decreasing  order  of  their 
amplitude.  As  an  example  Fig.  1.32*  shows  the  distribution  of  stresses 
over  the  radius  of  the  blade  and  their  harmonic  composition  in 
conditions  of  flight  with  a.  =  50°  and  u  =  O.OHH. 
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Fig.  1.34.  Distribution 
of  stresses  over  the 
radius  of  the  blade  and 
their  harmonic  composition 
in  flight  conditions 
(it  =  0.0^8  and  a  =  50°), 


It  is  necessary  to  note  that  in  the  calculation  there  was 
investigated  a  blade  with  characteristics  providing  the  absence  of 
resonances  in  working  revolutions.  Its  resonance  diagram  is  shown  in 
Fig.  I.35.  The  /orking  revolutions  accepted  in  the  calculation,  are 
noted  on  the  resonance  diagram  by  a  vertical  line. 


The  data,  given  show  that  the  application  of  the  method  of 
calculation,  taking  into  account  mean  induced  speeds  with  those 
assumptions  which  were  described  in  No.  3 >  approaches  the  results  of 
the  calculation  and  experiment  at  low  speeds  of  flight. 


However ,  to 


obtain  results  acceptable  for  practical  purposes  further  refinements 
are  necessary. 


V  osc/mir, 


Fig.  1.35.  Resonance  diagram  of  the 
blade. 

19.  Comparison  of  the  Calculation  with  the 
Experiment  at  Average  Speeds  of  Flight 

By  average  speeds  of  flight  we  here  refer  all  speeds  at  which 
there  still  is  not  affected  nonlinearity  in  the  dependence  c  =  f(a) 

V 

and  phenomena  connected  with  the  compressibility  of  flow.  In  many 
cases,  therefore,  average  speeds  of  flight  can  be  the  cruising  speed 
of  a  helicopter,  which  is  especially  interesting  from  the  point  of 
view  of  fatigue  strength,  since  at  this  speed  the  helicopter  spends 
the  greatest  percentage  of  time  in  operation. 

Figure  1 .%>  gives  a  comparison  of  amplitudes  of  varying  stresses 
and  their  first  and  second  harmonics  to  the  number  of  revolutions 
obtained  by  calculation  with  stresses  measured  in  the  blade  at 
cruising  speed  when  u  =  0.?5.  Stresses  obtained  in  the  flight  are 
shown  by  dots.  The  dashed  line  snows  stresses  calculated  taking  into 
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account  the  assumption  of  the  fact  that  I-).,, -const  and  solid  lines 
taking  into  account  that  which  i-var. 


Fig.  1.36.  Comparison  of  values  of  varying  stresses  calculated 
taking  into  account  the  variable  field  of  induced  speeds,  with 
stresses  measured  in  flight. 


From  this  figure  it  follows  that  results  of  the  calculation  and 
experiment  at  cruising  speed  are  distinguished  rather  considerably. 
The  total  amplitude  of  calculation  stresses  comprises  not  more  than 
80#  of  the  values  measured  in  flight.  This  divergence  occurs  basic* 
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due  to  the  dictirvt.U  n  in  values  of  the  second  harmonic  of  stresses 
to  the  number  of  revolutions  of  the  rotor.  Coincidence  in  the  first 
harmonic  of  stresses  is  quite  good.  Higher  harmonics  of  stresses  in 
these  conditions  of  flight  are  minute  and  do  not  have  substantial 
influence  on  the  amplitude  of  the  stresses. 

Results  shown  in  Fig.  1.36  are  typical  for  conditions  of  flight 
with  ix  =  0.25  and  are  repeated  almost  on  all  helicopters. 

From  Fig.  1.36  it  is  also  clear  that  the  calculation  of  variable 
induced  speeds  does  not  give  in  these  conditions  noticeable  refinements 
in  values  of  varying  stresses.  However,  if  one  were  to  discuss  only 
any  one  harmonic,  for  example,  the  fourth,  then  it  is  clear  that  its 
value  considerably  increases  with  calculation  of  the  alternating  field 
of  induced  speeds.  Therefore,  if  this  harmonic  is  flow -passage  and 
determines  the  magnitude  of  forces  arriving  at  the  fuselage  and  causing 
its  vibrations,  then  this  refinement  appears  very  important. 

Above  nothing  was  said  about  the  constant  part  of  flexural  stresses. 
Usually  their  magnitude,  obtained  on  the  basis  of  calculation,  appears 
so  accurate  that  its  measurement  in  flight,  as  a  rule,  is  not  even 
taken.  Calculation  in  this  case  gives  more  reliable  results. 

20.  Possible  Means  of  Further  Refinement 
of  Results  of  Calculation 

As  follows  from  the  above-stated,  calculation  of  varying  stresses 
in  the  blade  still  does  not  give  results  which  would  satisfy  the 
designer.  If  at  average  speeds  of  flight  results  of  the  calculation 
more  or  less  will  satisfactorily  agree  with  the  experiment  (although 
further  refinements  of  values  of  the  second  harmonic  are  extremely 
desirable),  then  at  low  speeds  of  flight  very  remote  coincidence  is 
observed. 

In  connection  with  this  the  direction  In  which  searches  are 
conducted  with  respect  to  further  refinement  of  results  is  very 
important.  It  is  possible  to  propose  the  following  means. 


3*>v 


In  the  calculation  of  varying  stresses  at  low  speeds  of  flight 
the  most  important  refinements  must  be  considered: 

—  calculation  of  the  influence  of  natural  induced  speeds 
(rejection  of  the  "hypothesis  of  staticnarity" ) ; 

—  application  of  the  vortex  theory,  considering  deformations  of 
the  system  of  free  vortices  (rejection  of  the  assumption  that  vortices 
depart  from  rotor  at  a  constant  speed  equal  to  the  average  rate  of 

flOW  ).orp )  . 

In  the  calculation  of  varying  stresses  at  average  speeds  of 
flight,  where  the  basic  divergence  is  observed  in  values  of  the  second 
harmonic  of  stresses,  the  most  useful  refinement  would  be  the 
application  of  the  vortex  theory  with  a  finite  number  of  blades  and 
introduction  into  calculation  of  the  Influence  of  both  external  and 
natural  Induced  speeds. 

In  those  cases  when  the  blade  has  low  torsional  rigidity  or  when 
external  forces  excite  the  form  of  vibrations  of  the  rotor  coinciding 
with  a  form  of  flutter,  and  their  frequency  is  close  to  the  frequency 
of  the  flutter,  noticeable  refinements  can  be  given  by  the  calculation 
of  torsional  deformations  of  the  blade.  A  method  of  similar 
calculation  was  given  in  §  7  of  Chapter  IV  in  Book  One. 

In  many  cases  with  calculation  of  varying  stresses  at  cruising 
speed  at  the  flight  (just  as  at  maximum  speed)  noticeable  refinements 
can  be  given  by  the  calculation  of  nonlinear  dependences  cy  «  f(a) 
and  compressibilities  of  flow,  which  will  be  discussed  in  the 
following  paragraph. 
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§  9 .  Calculation  of  Flexural  Stresses  lr.  the  Blade 
Taking  Into  Account  the  Nonlinear  dependence  of 
Aerodynamic  Coefficients  on  the~~Angie 
of  Attack  of  the  Profile  and  M  Mumper 


1.  Examined  Flight  Conditions 

Calculation  or  the  nonlinear  dependence  of  aerodynamic  coefficients 
on  the  angle  of  attack  of  the  profile  i3  necessary  in  those  conditions 
of  flight  when  these  angles  reach  so  considerable  magnitudes  that  it 

Is  no  longer  allowed  to  use  the  linear  dependence  (8.1).  To  such 

conditions  pertain  flights  at  speeds  close  to  maximum,  and  those 
conditions  of  flight  at  low  speeds  when  due  to  a  great  load  on  the 
blade  and  very  great  irregularity  of  the  field  of  induced  speeds  on 

separate  sections  of  the  area  marked  by  the  rotor  the  angles  of 

attack  emerge  into  a  nonlinear  region  of  dependence  c  »  f(a).  In 
a  number  cases  calculation  of  these  nonlinearitie3  appears  necessary 
in  other  conditions,  including  conditions  of  flight  at  cruising  speed. 

Calculation  of  phenomena  connected  with  the  compressibility  of 
flow  is  necessary,  as  a  rule,  at  high  speeds  of  flight  for  helicopters 
having  rotors  with  high  peripheral  velocities. 

2.  Determining  Aerodynamic  Loads 

Above,  in  5  8,  it  was  assumed  .hat  the  in  flow  angle  to  the 
profile  of  the  blade  ♦  is  a  small  magnitude,  and  therefore  the  approx¬ 
imate  formula  (8.?3)  for  determination  of  this  angle  was  us^d.  Here 
let  us  assume  that  the  angle  ♦  can  be  changed  within  360° ,  and  its 
magnitude  will  be  calculated  by  the  formula 

(9.1) 

where  values  U  and  U  are  determined  by  the  formulas 

A  J 

<  *  »\  2) 
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Formulas  (9-F)  coincide  with  formulas  used  in  §  8.  This  means 
that  with  their  composition  it  was  assumed  that  movements  of  the  blade 
are  small,  and  therefore  it  is  possible  to  assume  that: 


stops?;  \ 
COS  P  3  1.  } 


(9.3) 


The  value  of  angle  $,  determined  by  formula  (9.1),  with  calcula¬ 
tions  on  a  digital  computer  is  given  usually  only  in  the  range  of  =p90°. 
This  should  be  considered  in  the  calculation  of  the  angle  of  attack 
by  the  formula 

(9.4) 


Therefore,  formula  (9-1)  can  be  used  only  when  Ux  >  0 .  If 
Ux  <  0,  then,  as  follows  from  Fig.  1.37, 

®=n-farctg— .  (9-5) 

The  inflow  angle,  determined  by  formulas  (9.1)  and  (9-5),  is 
changed  in  the  range  of  -90°  <  4>  <  270°. 

If  one  were  to  assume  that  the  angle  of  setting  can  be  changed 
from  8  =  -15°  to  <J>  =  +45°,  then  the  aerodynamic  coefficients  should 
be  assigned  within  limits  of  the  change  in  angle  of  attack  from  -105° 
to  +315° • 


The  M  number  necessary  for  determination  of  the  aerodynamic 
coefficients  is  calculated  by  the  formula 


(9.6) 


Here  a  is  the  speed  of  sound: 

3B 


(9.7) 


;  no 


where  k  is 


specific  heat  ratio;  p  -  atmospheric  pressure. 


?! 


Pig.  1.37.  Diagram  of  the 
flowing  around  of  a  profile 
for  the  determination  of 
the  inflow  angle  ♦. 


The  aerodynamic  coefficients  necessary  for  calculation  are 
determined  as  a  result  of  circular  blowing  of  the  profile  in  a  wind 
tunnel.  In  calculations  on  a  machine  for  determination  of  aerodynamic 
coefficients  it  is  convenient  to  use  the  program  formed  by  Engineer 
M.  N.  Tishchenko.  In  this  program  the  influence  of  the  M  number  on 
aerodynamic  coefficients  is  considered  only  in  the  angular  region  of 
attack  of  the  profile  from  a  =  -2°  to  a  *  +15°.  Ir.  the  other  range 
of  the  change  in  angles  of  attack  aerodynamic  coefficients  are 
considered  not  dependent  on  the  M  number. 


i 


* 

21 


Figure  1.38,  as  an  example,  shows  the  dependence  of  the 
coefficient  of  lift  cy  accepted  in  one  of  variants  of  this  program  on 
the  angle  of  attack  a  for  the  profile  NACA-230. 


If  coefficients  of  lift  c  and  drag  c  are  known,  then  aerodynamic 

y  * 

forces  effective  in  the  flapping  plane  T  and  in  the  plane  of  rotation 
Q  can  be  determined  by  formulas 
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3.  Metnod  of  Calculation  of  the  Blade  as  a  System 
Whose  Motion  is  Connected  with  Forms  of 
Oscillations  Prescribed  Beforehand 

As  above,  in  §  8,  the  calculation  of  elastic  oscillations  of  the 
blade  is  reduced  to  the  solution  of  the  differential  equation 

1  l£/iT-Wr+*»-r.  (9.9) 

where  under  the  accepted  assumptions  the  aerodynamic  force  T  is  a 
nonlinear  function  of  movements  of  elements  of  the  blade  y.  ' 

In  this  case  to  solve  equation  (9-9)  it  is  convenient  to  use 
method  in  which  motion  of  the  blade  with  respect  to  time  is  found 
by  numerical  integration  of  ordinary  differential  equations  obtained 
from  equation  (9.9)  with  the  help  of  the  B.  G,  Galerkin  method.  With 
such  an  approach  to  the  problem  these  equations  appear  to  be  connected 
only  through  aerodynamic  forces.  Therefore,  if  at  any  arbitrary 
instant  the  aerodynamic  forces  are  possible  to  calculate,  the  deforma¬ 
tions  of  the  blade  with  respect  to  each  assigned  form  of  oscillations 
are  determined  independently  if  these  forms  are  orthogonal. 

Let  us  represent  the  form  of  oscillations  of  the  blade  in  the 
form  of  a  sum  of  a  certain  number  of  tones  of  natural  oscillations  of 
the  blade: 

(9.10) 

i 

where  j  «  0,  1,  2,  . . . ,  J  (J  Is  the  number  of  the  highest  tone  of 
natural  oscillations  of  the  blade  considered  in  the  solution); 
y(j)_form  of  the  j-th  tone  of  natural  oscillations  of  the  blade 
standardized  in  such  a  way  that  for  r  *  R  yj^  *  R;  6j  -  certain 
coefficients  determining  the  magnitude  of  deformations  of  the  blade 
with  respect  to  the  j-th  tone. 

Coefficients  6j ,  as  above,  will  be  called  coefficients  of  de¬ 
formations  of  the  blade.  Values  6^  are  time  functions. 

Coefficients  of  deformation  of  the  blade  6^ ;  in  the  present 
method  calculation  are  accepted  as  the  generalized  coordinates  of 
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the  system.  Determination  of  the  ; aw  of  their  change  with  respect  to 
time  comprises  the  contents  of  the  calculation. 

Differentiating  expression  (9.10)  twice  with  respect  to  time, 
we  obtain 


( 


hyUh, 

i 

y— S  WJ>‘ 

/ 


(9.11) 


If  expression  (9.10)  and  (9.11)  are  substituted  into  equation 

(9.9),  and  all  terms  of  equation  (9-9)  are  successively  multiplied 

by  y^  (where  j  »  0,  1,  2,  . ..,  j  )  and  integrated  over  the  radius 

s 

of  the  blade,  then  in  virtue  of  the  orthogonality  of  forms  of 

natural  oscillations  equation  (9.9)  decomposes  into  J  +  1  independent 

b 

equations  of  the  form: 


(9.12) 


Here 


El  Wfdr  +  j  N  WY-dr', 


K 

Mj=jm 


Q/Fdr; 


cjTyMdr. 


(9.13) 


Above  In  Nos.  1  and  2  of  §  7  it  already  was  noted  that  quantities 
entering  into  equation  (9.12)  have  a  fully  defined  physical  meaning. 
Quantity  Cj,  called  the  generalized  rigidity  of  the  blade  with 
deformations  in  form  of  the  j-th  tone,  Is  also  the  doubled  potential 
energy  accumulated  by  the  blade  with  bending  in  the  field  of  centrifugal 
forces  with  respect  to  the  form  of  the  same  tone.  Quantity  m^  is 
the  equivalent  mass  of  the  olade  reduced  to  its  end.  It  is  equal 
also  to  the  doubled  kinetic  energy  of  oscillations  of  the  blade  with 
respect  to  the  form  of  the  j-th  tone  with  frequency  p  ■  i.  Integral 
Aj ,  standing  in  the  right-hand  side  of  equation  (9.12),  3s  the 
generalized  force  and  is  equal  to  the  doubled  work  of  aerodynamic  I 

forces  on  movements  induced  by  deformations  of  the  blade  with  respect 
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to  the  j-th  tone. 


It  ia  knovyn  that  the  frequency  of  the  j-th  tone  of  natural 
oscillations  of  the  blade  can  be  determined  by  the  formula 


Therefore,  it  is  convenient  to  transform  equation  (9.12) 
referring  all  terms  to  values  m^ .  Then  they  can  be  written  os 

•/+ A"— 


(9.14) 


n 


(9.15) 


where  6V,J'  is  the  coefficient  of  quasi-static  deformations  of  the 
CT 

blade  with  respect  to  the  form  of  the  j-th  tone  from  aerodynamic 
forces  T  (see  §  7,  No.  7). 

As  follows  from  formulas  (9.8)  and  (9.2),  the  magnitude  of 
aerodynamic  force  changes  along  the  azimuth  of  the  blade  and  depends 
on  deformations  of  the  blade  or  more  accurately  on  values  y  and  6, 
which  determine  the  quantities  of  relative  speed  U  .  Therefore, 
to  calculate  aerodynamic  forces  it  is  necessary  preliminarily 
to  determine  values  y  and  8  by  formulas: 


i— 2  W*; 

I 

*-2W'». 

i 


(9.  1.6) 


where  is  the  angle  of  rotation  of  the  elastic  axis  of  the  blade 

with  respect  to  the  plane  of  rotation  corresponding  to  the  standardized 
form  of  natural  oscillations  of  the  i-th  tone. 


If  the  coefficients  of  deformations  6j  and  their  first  derivatives 
6^  ,  pertaining  to  any  azimuthal  position  of  the  blade  or  any  instant 
t  are  known,  then  the  calculation  can  be  carried  out  in  the  following 


order. 


In  the  beginning  values  y  and  8  are  determined  by  formulas  (9.16). 

After  that  by  formulas  (9*2)  components  of  relative  flow  rate  U  and 

y 

Ux  ana  speed  U  can  be  determined: 

u-yul+ui  (9.17) 


It  is  true  that  for  determination  of  speed  it  is  still 
necessary  to  know  the  relative  flow  rate  X,  which  in  general  is  a 
variable  which  changes  over  the  radius  and  azimuth,  of  the  blade.  The 
determination  of  quantity  X  will  be  discussed  in  No.  5  of  this 
paragraph . 

If  speeds  U  and  U  are  known,  then  by  formulas  (9.1)  and  (9.5) 
y 

the  inflow  angle  $  can  be  determined  and  by  formula  (9.^),  the  angle 
of  attack  of  the  profile  a.  The  M  number  is  determined  by  formula 
(9.6).  These  data  are  sufficient  to  determine  aerodynamic  coefficients 
by  circular  blowing  of  the  profile,  and,  consequently,  aerodynamic 
forces  T. 

Thus  In  the  examined  azimuth  there  appear  the  well-known 
deformations  of  the  blade,  speeds  of  these  deformations  and  aero¬ 
dynamic  forces  T  acting  on  the  blade.  Consequently,  by  using  formula 
(9.1*0,  one  can  determine  the  coefficients  6^  determining  the 
accelerations  of  elements  of  the  blade: 

‘l-SJ-tfl-  (9.18) 

After  this  by  means  of  numerical  integration  of  equations  (9.1*0 

with  respect  to  time,  one  can  determine  new  values  of  coefficients 

of  deformations  of  the  blade  6^  and  their  first  derivatives  on 

the  following  azimuth  of  the  blade  after  a  certain  time  At  determined 

by  the  integration  step.  Transition  from  instant  t,  on  which 

coefficients  of  deformations  A,  and  their  fir3t  A.  and  second  6. 

v  J  J 

derivatives  are  known,  to  the  following  Instant  t  ♦  At  can  be 

performed  with  the  help  of  a  number  of  well-known  methods  of  numerics, 
integration  of  equations. 
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Here,  only  as  an  example,  let  us  copy  the  formulas  of  such  a 
transition  referring  to  the  method  called  the  Euler  method: 

|  (9.19) 

Below  the  peculiarities  of  different  methods  of  numerical 
Integration  will  be  examined  in  more  detail.  In  particular,  it  will 
be  shown  that  the  Euler  method,  represented  by  formulas  (9.19),  is 
not  useful  for  calculation  of  elastic  oscillations  of  the  blade. 

Application  of  numerical  integration  of  equations  (9.1*0  with 
respect  to  time  permits  determining  coefficients  of  deformations  and 
their  first  derivatives  on  a  new  azimuth  of  the  blade.  Then,  by 
determining  at  this  azimuth  new  values  of  aerodynamic  forces,  one 
can  determine  and  the  new  coefficients  of  8^ .  This  process  can  be 
continued  until  values  of  coefficients  of  deformations  are  determined 
on  all  azimuths  of  the  blade  during  the  period  of  one  revolution  of 
the  rotor. 

If  the  initial  value  of  coefficients  6j  and  is  prescribed 
arbitrarily,  then  after  integration  of  equations  during  the  period 
of  one  revolution  of  the  rotor  values  6j  and  ,  obtained  on  the  same 
azimuth  as  a  result  of  integration,  will  already  appear  different, 
which  are  distinguished  from  values  taken  arbitrarily  at  the  initial 
Instant.  However,  if  motion  of  the  blades  is  stable,  then  numerical 
integration  can  be  continued.  Then  after  several  revolutions  of  the 
rotor  the  motion  will  be  steady  and  repeated  in  each  following 
revolution  of  the  rotor.  This  steady  motion  is  the  sought  solution 
of  equation  (9. 9). 

Thu3  the  method  of  calcul?tion  proposed  here  constitutes  a 
resolution  of  the  Cauchy  problem  with  integration  of  equations  of 
motion  of  the  blade  with  respect  to  time  under  prescribed  initial 
conditions , 


4.  Calculation  Formulas  for  a  Model  of  the  Blade 
with  Discrete  Parameters 


Usually  in  practical  calculations  the  blade  of  the  rotor  is 
examined  In  the  form  of  a  weightless  beam  with  concentrated  loads 
simulating  its  mass  fixed  to  it.  It  is  also  convenient  to  represent 
aerodynamic  forces  acting  on  the  blade  in  the  form  of  a  series  of 
concentrated  forces.  We  will  consider  that  aerodynamic  forces  are 
applied  at  attachment,  points  of  concentrated  loads,  as  if  to  every 
load  there  is  fastened  a  separate  flap  with  a  certain  area  Sj  (see 
SI,  No.  9).  Then  the  aerodynamic  forces  can  be  determined  by 
formulas  analogous  formulas  (9.8): 


Q.  -  y  -  eJJ'jQSfUt, 


(9.20) 

(9.21) 


where  index  i  denotes  all  values  referring  to  the  section  of  the 
blade  with  number  i  (see  Fig.  1.51).  The  magnitude  of  area  of 
concentrated  flaps  is  determined  by  formula  (1.2). 


For  the  blade  of  the  rotor  represented  not  in  the  form  of  a  beam 

with  distributed  parameters  and  in  the  form  of  a  model  with  a  finite 

number  of  concentrated  masses  elastically  connected  with  each  other, 

equations  analogous  to  equations  (9.14)  can  be  obtained.  Only 

quantities  m.  and  A,  entering  in  equations  will  be  determined  not  as 
J  0 

integrals  but  as  t.h -  bum  of  the  form: 


(9.22) 


where  is  the  value  of  concentrated  masses  of  the  system;  - 

values  determlng  the  form  of  natural  oscillations  of  the  j-th  tone; 
the  form  of  natural  oscillate  .houla  in  this  case  be  represented 
by  a  series  of  discrete  valv.  urJir.ates  y,,  which  determine 

movements  of  the  i-th  masses  of  the  blade;  T.  -  ;i  terete  value*,  of 
aerodynamic  forces  d'- terminal  uy  *v*rrv.i 
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In  everything  else  calculation  of  the  model  of  the  blade  with 
discrete  parameters  does  not  differ  from  calculation  of  the  model 
with  parameters  continuously  distributed  along  the  length  of  the 
blade.  However,  with  calculation  on  digital  computers  it  is  incompara¬ 
bly  more  convenient  to  examine  the  model  with  discrete  parameters. 

5.  Calculation  of  the  Alternating  Field 
of  Induced  Speeds 

Application  of  the  method  of  calculation  expounded  here  does 
not  exclude  the  possibility  of  calculation  of  the  alternating  field 
of  induced  speeds  represented  by  the  relative  coefficient  of  flow 
in  formula  (9.2).  Fox  u.i-  i»t  the  determination  of  aerodynamic 
forces  acting  on  the  blade  at  the  examined  instant  t,  there  should 
be  solved  the  intero-differential  equation  of  vortex  theory  of  the 
rotor  (see  formula  (5*29)  of  §  5,  Chapter  II,  Book  One). 

Reduction  of  the  problem  on  elastic  oscillations  of  the  blade 
to  the  Cauchy  problem  with  determination  of  motion  of  the  blade, 
starting  from  any  initial  Instant,  leads  to  considerable  simplifications 
in  the  solution  of  the  lntfcgro-differential  equation  of  vortex  theory. 

With  turning  of  the  rotor  one  pitch  along  the  azimuth  from  the 
blade  vortices  connected  with  changes  in  circulation  flow  only  during 
the  period  of  this  last  pitch.  All  vortices  descending  from  ♦‘he  blade 
at  preceding  Instants  only  move  in  space,  and  their  circulation  no 
longer  changes.  Therefore,  in  the  solution  of  the  lntegro-dlfferential 
equation,  which  refers  to  some  definite  Instant,  it  is  necessary  to 
find  the  connection  only  between  circulation  of  adjacent  vortices 
and  vortices  docending  from  the  blade  during  the  time  of  its  movement 
only  with  the  last  step  of  integration.  Quantities  of  circulations 
of  all  remaining  free  vortices  already  appear  to  be  known  and  defined 
by  the  whole  history  of  the  process  of  motion. 

To  simpliry  the  problem  a;  ^he  initial  Instant  there  can  be 
accepted  any  schematic  model  of  the  vortex  system  consisting,  for 
example,  of  on? .  rotor  vortices  descending  from  the  end  of  the  blade 
with  constant  circulation  along  the  length,  it  Is  impossible  to 
assume  that  toward  the  moment  of  the  beginning  of  calculation  no 
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free  vortices  exist,  since  the  mean  induced  speed  through  the  rotor 
will  appear  equal  to  zero. 

The  method  examined  here  permits  attaining  the  highest  possible 
accuracy,  which  can  only  provide  calculation  of  induced  speeds 
according  to  a  rotor  configuration  with  a  finite  number  of  blades. 
Application  of  this  configuration  in  other  methods  of  calculation  of 
elastic  oscillations  of  the  blade  leads  to  very  serious  complications. 

The  use  of  methods  of  calculation  of  induced  speeds,  founded  on 
the  rctcr  configuration  with  an  infinite  number  of  blades,  in  reference 
to  the  method  of  calculation  examined  in  this  paragraph  is  associated 
with  many  difficulties.  Thus  the  method  of  successive  approximations 
usually  seems  to  be  the  simplest.  However,  if  one  were  to  use  the 
method  by  which  Induced  speeds  are  calculated  upon  completion  of 
calculation  of  motion  of  the  blade  for  the  period  of  each  revolution 
of  the  rotor  (when  values  of  aerodynamic  forces  T  are  known  on  all 
azimuths  and  radii  of  the  blade  and,  consequently,  values  of  circula¬ 
tion  at  the  same  points  can  be  determined)  and  Introduced  these 
speeds  Into  the  calculation  of  aerodynamic  forces  on  the  next 
revolution  of  the  rotor,  then  it  appears  that  such  a  solution  process 
does  net  converge.  Therefore,  It  is  necessary  to  use  different 
procedures  to  bypass  these  difficulties,  which,  as  a  rule,  leads  to 
considerable  complications  which  in  the  end  can  appear  unjustified. 

6.  Peculiarities  of  Numerical  Integration  of  Differential 
Equations  of  Elastic  Oscillations  of  the  Blade 

To  successfully  perform  the  calculation  of  elastic  oscillations 
of  the  blade  it  is  very  important  to  select  tr.e  most  advantageous 
method  of  numerical  Integration  possessing  good  accuracy  with  a  minimum 
number  of  operations  connected  with  the  solution  of  the  differential 
equation  of  motion.  This  operation  consists  of  the  main  p?*'*  of  the 
machine  time  during  the  calculation,  and  the  greatest  part  of  it  is 
expended  to  determine  external  forces.  Therefore,  the  calculation 
period  is  determened  mainly  by  the  number  of  transformations  to  the 
motion  equation.  This  number  is  determined  by  the  selected  method  anc 
integration  step.  The  smaller  the  step,  the  nor*'  prolonged  the  calcu.a- 
tlon. 


An  analysis  shows  that  with  the  detecting  of  the  periodic 
resolution  of  the  problem  of  elastic  oscillations  the  necessary 
integration  step  changes  in  very  wide  limits  depending  upon  what 
method  of  numerical  integration  is  used.  Very  poor  results  are 
given  by  ...any  widespread  methods  of  numerical  integration,  such  as 
the  already  mentioned  Euler  method  [see  formula  (9.19)].  Unsuitable 
also  for  the  examined  problem  appeared  to  be  the  widely  known  method 
of  solution  by  means  of  the  Taylor  series.  This  method  leads  to  the 
following  formulas  of  transition  from  instant  t  to  the  instant 
t  +  At: 


*r+i/  =  */  +  4^1  +  ~  A/*?,;  j 


(9.23) 


Value  8#+4i**/(8i+.v.  8/+if)  is  determined  from  the  differential 
equation.  Here  At  is  the  Integration  step. 


More  suitable  to  the  given  case  but  still  insufficiently 
convenient  are  also  the  widely  known  methods  of  numerical  integration 
of  Eunge-Kutta  and  Adams. 

The  best  method  of  checking  the  applicability  of  the  method  of 
numerical  integration  for  resolution  of  the  problem  on  oscillation- 
of  the  blade  is  the  numerical  solution  of  the  equation 

‘i  +  2*8  +  «=»slnv/,  (9.2*0 

which  describes  oscillations  of  a  certain  mechanical  model  constituting 
a  mass  on  a  spring  with  a  damper  (see  Fig.  1.39). 

The  rotor  blade  can  be  examined  as  the  totality  of  a  certain 
number  of  such  models  possessing  various  frequencies  of  natural 
oscillations  and  various  coefficients  of  damping  corresponding  to 
frequencies  and  damping  factors  of  different  tones  of  oscillations  of 
the  blade. 

With  relatively  small  steps  of  At  the  application  of  the  Taylor 
series  for  integration  of  equation  (9.2b)  leads  to  the  solution 
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constituting  the  oscillatory  process  whose  amplitude  approaches  a 
certain  definite  value  different  from  the  accurate  analytic  value  by 
a  value  of  error  of  the  calculation.  With  an  increase  in  the  integra¬ 
tion  step,  at  certain  definite  values  of  at,  tne  solution  disagrees. 

If  the  solution  does  not  disagree,  the  greatest  error  appears  with 
resonance,  i.e.,  when  v  *  1.  Therefore,  we  subsequently  will  estimate 
the  error  by  this  most  difficult  case. 

Figure  1.39  shov-s  the  change  in  peak  values  of  the  oscillatory 
process,  which  is  obtained  as  a  result  of  numerical  solution  of 
equation  (9-24)  with  the  help  of  the  Taylor  series.  As  initial  values 
accurate  analytic  values  6Q  and  6^  are  taken.  These  are  examined 
cases  with  relative  coefficients  of  damping  equal  to  2n  =  0.1  and 
2n  =0.2  and  different  integration  steps. 
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Fig.  139.  Influence  of 
relative  integration  step 
In  the  accuracy  of  tins 
solution. 


Maximum  values  of  5,  obtained  in  the  extent  of  the  period  of 
integration  with  the  ordinal  number  N,  are  accepted  as  the  amplitude 
of  oscillations  in  this  period  and  are  referred  to  the  analytic 
value  of  the  amplitude 
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m-4.  (9.25) 

From  Fig.  1.39  it  follows  that  in  the  process  of  numerical 
integration  the  solution  departs  from  the  accurate  analytic  curve.  The  '{ 
steady  oscillatory  process  has  an  amplitude  always  greater  than  that 
of  the  accurate  value.  The  greater  the  relative  integration  step 
AT,  the  greater  the  error.  The  relative  integration  step  here  is  the 
quantity 

(9.26) 

where  At  is  the  integration  time  step;  T  -  period  of  oscillations  of 

the  model.  j 

I 

? 

The  quantity  of  relative  damping  factor  n  also  noticeably  affects 
the  accuracy  of  the  solution.  From  calculations  it  follows  that  to 
obtain  satisfactory  accuracy  the  relative  integration  step  should  be 
of  the  order  of  1/200  of  the  period  of  oscillations  or  even  less. 

In  the  numerical  integration  of  equations  describing  elastic 
oscillations,  it  is  important  not  only  to  provide  the  required 
accuracy  but  to  use  such  an  integration  step  at  which  there  would  not 
be  a  divergent  solution. 

Determination  of  the  maximum  integration  step  at  which  the 
solution  will  still  be  stable  can  be  carried  out  in  the  following  way. 

Equations  (9.23)  and  (9.2*1)  can  be  examined  as  a  certain  system 
of  difference  equations.  To  determine  the  stability  of  the  solution 
let  us  examine  the  uniform  system  of  difference  equations  [without 
the  right-hand  side  in  equation  (9.2*0]. 

Let  us  write  equations  (9.23)  in  a  somewhat  more  general  form 
Introducing  a  certain  constant  coefficient  k: 

Vfii  =*=  i,  4/8,  .f. 

$<+*/*=  3, -f  Art,. 


(9.27) 
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When  tc  =  0  these  formulas  coincide  with  Euler  formulas  (9.19) 
and  when  tc  *  1/2,  with  Taylor  formulas  (9.23). 


Prom  equation  (9-24)  for  the  case  when  sin  vt  *  0,  let  us 
determine  value  6’t,  and,  substituting  it  into  equations  (9.27),  we 
will  obtain  the  following  system  of  difference  equations : 

8,  +  (^-2/i*A/S)V  1  (9.23) 

—  2/iA/)8|.  | 


We  will  3eek  the  solution  of  this  system  in  the  form: 


8<+4i=Bj4at*+,>;‘ 


(9.29) 


Substituting  (9*29)  into  the  system  of  uniform  difference 
equations  (9.28),  we  will  obtain  the  characteristic  equation  relative 
to  a.  Prom  this  equation  we  will  find  a. 


(9,30) 


In  order  that  value  does  not  tend  to  infinity,  for  n 
is  necessary  the  condition: 

!«!<!. 


00  there 


At  relatively  small  At  and  n  the  value  a,  as  follows  from 
equation  (9.30),  is  the  complex  quantity. 

Determining  modulus  a,  we  will  obtain  the  condition  of  the 
nondivergent  solution: 

|j/  (;?+-!- (9.3D 

or 

A/”2(*+T*a<)<0-  (9.32) 
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Whence 


A/<-^- 

^  l-» 


(f<.33) 


If  the  integration  step  is  referred  to  the  period  of  oscillations 
of  system  T  equal  for  the  examined  simplified  model  2tt  ,  then  we  wl.ll 
obtain  the  condition  of  the  nondivergent  solution 


A7*< 


*(!-»)  ‘ 


Then  for  the  Euler  method  at  k  *  0,  we  will  obtain  that  the 
solution  is  possible  when 


Ar<*  * 


(9.35) 


and  for  the  Taylor  method  at  <  *  ^ 


- 

* 


(9.36) 


Thus  in  order  not  to  obtain  a  divergent  solution,  in  the  use  of 
the  Euler  method  there  is  required  a  twice  smaller  step  than  that  in 
Taylor  method.  Both  methods  give  a  divergent  solution  no  matter  how 
small  is  taken  an  integration  step,  if  the  relative  damping  factor  n 
is  equal  to  zero. 

With  an  increase  in  n  and  At  value  a  becomes  a  real  number.  Value 
a  can  never  be  larger  than  unity  but  can  appear  as  a  negative  v?.lre 
larger  than  unity  in  absolute  value. 


The  condition  that  a  <  1  is  observed  if 


A/*+4«A/— 4>0. 


(O  37) 


Whence  the  instability  of  the  solution  for  the  Euler  method  at 
k  »  0  approaches  when  a?‘> *~*^*~l.  and  only  if  n  >  1,  and  for  the 

i  *  _  t 

Taylor  method  (tc  «  in  the  case  when  A7*>  — However,  these 
conditions  are  usually  overlapped  by  a  more  rigid  condition  (9-36). 


If  these  results  are  transferred  to  a  system  which  represents 
the  blade  of  the  rotor,  then  the  magnitude  of  relative  step  must  be 
selected  proceeding  from  the  period  of  the  highest  tone  of  oscillations 
possible  in  the  system,  since  this  will  lead  to  the  least  value  of 
necessary  step  at  which  numerical  integration  is  possible. 

Figure  1.^0  shows  the  typical  character  of  the  change  in  the 
period  of  natural  oscillations  of  the  blade  and  relative  coefficient 
of  aerodynamic  damping  n  with  respect  to  the  number  of  the  tone  of 
osoillat :  ons  j  .  The  value  of  the  period  of  oscillations  is  calculated 
in  degrees  along  the  azimuth  of  the  blade.  Given  on  the  same  graph 
is  the  dependence  /pj  on  the  number  of  the  tone;  p^  is  the  frequency 
of  the  J-th  tone  of  natural  oscillations  of  the  blade  calculated  in 
oscillations  per  minute.  In  the  region  of  lowest  tones  quantity  p^ 
considerably  changes  with  a  change  in  the  number  of  revolutions  of 
the  rotor  from  n  *  0  to  working  numbers  of  revolutions  n  =  rr  *  . 


Fig.  1.^0.  Dependence  of  the  period 
of  oscillations  of  the  relative 

coefficient  of  aerodynamic  damping 
n  on  the  number  of  the  tone  of 
natural  oscillations  j . 


If  during  calculation  we  are  limited  to  the  calculation  of  only 
the  first  four  tones  of  natural  oscillations  including  the  zero,  whicn 
is  usually  sufficient  for  obtaining  necessary  accuracy  in  practice, 
then  the  integration  step  will  have  to  be  selected  proceeding  from  the 
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period  and  coefficient  of  relative  damping  of  the  highest  (for  thi3 
system)  third  tone  of  natural  oscillations. 

If  one  were  to  consider  that  the  period  of  oscillations  with 
respect  to  the  third  tone  cannot  be  less  than  45°  in  azimuth  of  the 
rotor,  and  the  relative  coefficient  of  aerodynamic  damping  is  not 
less  than  n  *  0.07,  then  for  obtaining  only  a  nondivergent  solution 
the  integration  step  in  accordance  with  expression  (9*36),  should  be 
less  than  2°  and  in  accordance  with  expression  (9.35) ,  less  than  1° 
in  azimuth.  To  obtain  a  satisfactory  accuracy  (see  Fig.  1.39)  it 
would  be  necessary  to  decrease  the  step  even  more. 

This  example  shows  that  the  application  of  shown  methods  of 
integration  to  calculation  of  the  blade  leads  to  very  unsatisfactory 
results.  Methods  of  Runge-Kutta  and  Adams  permit  for  the  same 
example  to  use  an  integration  step  of  the  order  of  3°,  but  they 
prove  to  be  not  very  convenient  because  of  the  fact  that  storage  in 
the  memory  of  the  machine  is  required  of  too  large  variables 
calculated  for  preceding  instants. 

Good  results  are  achieved  by  the  method  of  integration  mentioned 
in  Book  One  (Chapter  IV,  §  7)  with  expansion  of  the  solution  in 
Taylor  series  and  with  repeated  scaling  of  each  integration  step. 

This  method  is  recognized  as  being  fully  suitable  in  application  to 
the  examined  problem  and  is  used  at  present  in  many  programs  of 
calculation. 

Transition  from  instant  t  to  Instant  t  ♦  At  is  produced  by  this 
method  of  numerical  Integration  in  such  a  sequence: 

First  miscalculation: 

—l W "■  '  -  T  1-  '  ■ 

!»♦  »i  ■■  I* -j- A/l| + ~ 


$!♦»«)  1;;  determined  from  the  differential  equation.  Then 

6  la  determined  by  formula 
cp 


(9.38) 


Kp !  *'♦«)• 

Repeated  scaling: 

*”♦«  *= 

4<"  +  A/ft>; 

*!i+*#*s,/(8|V«,  ij+ii)  is  determined  from  the  differential  equation. 

Values  */♦«.  *!♦«  and  are  considered  final  for  the  instant 

t,  4  At. 

The  change  In  variable  6  and  its  first  and  second  time  derivative, 
determined,  in  accordance  with  formulas  (9.38),  is  shown  on  Fig.  1.41. 


i 


Fig.  1.41.  Dependence  of  vari¬ 
able  6  and  its  first  and  second 
time  derivative. 


Figure  1.42  gives  the  stabilized  solution  of  equation  (9.?4), 
obtained  a3  a  result  of  numerical  integration  by  this  raetnod.  The 
solution  13  given  with  various  values  of  the  integration  step.  The 
heavy  line  shows  the  accurate  analytic  solution. 

At  the  relative  step  1/7?  and  less,  numerical  integration  gives 
solution  almort  accurately  coinciding  with  the  *nn;ytic.  At  a 


i 


Pig.  1.42.  Results  of  numerical 
solution  of  equation  (9 -2F) 
depending  upon  the  relative 
integration  step. 


larger  relative  step  there  appears  considerable  distinction  between 
the  accurate  and  numerical  solution,  which  can  be  seen  in  Pig.  1.42. 

At  the  relative  step 

Af>Jl  (9.39) 


the  solution  diverges. 

To  exclude  the  possibllty  of  the  appearance  in  the  system  of 
divergent  solutions  the  integration  step  should  not  be  larger  than 
approximately  one-third  of  the  period  of  the  highest  tone  of  oscilla¬ 
tions  of  the  system  having  the  smallest  period.  A  very  important 
advantage  of  this  method  is  the  fact  that  the  maximum  integration 
step  practically  does  not  depend  on  the  value  of  the  relative  damping 
factor. 

For  the  blade  with  parameters  shown  on  Fig.  1.40,  Fig.  1.43 

give-.*  a  comparison  of  maximum  steps  b*  Tor  the  examined  me v nods 

npea 

of  Integration  depending  upon  the  number  of  highest  tone  1  of 

0 

natural  oscillations  of  the  system. 

If  one  were  to  be  limited  to  calculation  of  only  the  first  four 
tone;*,  of  natural  sciilatlor.s,  then  in  accordance  with  expression 
(9*39)  to  obtain  a  rondlvergent  solution  it  is  sufficient  to  have  an 


1 59 


integration  step  of  about  lb'"  In  azimuth  of  the  blade,  i.e., 
approximately  7  times  larger  than  in  the  same  without  repeated  scaling. 

Results  of  the  solution  of  equation  (9.2*0  permit  tentatively 
determining  the  error  in  values  of  amplitudes  corresponding  to 
different  tones  of  oscillations  of  the  blade  depending  upon  the 
integration  step  used.  By  error  we  mean  here  the  difference  between 
the  exact  analytic  value  of  the  amplitude  of  oscillations  and  the 
value  obtained  as  a  result  of  numerical  integration.  With  Integration 
by  means  of  Taylor  series  with  repeated  scaling,  this  difference  is 
always  positive.  This  means  that  the  numerical  solution  always  leads 
to  an  understating  of  the  amplitude  of  oscillations. 


Pig.  Comparison  of 

maximum  steps  for  two  methods 
of  numerical  integration: 

-  maximum  step  during 

integration  with  expansion  of 
the  solution  in  Taylor  series, 

-  maximum  step  during 

integration  with  repeated 
scaling  by  formulas  (9.38). 


Errors  of  calculation  in  percent  ^f  the  exact  vn  ue  of  the 
amplitude  for  various  tones  of  oscillations  of  the  blade,  with  the 
usual  parameters  depending  upon  the  step  during  integration  by  mean;' 
of  Taylor  series  with  repeated  scaling,  are  given  in  Table  1.11. 


The  given  data  show  that  the  value  of  the  necessary  integration 
step  and,  consequently,  the  duration  of  calculation  are  determined 
mainly  by  parameters  of  that  system  which  represents  the  blade  of  the 
rotor.  The  greater  tne  system,  ha.-  degreen  of  freedom ,  the  greater  it 
has  loner,  of  natur;.  1  oscillations,  the  less  *h<  period  of  oscillation 


Table  1.11. 


*•'  ai*r  ef  ter* 

Error  of  oa)  col  at  lor.  In  f  of  t h«  exact  vajuo  of 
'ha  aopji'  da  with  lnta-ratlor.  step  In  dagrat* 

0.3  | 

1  *.• 

2.5 

*  1 

1  1 

30 

tro 

<0.1% 

<0.!% 

<0.1% 

0.3% 

5% 

35% 

i  >• 

<0.1% 

<0.1% 

0.4% 

6% 

12% 

90% 

3  iu 

<0.1% 

0,3% 

5% 

35% 

45* 

10% 

S  r.1 

<0.1% 

0.4% 

15% 

30% 

75% 

S 

<0.1% 

3% 

20* 

70% 

M  h 

1% 

30% 

»% 

30  t 

40% 

r<iyar.»,t  tol'.-tl 

90  t*. 

90% 

1 

• 

of  the  highest  tone  and  the  less  should  be  the  integration  step. 
Therefore,  the  duration  of  calculation  is  considerably  reduced  : f  one 
were  to  decrease  the  number  of  degrees  of  freedom  of  the  system.  All 
these  considerations  appear  expecially  important  in  the  application 
of  direct  methods  of  calculation  not  using  limitations  superimp: sod 
on  forms  of  oscillations  of  the  blade.  These  methods  will  be 
examined  in  5  10  this  chapter. 


7.  Method  of  Numerical  Integration  Proposed  by 
L.  N.  Grodko  and  0.  P.  Bakhov 

In  the  numerical  integration  of  differential  equations  of  elastic 
oscillations  of  the  blade  by  the  method  proposed  by  L.  N.  Grodko  and 
0.  r.  Bakhov,  in  fcmulas  (9.27)  the  value  of  coefficient  <  is  taken 
to  be  equal  to  unity. 


The  condition  of  stability  (9.31)  is  simplified  and  takes  the 

form 

\y  l-2*f«|<l.  f  9  .**0) 

Consequently,  at  <  ■  1  a  divergent  solution  with  the  complex 
value  ot  is  net  possible.  From  the  condition  that  o  Is  the  complex 
number,  condition  f 9 - *0 )  is  correct  only  for  values  tt  j  ?  -  2n. 

From  condition  (9-37)  we  will  obtain  that  the  solution  will  not 
be  divergent  while 


l  u 


(9. HI) 


U<*V1±, 


f — - — 


a 

2»-r 


Whence  at  <  ■  1  we  will  obtain  that 


f  gVi  +**  — « 

« 


(9.H2) 


Tust  as  with  Integration  by  means  of  the  Taylor  series  with 
double  scaling,  this  method  does  net  give  a  divergent  solution  when 
n  *  0  and  has  approximately  the  same  value  of  the  maximum  step. 


In  reference  to  resolution  of  problems  of  elastic  oscillations, 
its  accuracy  Is  no  worse  than  that  of  the  preceding  method.  The 
volume  of  computing  operations  decreases  almost  twice.  Therefore  the 
given  method  of  numerical  integration  can  be  recommended  for  practical 
application. 


S.  3equer.ee  of  Operations  in  the  Fulfillment  of 
the  Calculation  and  a  Practical  Evaluation 
of  Different  Integration  Steps 

On  the  whole  the  calculation  of  elastic  oscillations  of  the  tla.ie 
is  conducted  in  suen  a  sequence; 


1.  Arbitrary  initial  values  4^  and  4^  on  the  azimuth  w  *  0  arc 


prescribed. 


1'.  By  formula  C  9 . «  0  >  th«*r-'  are  determined  va  luer  of  aero'iy  r.am ; 
forces  Tj ,  for  the  determinati  on  gf  which  pre  1  ir.inarUy  such  parameter.- 
sle^Ujid  br  calculated  - 1  o  Pt.  (/,#.  i/|n  O*  o*.  It.  *  94  *  r.*;  c,,. 

J.  Prom  equations  (9.16)  values  4*  are  determined.  Values  s, 
and  fj  entering  in  this  equation  are  calculated  beforehand,  after 
determination  cf  forms  of  natural  ?s  :*  1  Intiorus  of  the  blade,  ^nd  ere 
not  changed  1m  process  of  calculation. 


•  »  •  »-  *  - 


arric". 


Trar.s  it  ion  t  '>  th'  fill 


•u  1. 


accordance  with  the  selected  method  of  numerical  integration,  : or 
example,  by  formulas  (9*38) 


i'-mi  «*  + ~ 


Values  *IV*j  and  for  the  instant  t  +  it  are  cor  ' Vue  ."'*d 

by  firal.  For  transition  to  the  following  azimuth  the  whole  cy«  ( 

Is  ajrair.  repeated. 

This  method  of  integration  can  be  recommended  as  being  hlghlv 
accurate  and  quite  fully  proved  in  practice  in  the  calculation  or 
elastic  oscillations  of  the  blade. 

Numerical  integration  is  fulfilled  during  the  period  of  several 
resolutions  of  the  rotor,  until  all  values  6^  in  two  consecutive 
revolutions  will  be  distinguished  by  less  than  the  prescribed  accuracy 
of  the  calculation.  The  performed  calculations  show  that  any  prescribed 
accuracy  can  b*»  attained. 

Practically,  however,  it  is  assumed  that  th»*  calculation  J - 
completed  when  th**  accuracy  in  the  determination  of  coefficients  >f 
deformations  becomes  equal  to  R/iOQG  (H  -  radius  of  the  rotor  j.  *I>er» 
necessary  th  re  can  be  assigned  and  high  accuracy. 

Values  oT  flexural  stresses  on  each  aximuth  can  be  determined 
by  formula 


s-2^. 

/ 
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where  c^  ar<  standardized  values  of  flexural  stresses,  i.e.,  bending 
stresses  of  the  blade  according  to  the  standardized  form  of  natural 
oscillations  of  the  J-th  tone. 

The  duration  of  the  period  of  the  transition  process  to  steady 
motion  very  greatly  depends  cn  assigned  initial  values  of  coefficients 
of  deformations.  At  the  correctly  assigned  initial  values  6^  and 
the  calculation  is  finished  after  miscalculation  of  two  revolutions 
of  the  rotor.  With  unsuccessfully  determined  initial  vlaues  of  6^ 
the  calculation  can  involve  8-10  revolutions. 

In  the  program  of  calculation  there  should  also  be  provided  for 
the  possibility  of  the  refinement  parameters  of  conditions  of  flight 
9nt  cl,  p  and  X  after  miscalculation  of  each  revolution.  These 
parameters  are  refined  in  such  a  way  that  the  rotor  provides  values 
of  thrust  and  propulsive  force  prescribed  in  initial  data.  It  is 
natural,  therefore,  that  the  duration  of  calculation  is  determined 
also  by  the  correctness  of  assignment  of  parameters  of  flight 
conditions . 

For  a  more  precise  definition  of  parameters  of  flight  conditions 
and  also  for  tne  solution  of  other  problems  in  the  process  of  calcula¬ 
tion  different  integral  characteristics  of  the  rotor,  such  as  thrust 
T  ,  longitudinal  force  H,  torque  M  ,  etc.,  should  be  determined. 

Proceeding  from  practical  needs,  oscillations  of  the  blade  can 
quite  fully  he  represented  with  the  help  of  four  tones  of  natural 
oscillations.  In  this  case,  even  proceeding  from -Table  1.11,  where 
the  greatest  errors  appearing  with  resonance  are  given,  good  accuracy 
can  be  obtained  with  the  integration  step  Ap  =  2.5°  ■ 

However,  practically  in  those  cases  when  clearly  expressed 
resonances  are  absent,  or  in  the  system  there  are  quite  large  damping 
forces  which  provide  a  damping  factor  larger  than  2n  =  0,1,  used  in 
the  composition  of  Table  1.11,  the  accuracy  of  the  calculation  actually 
does  nos  drop  at  the  step  Ap  -  5°  and  sometimes  even  at  the  step 
Aip  »  10°.  This  circumstance  is  of  great  importance  for  saving  time 
during  calculation  on  computers  with  an  average  counting  rate.  Thus 
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with  calculation  on  the  computer  "Screla”  to  determine  the  motion  of 
the  blade  during  the  period  of  one  revolution  of  the  rotor  about  6 
minutes  is. required  at  the  step  of  10°.  With  a  decrease  in  the  step 
tne  counting  time  is  increased  accordingly,  and  at  the  step  of  2.5° 
the  duration  increases  so  much  that  fulfillment  of  calculation  on 
this  computer  becomes  difficult.  In  the  calculation  on  a  more  high¬ 
speed  computer  M-20  these  considerations  lose  their  value. 

Figure  1.44  gives  as  an  example  values  of  coefficients  of 
deformations  calculated  for  one  of  the  helicopters  in  flight  conditions 
at  a  speed  corresponding  to  \i  *  0.3.  These  conditions  for  the  examined 
helicopter  are  far  from  stall,  and  therefore,  the  calculation  is 
performed  in  the  linear  setting  under  assumptions  described  in  No.  3 
of  §  8.  Under  these  assumptions  the  calculation  was  made  with  the 
step  of  integration  of  2.5°,  5°  and  10°.  Results  of  these  calculations 
shown  on  Fig.  1.44  by  a  solid  line,  practically  completely  coincide. 

On  the  basis  of  these  data  the  conclusion  can  be  made  that  in 
conditions  of  flight  quite  remote  from  stall,  when  there  is  used  a 
linear  approach  to  resolution  of  the  problem  and  in  the  solution  low 
tomes  of  oscillations  prevail,  and  acting  on  the  blade  are  considerable 
forces  of  aerodynamic  damping,  without  essential  losses  the  calcula¬ 
tion  can  be  accurately  fulfilled  with  the  integration  step  of 
Ai|i  =  10°. 

The  pattern  changes  in  examining  conditons  In  which  the  beginning 
of  stall  is  noted.  The  stall  leads  to  an  increase  in  oscillations 
with  respect  to  higher  tones  and  to  a  sharp  decrease  in  coefficients 
of  aerodynamic  damping.  Due  to  this  it  is  necessary  to  decrease 
the  integration  step. 

Figure  1.45  shows  results  of  calculation  of  coefficients  of 
deformation  with  the  use  of  the  step  A4»  =  5°  and  AiJ>  =  10°  for  the 
same  rotor  which  was  examined  above  but  in  conditions  with  u  =  0.4 
with  the  stall  which  was  begun.  Calculation  was  performed  taking  into 
account  the  nonlinear  dependence  of  aerodynamic  coefficients  on  the 
angle  of  attack  of  the  profile  a  and  the  M  number.  The  appearance 
of  stall  leads  to  a  sharp  increase  in  amplitudes  of  oscillations 
with  respect  to  forms  of  highest  tones,  which,  as  is  known,  without 
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stall  have  less  values  than  do  coefficients  of  aerodynamic  damping. 
Therefore,  the  lowering  of  aerodynamic  damping  with  stall,  first  of 
all,  has  an  effect  on  amplitudes  of  oscillations  with  respect  to 
these  forms.  All  of  this  led  to  the  fact  that  the  calculation  with 
step  Ai(>  *  10°  introduced  considerable  errors  into  the  calculation  of 
coefficients  of  deformations  6„  and  50.  In  Fig.  1.45  this  can  be 
seen  from  a  comparison  with  the  calculation  where  =  5°  •  Therefore 
to  reduce  the  error  during  calculation  of  deformations  in  conditions 
with  a  stall  which  has  begun,  the  integration  step  must  be  decreased 
down  to  values  of  the  order  of  Aij;  =  (2.5-5)°. 

9-  Comparison  of  Results  of  the  Calculation  According 
to  the  Method  of  Numerical  Integration  with  the 
Method  of  Calculation  with  Respect  to  Harmonics 

Discussed  above  was  the  method  of  calculation  of  stresses  with 
respect  to  harmonics  in  a  linear  setting  with  assumptions  enumerated 


Fig.  1.44.  Comparison  of 
coefficients  of  deformations 
obtained  as  a  result  of 
solution  of  equations 
according  to  the  method  of 
B.  G.  Galerkin  and  numerical 


a 


integration  when  c  -  c  a 

y  y 


and  y  =  0.3* 


in  No.  3  of  §  8.  Such  a  method  can  be  used  with  success  for  conditions 
of  flight  quite  remote  from  stall.  It  has  a  great  number  of  advantages, 
first  of  all,  being  a  relatively  small  duration  of  calculations. 

Figure  1.44,  by  a  dashed  line  for  a  comparison,  gives  coefficients 
of  deformations  calculated  by  the  method  of  calculation  with  resepct 
to  harmonics  discussed  in  §  8  for  the  same  conditions  of  flight  at 
y  =  0.3  with  the  linear  dependence  c  *  c°Ja.  The  comparison  of 

V  J 

methods  of  calculation  indicates  the  good  coincidence  of  results. 

The  small  distinction  can  be  explained  by  a  certain  difference  in 
initial  parameters  of  conditions  of  flight. 


10.  Certain  Results  of  Calculations 

Let  us  give  individual  results  characterizing  those  new  possibil¬ 
ities  for  theoretical  researches  which  reveal  the  method  of  numerical 
integration,  taking  into  account  the  nonlinear  dependence  of  aero¬ 
dynamic  coefficients  with  respect  to  the  angle  of  attack  a  and  M 
number  as  compared  to  linear  methods  of  calculation. 


Fig.  1.45.  Coefficients  of  defor¬ 
mations  at  the  beginning  of  stall 
at  u  »  0.4. 
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One  of  the  important  advantages  of  the  method  of  numerical 
integration  is  the  possibility  to  perform  calculations  of  stresses 
under  conditions  similar  to  stall  conditions  of  flight. 

Calculations  show  that  with  an  approach  to  stall  there  is  a 
sharp  decrease  in  aerodynamic  oscillation  damping  of  the  blade  and 
an  increase  in  amplitudes  of  oscillations  with  those  harmonics 
which  are  found  in  resonance  or  near  resonance  with  frequencies  of 
natural  oscillations  of  the  blade.  Prom  the  examination  of  deformation 
ratios  given  in  Pig.  1.45,  it  is  clear  that  oscillations  with  respect 
to  the  first  tone  occur  basically  with  the  second  harmonic,  oscilla¬ 
tions  with  respect  to  the  second  tone  -  with  the  fourth  harmonic, 
and  oscillations  with  respect  to  the  third  tone  -  with  the  sixth 
harmonic  to  revolutions  of  the  rotor,  i.e.,  only  frequencies  close  to 
frequencies  of  natural  oscillations  of  the  examined  blade.  An 
especially  sharp  increase  in  the  amplitude  of  oscillations  occurs  with 
respect  to  forms  of  relatively  higher  tones  of  oscillations,  which  on 
Pig.  1.45  can  be  observed  in  the  example  of  coefficients  5^  and  6^. 

The  appearance  of  stall  is  characterized  by  a  sharp  increase  in 
amplitudes  of  varying  stresses  in  the  blade.  Figure  1.46  gives  values 
of  maximum  amplitudes  of  varying  stresses  over  the  radius  of  the  blade 
according  to  the  speed  of  flight  calculated  taking  into  account  the 
linear  and  nonlinear  dependence  cy  =  f(a,  M).  The  sharp  increase  in 
stresses  is  a  very  convenient  criterion  in  the  determination  of  the 


Fig.  1.46.  Dependence  of  maximum 
amplitude  of  varying  stresses 
over  the  blade  on  the  speed  or 
flight. 


i 
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Pig.  1.4y.  Distribution  of  the 
amplitude  of  varying  stresses  and 
first  two  harmonic  components  of 
stresses  over  the  radius  of  blade 
at  u  *  0.4. 


Fig.  1.4$.  Distribution  of  ampli¬ 
tudes  of  the  third,  fourth,  fifth 
and  sixth  harmonic  components  of 
stresses  over  the  radius  of  the 
blade  at  u  •  0.4. 
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beginning  of  stall  in  the  calculation  of  aerodynamic  properties  of 
the  rotor. 

The  harmonic  composition  of  varying  stresses  acting  with  stall 
and  their  distribution  over  the  radius  of  the  blade  are  shown  in 
Pigs.  1.47  and  1.48. 

It  is  necessary  to  pay  attention  also  to  the  fact  that  a 
substanltal  difference  in  results  of  linear  and  nonlinear  calculation 
is  observed  in  conditions  sufficiently  remote  from  stall. 

Figure  1.49  shows  coefficients  of  deformations  calculated  for  the 
same  helicopter  at  u  ■  0.3  with  a  linear  and  nonlinear  dependence 
c  «  f(o,  M),  and  Fig.  1.50  shows  harmonic  components  of  stresses 
corresponding  to  them  and  their  amplitudes  oA,  constructed  over  the 
radius  of  the  blade.  As  can  be  seen  from  this  figure,  the  results 
are  distinguished  quite  substantially. 


Fig.  1.49.  Comparison  of 
coefficients  of  deformations 
calculated  by  calculation 
of  the  linear  and  nonlinear 
dependence  c  »  f(a,  M)  for 

conditions  u  *  0.3  far  from 
stall . 


?oo 


Fig.  1.50.  Distribution  of  the 
amplitude  of  varying  stresses 
and  first  four  harmonic 
components  over  the  radius  of 
the  blade  at  y  =  0.3. 


Thus  even  from  those  data  which  are  given  here  by  us,  it  is 

clear  that  calculation  of  varying  stresses  in  the  blade  taking  into 

account  the  nonlinear  dependence  c  =  f(a,  M)  permits  revealing 

«/ 

a  whole  series  of  Interesting  peculiarities  having  considerable 
influence  on  the  strength  of  the  rotor. 

5  1 0 .  Calculation  of  Flexural  Oscillations  with  a  Direct 
Determination  of  TraJ octorlos  of  the"  Motion" 
of  Points  of  the  Blade 

1.  Essence  of  the  Method  of  Calculation 

In  paragraphs  of  §  7,  8,  and  9  there  were  discussed  methods  of 
calculation  of  flexural  oscillations  of  the  blade  where  the  form  of 
its  deformations  was  determined  with  the  help  of  the  E.  G.  Galerkin 
method.  For  this  deformations  of  the  blade  were  expanded  in  series 
with  respect  to  known  functions  assigned  beforehand.  As  these 
functions  it  was  proposed  to  use  forms  of  natural  flexural  oscillations 
of  the  blade  in  a  vacuum.  It  was  affirmed  that  for  practical  purposes 
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it  sufficiently  to  be  limited  only  to  the  first  four  tones  of 
natural  oscillations. 

Here  methods  will  be  examined  which  allow  rejecting  this  assump¬ 
tion  and  finding  deformations  of  the  blade  by  means  of  direct  deter¬ 
mination  of  trajectories  of  the  motion  of  a  certain  number  of  points 
of  the  blade  without  decomposition  of  the  form  of  oscillations  with 
respect  to  function3  assigned  beforehand. 

To  determine  the  motion  of  separate  points  of  the  blade  it  is 
convenient  to  use  a  model  of  the  blade  with  discretely  distributed 
parameters.  In  this  case  the  mass  of  the  blade  is  simulated  with  the 
help  of  a  number  of  concentrated  loads  distributed  along  its  length. 

For  such  a  mechanical  model  there  can  be  written  a  system  of 
differential  equations  of  the  form:  : 

(io.i) 

where  i  =  C,  1,  2,  .  ..,  z;  —  second  time  derivative  of  movements 
yi  of  the  i-th  concentrated  load  with  mass  it^;  values  are  counted 
off  from  the  plane  of  rotation  of  the  rotor;  —  elastic  force 
affecting  the  i-th  mass  of  m^  from  the  side  of  adjacent  sections  of 
the  mechanical  model  of  the  blade;  —  external  aerodynamic  force 
affecting  the  i-th  point  of  the  blade  where  one  of  the  concentrated 
loads  is  located. 

The  system  of  equations  (10.1)  describes  the  motion  of  all  masses 
of  the  mechanical  model  of  the  blade.  Therefore,  it  consists  of  such 
a  number  of  equations  with  variables  y^,  which  is  equal  to  the  number 
of  masses  of  the  examined  mechanical  model. 

However,  not  all  variables  yi  entering  into  system  (10.1)  are 
Independent,  since  the  motion  should  satisfy  the  condition  of 
equilibrium  of  the  whole  system: 

I 

2  ~ 7"/)=0«  (10.2) 
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It  is  most  convenient  of  ail  to  consider  that  the  independent 
variables  are  movements  of  all  the  masses  besides  the  shank  mass  mQ . 
Then  motion  of  the  shank  mass,  if  we  assume  Tfi  =  0,  can  be  determined 
in  accordance  with  (10.1)  as 

where 


co==2(r/-'nii'/)'  (10.3) 

i 

This  condition  of  equilibrium  of  forces  is  automatically  fulfilled 
with  the  use  of  formulas  mentioned  below. 

Thus  the  examined  system  can  be  described  by  independent  variables 
whoso  number  per  unit  is  less  than  the  number  of  concentrated 
masses  of  the  mechanical  model  of  the  blade.  Consequently,  the  number 
of  decrees  of  freedom  which  this  system  has  is  equal  to  the  number 
of  sections  of  the  calculation  diagram  and  is  less  per  unit  than  the 
number  of  concentrated  masses. 

Solution  of  the  system  of  equations  (10.1)  can  be  obtained  with 
the  help  of  numerical  integration  with  respect  to  time.  For  this  at 
each  instant  it  is  necessary  to  determine  forces  and  Ti .  Deter¬ 
mination  of  forces  T^  can  be  carried  out  by  formulas  (9-20)  whose 
derivation  of  which  is  given  In  §  9 .  Determination  of  elastic 
forces  C1  has  many  peculiarities  which  should  be  discussed  here. 

2.  Deterrnlnat ion  of  Elastic  Forces  Applied  to  the 
Examined  Point  of  the  Blade  from  the 
Side  of  Adjacent  Sections 

Let  us  examine  more  specifically  the  mechanical  model  of  the 
blade  accepted  for  calculation.  In  the  beginning  we  will  examine  the 
model  of  the  beam  type.  Let  us  represent  the  blade  in  the  form  of  a 
weightless  free  beam,  subordinated  to  certain  boundary  conditions  on 
the  ends  and  divided  into  z  sections,  along  the  edges  of  which 
concentrated  loads  are  located  (Fig.  1.51).  Lengths  of  the  sections 
can  be  different. 
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Fig.  1.51 •  Model  of  the 
blade  examined  in  the 
calculation . 


The  flexural  rigidity  of  the  blade,  as  earlier,  will  be  represented 
in  the  form  of  a  step  curve  in  such  a  way  that  it  remains  constant 
in  the  extent  of  each  section.  We  will  consider  the  centrifugal  force 
as  being  applied  only  to  the  loads.  Therefore,  in  the  extent  of  each 
section  the  magnitude  of  it  will  not  be  changed.  We  will  also 
consider  that  aerodynamic  forces  are  applied  only  at  attachment 
points  of  loads  as  if  to  each  load  a  separate  flap  with  an  area  Si  is 
attached. 

To  create  conditions  of  sealing  of  the  blade  in  the  shank  we 
will  consider  that  the  centrifugal  force  is  received  by  special 
attaching  of  the  shank  mass  rriQ ,  v/hich  can  freely  move  vertically. 

With  solution  of  the  present  problem  the  creation  of  the  freedom  of 
motion  of  the  shank  mass  vertically  is  not  obligatory.  However, 
in  other  problems  connected  with  the  determination  of  joint  forms  of 
oscillations  of  the  blade  and  fuselage,  this  condition  appears 
necessary.  When  oscillations  of  the  fuselage  are  not  considered  and 
the  blade  is  considered  fastened  to  the  hub  as  on  a  rigid  base, 
conditions  of  shank  sealing  in  the  calculation  are  created  by  means 
of  assignment  of  a  necessary,  usually  quite  large  mass  mQ . 

It  is  natural  that  the  nearer  such  an  idealized  diagram  will 
describe  the  true  picture  of  oscillations  of  the  blade,  the  larger  the 
number  of  sections  the  blade  will  have.  Practically  quite  accurate 
the  blade  can  be  represented  by  a  configuration  in  the  form  of  a 


Fig.  i.52.  Diagram  of  forces 
affecting  adjacent  elements 
of  the  blade. 


beam  consisting  of  25-30  sections  and  of  such  number  of  concentrated 
masses . 


To  determine  elastic  forces  C,  we  will  formulate  equations  of 
deformations  of  the  blade.  Figure  1.52  shows  forces  affecting  two 
adjacent  seconds  of  the  deformed  blade.  Let  us  write  out  equations 
of  deformations  of  these  sections. 

Inasmuch  as  the  Inertial  and  aerodynamic  forces  for  the  examined 
mechanical  model  of  the  blade  are  applied  only  along  edges  of  the 
seconds,  deformations  of  each  section  can  be  determined  by  the 
equation 


[f/Zr-W-3-  (10.it) 

The  magnitude  of  flexural  rigidity  El  and  centrifugal  force  N 
does  not  change  In  the  extent  of  each  section.  Therefore,  they  can  be 
carried  out  beyond  the  sign  of  differentiation.  Then  equation  (10.il) 
can  be  copied  in  the  form 


(10.5) 


where  M  =  EIy,T 


is 


the  bending  moment  in  the  section  of  the  blade, 


arid 
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The  solution  of  equation  (10.5)  can  be  recorded  as 


Mj--  .4  shpx-f  B  chpjc. 


(10.6)  ^ 


where  coefficients  A  and  B  can  be  obtained  from  boundary  conditions. 
Thus  for  the  section  1-2  at  x  =  0  Mx  =  ,  and  x  a  Mx  *  H^. 

Substituting  these  conditons  into  (10.6),  we  will  obtain: 


Here  a,  =  a 


A=—7~ 

sh  a, 


Ih  aj  * 


.  B 


(10.7) 


Taking  into  account  (10.7)  and  the  fact  that  Mx  =  EI12y,,J 
equation  (10.6)  can  be  recorded  in  the  form: 

- shj»x-f  Af,chjvc.  (10.8) 

{.  »h  «»  0|  J 

Integrating  equation  (10.8)  twice  and  considering  that  at 
x  a  o  y'  «  P1;  y  *  y1,  and  at  x  *  y*  *  B2;  y  *  y2,  we  will  obtain: 


bx  in* *”  yi)  *  -j-  e, Mx  +  P, I 


(10.9) 


or 


bx{yt— Vt),m 


(10.10) 


Here : 


_ — iV 

^ia  \  th  <h  / 


The  equation  of  deformations  for  section  0-1  can  be  recorded  by 
analogy  with  equation  (10.10): 


*o(id-ya)=  -<Vw»-<Vwo-fPi 


( i  o .  n  ) 


O 


2C6 


Changing  in  equation  (10.11)  all  signs  to  the  opposite  and 
adding  with  equation  (10.9),  we  will  obtain: 

d*Mt+CiM ,  (10.12) 

.here 


ci^t-eu 

+ (&b>4  ^i)  Hi  4  biH* 

Performing  the  same  operation  for  other  adjacent  sections,  we 
will  obtain  the  system  z  of  equations  of  the  following  form: 


Table  1.12. 
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This  system  of  equations  is  recorded  here  by  us  in  form  of  a 
table.  Any  of  the  equations  of  the  system  constitutes  a  sum  of 
products  of  coefficients  occupying  in  the  rectangular  Table  1.12  one 
line  by  unknown  functions  M1,  which  enter  simultaneously  into  several 
equations  and  carried  out  vertically  in  a  special  line  placed  from 
at  the  top  of  the  Table  1.12.  In  this  line  there  is  recorded  the 
unknown  function  6Q  entering  only  in  first  equation.  Right  sides  of 
equations  A,  are  placed  in  a  special  column. 

The  system  of  equations  of  Table  1.12  is  solved  by  the  elimination 
of  unknowns.  This  method  was  already  described  in  No.  5  of  §  4. 

This  the  system  of  equations  written  above  permits  determining 
values  of  the  angle  of  rotation  of  the  blade  in  the  shank  and  all 


•■■f — ^Jtnen 
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values  of  bending  moments  if  tne  form  of  deformations  of  the  blade 
-as  a  totality  of  values  is  known. 


To  determine  the  elastic  force  it  is  necessary  to  fulfill  a 
number  of  consecutive  operations,  the  first  of  which  consists  in  the 
solution  of  the  system  represented  by  Table  1.12.  In  this  sequence 
of  operations  it  is  expedient  to  include  the  determination  of 
aerodynamic  forces  of  angles  of  turn  by  the  elastic  axis  of  the  blade 
6^  subsequently  necessary  for  calculation: 

ii'i — —  -f  (10.13) 


According  to  known  values  from  the  condition  of  equilibrium  of 
elements,  one  can  determine  the  shear  force  constant  in  the 

extent  of  each  section  of  the  blade.  Actually,  equating  to  zero  of 
the  sum  of  moments  of  all  forces  acting  on  the  section  i,  i  +  1,  we 
will  obtain  the  equation 


u « ( Ui+i Af|+i. 


(10.14) 


from  which  the  value 


Q 


1,1+1* 


Knowing  the  values  of  shear  forces  along  the  length  of  the  blade, 
one  can  determine  the  elastic  force  applies  to  the  mass  from 
the  side  of  the  adjacent  sections: 


«=b0i,i+i — Qi-u- 


(10.15) 


The  given  calculations  permit  determining  all  values  of  elastic 
forces  acting  from  the  side  of  adjacent  sections  on  the  given  mass 
the  form  of  deformation  is  known. 

3.  Peculiarities  of  Numerical  Integration 
of  Equations  (10.1) 

Above  In  §  9,  there  were  already  described  the  basic  peculiaritie 
of  the  application  of  numerical  integration  to  the  solution  of 
differential  equations  of  elastic  oscillations  of  the  blade.  It  was 
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shown  that  the  success  of  numerical  integration  to  a  considerable 
degree  is  determined  by  the  magnitude  of  maximum  step,  which  is 
i^ectly  connected  with  the  least  period  of  oscillations  of  the  mechan¬ 
ical  model  examined  as  an  analog  of  the  blade.  The  maximum  step  of 
integration^should  not  be  too  small,  since  the  calculation  in  this 
case  will  be  excessively  extended  in  time. 

A  peculiarity  of  the  model  examined  here  is  the  fact  that  it 
has  as  many  tones  of  natural  oscillations  as  there  are  sections  along 
che  length  of  the  blade.  As  was  noted  above,  to  decrease  the  errors 
with  transition  from  the  blade  to  the  analog  of  the  mechanical  model 
it  is  necessary  to  represent  the  blade  by  means  of  not  less  than  25-30 
sections  with  the  same  quantity  of  concentrated  masses.  Therefore, 

In  the  determination  of  the  maximum  step  of  integration  in  this  case 
It  is  necessary  to  proceed  from  the  period  of  the  highest  —  thirtieth 
tone  of  natural  oscillations  of  the  model. 

Figure  1.40  shows  the  dependence  of  the  frequency  and  period  of 
natural  oscillations  of  the  standard  blade  of  a  helicopter  with  respect 
to  the  number  of  the  tone.  From  this  figure  it  follows  that  the 
period  of  thirtieth  tone  of  natural  oscillations  consists  of  about  one 
degree  in  azimuth  of  the  rotor.  Above  it  was  already  stated  that  in 
the  use  of  the  most  profitable  method  of  numerical  integration  for 
obtaining  a  nondivergent  solution  the  step  of  integration1  should  be 
less  than  one-third  of  the  period  of  the  highest  tone.  Consequently, 
for  the  method  of  calculation  examined  here  the  step  of  integration 
should  be  less  than  0.3°  in  azimuth  of  the  rotor.  In  this  case  the 
solution  will  be  stable,  and  the  considerable  error  appearing  in  the 
determination  of  amplitudes  corresponding  to  high  tones  of  oscillations 
cannot  be  taken  into  account,  since  their  values  are  usually  small 
and  stresses  in  the  blade  are  determined  basically  by  several  first 
tones  of  natural  oscillations.  The  amplitude  of  oscillations  with 
respect  to  these  tones  will  be  determined  with  good  accuracy. 

From  the  given  considerations  it  becomes  clear  that  for  the  use 
of  the  method  of  calculation  with  a  direct  determination  of  trajectories 
of  motion  of  points  of  the  blade  it  is  profitable  to  use  a  model  with 
the  minimum  number  of  concentrated  loads.  It  is  desirable  to  be 
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Pig.  1.53.  Bending  moments 
with  respect  to  the  first 
tone  of  natural  oscillations 
calculated  with  a  different 
number  of  masses. 


limited  to  models  with  a  number  of  loads  of  the  order  of  not  more 
than  12-15.  It  is  necessary  to  note  that  at  such  a  small  number  of 
sections  the  beam  model  of  the  blade  examined  above  begins  to  introduce 
into  the  calculation  errors  connected  wit£  peculiarities  of  this  model. 
For  an  illustration  of  these  peculiarities  Fig.  1.53  gives  the  form 
of  the  bending  moment,  which  corresponds  to  the  first  tone  of  natural 
oscillations  of  the  blade  calculated  for  z  *  28  (solid  line)  and 
z  »  12  (dashed  line).  From  Fig.  1.53  it  follows  that  with  a  small 
number  of  sections  the  bending  moment  in  the  beam  model  begins  to 
reveal  peculiarities  characteristic  for  very  flexible  beams  loaded  by 
shearing  forces  in  the  field  of  centrifugal  forces,  i.e.,  at  location 
places  of  the  masses  concentrations  of  the  bending  moment  appear. 

This  peculiarity  was  already  discussed  in  §  4,  No.  9.  The  appearance 
of  these  concentrations  considerably  reduces  the  accuracy  of  the 
calculation.  Therefore,  application  of  beam  models  with  a  number 
of  sections  less  than  25  (z  =  25)  is  not  recommended.  At  a  small 
number  of  masses  errors  of  such  kind  do  not  appear  in  the  use  of  a 
multihinged  segmented  model,  although  forms  of  oscillations  of  higher 
tones  will  be  quite  greatly  distorted.  On  Fig.  1.53  the  bending  moment, 
calculated  for  the  multihinged  model  with  the  number  sections  z  ®  12, 
is  shown  by  a  dot-dashed  line. 

On  the  basis  of  these  considerations,  let  us  examine  more  specif¬ 
ically  the  method  expounded  here  in  reference  to  the  multihinged 
model.  Furthermore,  In  No.  6  of  this  paragraph  it  will  be  shown  that 


Uig  multihinged  model  allows  application  of  the  method  of  calculation 
of  elastic  oscillations  with  the  use  of  the  method  of  numerical 
integration  with  the  reverse  order  of  determination  oi  variables,  which 
is  excluded  practically  in  the  beam  model. 

b.  Equations  of  Motion  in  Examining  a  Multihinged 
Articulated  Model  of  the  Blade 

Let  us  present  the  blade  in  the  form  of  a  chain  consisting  of 
absolutely  rigid  weightless  sections  united  with  each  other  with  the 
■olp  of  hinges.  The  weight  of  the  blade  will  be  concentrated  in 
hinges  of  this  chain  in  the  form  of  separate  loads  with  mass  m^.  The 
bending  rigidity  of  the  blade  will  also  be  concentrated  in  the  hinges, 
presenting  that  in  each  hinge  as  if  it  is  built-in  spring  with  rigidity 
c±,  preventing  fracture  of  the  blade  in  this  hinge  (Fig.  1.54). 


Fig.  1.54.  Diagram  of  a  multihinged  articulated 
model  of  blade. 

Let  us  write  the  system  of  differential  equations  of  oscillations 
referring  to  this  model  of  the  blade,  starting  from  the  equation 
describing  the  equilibrium  of  the  load  with  the  ordinal  number  i  -  2. 
Then  by  analogy  let  us  formulate  all  remaining  equations  of  the  system. 
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The  equation  of  equilibrium  of  the  load  with  mass  can  be 

written  in  form: 

+  (10.16) 


Elastic  force  C2,  acting  on  mass  from  the  side  of  the  adjacent 
sections  of  the  model,  is  determined  by  the  formula: 


Ct~Q»-Qn,  (10.17) 

where  Q12  and  are  shear  forces  on  sections  of  the  blade  model 
adjacent  with  the  load. 

To  determine  magnitudes  of  shear  forces  and  we  will 
write  equations  of  the  equality  to  zero  of  the  sum  of  moments  of  all 
forces  with  respect  to  the  point  of  location  of  the  load  with  mass 
m0  (point  A)  for  both  sections  of  the  model  adjacent  with  this  load. 
These  equations  have  the  following  form: 

ft 


Qutn— ]  (10.18) 

QtJn  (i/» — if j)  — Mt = 0.  J 


Determining  hence  Q12  and  and  substituting  them  into  formula 
(10.17),  we  will  obtain: 


C,  *=(?»— Qu“ 

The  bending  moments  entering  into  this  equation  can  be  expressed 
in  terms  of  movements  of  elements  of  the  blade  by  the  formulas: 

w  — t|;  yx f  *  (ra + y> + % 

£  yt - *(~  +  -£;) * T  l *- 


(IQ. TO) 


4  I  Aijr  *sj/iT 


l  J  . 


where 


(10.22) 


If  analogously  we  depict  all  the  remaining  values  and  to  set 
then  in  (10.16),  then  the  system  of  differential  equations  of 
oscillations  of  the  blade  can  be  represented  lr.  the  form  of  Table  1.13 


Table  1.13. 
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Each  equation  of  the  obtained  system  occupying  one  line  in  1.13 
constitutes  the  sum  of  products  of  known  coefficients  d^ ,  e^,  and  f^ 
by  variables  y.,  which  enter  simultaneously  into  several  equations. 


Variables  are  carried  ou;  vertically  in  a  special  line  placed  in 
the  upper  part  of  Table  l.H.  The  right  aide  of  equations,  which  is 
the  sum  of  inertial  and  aerodynamic  forces,  is  placed  in  a  special 
column  in  the  right  part  of  Table  1.13. 

This  system  of  equations  connects  deformations  of  the  blade  with 
forces  acting  on  it  directly  without  an  intermediate  connection 
through  the  bending  moments,  as  this  took  place  in  analogous  equations 
referring  to  the  beam  model  described  above  in  No.  3  this  paragraph 
and  in  equations  used  earlier  for  calculation  of  free  oscillations  of 
the  blade  in  14. 

Such  a  form  of  differential  equations  considerably  simplifies 
calculations  in  the  determination  of  elastic  deformations  of  the  blade, 
but  it  has  definite  deficiencies.  The  first  of  them,  as  was  already 
noted,  should  be  considered  the  fact  that  the  elastic  axis  of  the  blade 
Is  in  the  form  of  not  a  smooth  but  a  broken  line.  Also  represented 
in  the  form  of  a  broken  line  is  the  form  of  distribution  of  the  bending 
moment  along  the  length  of  the  blade.  The  second  deficiency  should 
be  recognized  as  the  well-known  arbitrariness  in  the  selection  of 
hinged  rigidities  C^. 

Let  us  give  one  of  the  methods  of  determination  of  these 
rigidities.  For  this  we  will  examine  two  adjacent  sections  of  the 
blade.  The  value  of  the  hinged  rigidity  c^  will  be  determined  from 
the  condition  that  angles  of  rotation  of  ends  of  the  adjacent  sections 
Bq  and  B0  of  the  equivalent  beam  configuration  coincide  with  angles 
and  8^2  for  the  hinged  diagram  (Fig.  1.55) 


Wlu  “  (?ll 


If  in  the  comparison  of  these 
of  centrifugal  forces  and  .  nsider 


angles  we  disregard  the 
that  the  lending  moment 


Influence 


I?,  the 


extent  of  these  two  sections  Is  constant  (Mn  «  M.  »  A., 

V  i  * 

th^n  from  condition  (10.23)  fVr  determining  the  hinged 
can  be  obtained  the  formula: 


*  const), 
rigidity  ti.cro 


In  practice  these  assumptions  can  be  observed  only  approximately. 
This  creates  known  errors  in  the  application  of  such  a  calculation 
diagram. 


Pig.  1.55.  Determination  of 
hinged  rigidity. 


5.  Sequence  of  Operation  During  the  Calculation 
of  Elastic  Oscillations  by  the  Method 
of  Numerical  Integration 

On  the  whole  calculation  of  the  blade  by  the  method  discussed 
Is  produced  In  the  following  sequence.  At  the  initial  instant,  which 
Is  usually  connected  with  azimuth  ♦  ■  0,  there  is  prescribed  an 
arbitrary  form  of  deformations  of  the  blade  and  velocity  distribution 
•>f  movements  of  masses  y^.  If  all  values  of  y^  are  known,  then  by  the 
formulas  discussed  in  Nos.  2  and  ^  of  this  paragraph,  elastic  forces 
: 1  can  be  determined.  Simultaneously  angles  of  rotation  of  the 
elastic  axis  of  the  blade  fij  should  be  calculated.  For  the  beam 
model  they  are  determined  by  the  formula  (10.13).  For  the  articulated 
model  they  can  be  determined  in  the  form  of  a  half-sum  or  angles  of 
turn  of  two  point  of  sections  of  the  model  adjacent  with  the  examined 
point : 


8  -  -f-  P/.f+l 

‘  2 


If  values  6^  and  yi  are  known,  then  by  the  formulas  (9.2C) 
lerodynamic  forces  can  be  obtained.  These  data  are  sufficiei 
;o  that  by  the  formulas  (10.1)  values  y  ^  are  determined. 


Further  transition  to  the  following  azimuth  of  the  blade  is 
f’  lfilled  by  formulas  analogous  to  (9.^3): 


=y,  + 

y\+u  =y(  +  Aty,>; 


y<> 


vi+Vuu 


y]\i,  =» yt  4-  A/y,  +4-  A^i'ep ; 


(10.25) 
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Value  i' !'+./.  ji+.r  and  for  the  instant  t  +  At  are  considered 

final.  Index  i,  pertaining  to  the  number  of  the  concentrated  load, 
is  omitted  in  formulas  (10.25)  in  order  not  to  excessively  complicate 
the  expressions. 

For  a  transition  to  a  new  azimuth  all  operations  are  again 
repeated.  This  process  continues  for  several  revolutions  of  the  rotor 
until  the  motion  of  the  blade  becomes  steady.  Calculation  is  finished 
on  that  turn  when  the  solution  converges  to  a  steady  one  with  the 
assigned  accuracy.  The  accuracy  of  the  solution  is  determined  by  the 
difference  in  the  ordinates  of  movement  of  masses  during  calculation 
of  motion  in  two  consecutive  turns  of  the  rotor. 

Evaluation  of  results  of  the  calculation  can  be  carried  out  in 
any  form  depending  upon  the  purpose  of  calculation.  To  solve 
problems  determining  the  strength  of  the  blade  we  usually  engage  in 
deriving  In  auxiliary  storage  values  of  bending  moments  through 
10°  in  azimuth  of  the  rotor.  Upon  completion  of  the  calculation  with 
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respect  to  values  and  drag  torques  of  sections  of  the  blade, 
values  of  stresses  and  their  amplitude  are  determined 

|  (10.26) 

,  - 

and  decomposition  of  stresses  with  respect  to  harmonics  is  produced. 

Calculation  of  elastic  oscillations  by  the  method  discussed 
constitutes  a  continuous  repetition  of  the  same  operations  which  are 
reduced  to  the  determination  of  forces  and  and  the  solution  of 
equation  (10.1).  Therefore,  the  duration  of  the  calculation,  first  of 
all,  will  depend  on  the  number  of  these  repetitions.  This  number  is 
determined  only  by  two  factors.  The  first  is  the  duration  of  the 
period  of  transition  to  a  steady  process,  which  depends  only  on  the 
correspondence  of  initial  conditions  to  steady  motion  and  on  physical 
properties  of  the  rotor  and  does  not  depend  on  the  method  of  calculation. 
The  second  fact,  which  was  already  discussed  above,  is  the  necessary 
step  of  integration. 

6.  Method  of  Calculation  with  a  Reverse  Order  of 
Determination  of  Variables  During 
Numerical  Integration 

Above,  in  §  9  and  in  this  paragraph,  direct  methods  of  numerical 
integration  of  differential  equations  were  examined.  When  in  the  transi¬ 
tion  to  a  new  instant  in  the  begining  variable  y  and  its  first 
;  derivative  y  are  determined,  and  then  form  the  differential  equation 
the  second  derivative  y  is  determined.  Here  we  will  examine  the 
method  of  calculation  proposed  by  V.  E.  Baskin  when  these  values  are 
determined  in  reverse  order. 

Let  us  consider  successively  three  instants:  the  Instant  at 
which  it  is  necessary  to  determine  deformations  of  the  blade  tp  and 
two  instants,  t  j  =  tR  -  At  and  tn_2  *  tn  -  2At  preceding  it. 

If  one  were  to  assume  that  the  second  derivative  y  is  preserved 
constant  in  the  extent  of  each  section  of  integration,  as  is  shown  In 
)  Fig.  1.56c,  then  value  yn  1  can  be  expressed  in  terms  of  yp_2  and 

'  w 
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If  one  were  to 
maintained  constant 


(10.27) 


assume  now  that  the  first  derivative  y  is  also 
in  the  extent  of  the  section  of  integration,  as 


c) 


Fig.  1.56.  Change  of  variable 
y  and  its  time  derivatives 
during  numerical  integration. 


•  1 

is  shown  on  Fig.  1.56b  0/  a  dashed  line,  then  values  yn-1  and  yn_2 
can  be  determined  by  the  formulas: 


g.,.  a=yj~y>»- 1 .  • 
*  1  u  ' 

A* 


(10.28) 


Substituting  (10.28)  into  (10.27), 


A  » ♦ 
fcr  y 


n-1 


we  will  obtain  the  expression 


y„~  1 


(10.29) 


IT  the  integration  step  is  taken  quite  small,  then  it  is  po 
approximately  to  assume  that  . 


ible 
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nd  to  write  expression  (10.29)  in  the  form 

i*  ™  ^  *  3*) 

Substituting  values  y  into  the  system  of  differential  equations 
represented  by  Table  1.13,  we  will  obtain  a  system  of  algebraic 
equations  relative  to  unknowns  y  .  As  above ,  this  system  will  be 
written  in  the  form  of  Table  1.14. 

For  variables  y  entering  into  Table  1.14,  the  index  determining 
the  instant  is  written  above,  and  below,  as  earlier,  there  is  placed 
the  index  referring  to  the  number  of  the  concentrated  load  of  the 

model. 

In  the  composition  of  Table  1.14  there  is  accepted  also  the 
assumption  of  the  fact  that  aerodynamic  forces  calculated  for 
instant  t  ^  can  be  approximately  assumed  equal  to  these  forces  for 
the  moment  t.  . 


Assumption  (10.30)  permits  expressing  the  acceleration  y  at  the 
Instant  t  in  terms  of  deformations  yn_2>  yn-1  and  yn-  By  determining 
the  inertial  forces  as  a  product  of  masses  by  the  corresponding 
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accelerations  and  adding  them  with  aerodynamic  forces,  the  total 
external  forces  acting  on  the  blade  can  be  obtained.  Then  deformations 
yn  are  determined  as  in  an  ordinary  static  problem.  This  is  done  as 
a  result  of  solution  of  the  system  of  equations  recorded  in  Table  1.1*1. 
The  only  peculiarity  of  these  equations  is  the  fact  that  components 
of  inertial  forces,  expressed  in  terms  of  not  yet  calculated  values 
y  ,  are  transferred  to  the  left  part  and  are  determined  simultaneously 
with  solution  of  the  system  of  equations. 

Thus  determination  cf  different  parameters  of  motion  of  the  blade 
is  produced  by  this  method  in  an  unusual  order.  In  the  beginning  it 
is  as  if  accelerations  are  determined  and  then  deformations.  Therefore 
this  method  of  solution  is  called  by  us  here  the  reverse  method  of 
numerical  integration.  Frequently  it  is  also  called  the  implicit 
method . 

The  method  of  calculation  with  the  application  of  the  reverse 
method  of  numerical  integration  does  not  lead  to  a  divergent  solution 
even  with  a  quite  large  Integration  step.  Therefore,  the  magnitude 
of  the  necessary  step  of  integration  should  be  determined  only  on  the 
basis  of  the  magnitude  of  errors  which  appear  in  the  application  cf 
this  method.  The  magnitude  of  error  can  be  estimated  if  one  were 
to  use  the  reverse  method  of  numerical  integration  to  solve  the 
equation  (9.2*1).  Results  of  such  a  calculation  are  shown  in  Fig.  1.57. 

From  these  calculations  it  follows  that  for  the  achievement  of 
satisfactory  accuracy  in  values  of  deformations  corresponding  to 
frequencies  equal  to  the  number  of  revolutions  of  the  rotor  the 
integration  step  should  be  less  than  1°  in  azimuth  of  the  rotor 
(A?  =  L/36Q). 


In  the  process  of  calculation  with  the  application  of  the  method 
with  reverse  order  of  the  determination  of  variables,  the  solution  of 
the  system  of  equations  recorued  in  Table  1.14  is  fulfilled 
successively  on  each  azimuth  with  the  use  of  values  y^_?  and  y^1"*^ 
already  earlier  defined.  At  the  initial  instant  these  values  can  be 
taken  arbitrarily. 


The  method  of  calculation  discussed  is  distinguished  by  greater 
laboriousness  as  compared  to  methods  using  the  decomposition  of  the 
solution  according  to  forms  of  oscillations  assigned  beforehand,  and 
It  requires,  therefore,  during  calculations  on  digital  computers  a 
very  great  expenditure  of  time.  However,  such  a  method  has  serious 
advantages  in  those  cases  when  it  is  necessary  to  estimate  the 
influence  of  different  concentrated  effects  on  the  blade,  for  example, 
with  the  evaluation  of  effects  on  the  side  of  dampers  in  hinges,  and 
In  all  those  cases  when  the  solution  cannot  be  sufficiently  accurately 
represented  with  the  help  of  a  limited  number  of  form  oscillations 
assigned  beforehand. 


Fig.  1.57.  Results  of  numerical 
solution  of  equation  (9.26)  by 
the  "reverse  method  of  integration" 
depending  upon  the  relative 
integration  step. 


7.  Comparative  Evaluation  of  Different  Methods  of 
Calculation  of  Flexural  Oscillations  of  the  Blade 

Discussed  in  this  chapter  was  a  great  number  of  different  methods 
of  calculation  of  flexural  oscillations  of  the  blade  and,  naturally, 
the  question  can  arise  what  sort  of  method  should  be  selected  for 
practical  use,  and  on  the  basis  of  what  criteria  should  this  selection 
be  realized.  The  answer  to  this  question  is  very  simple.  For  practical 
purposes  the  best  will  always  be  that  method  which  most  fully  and 
accurately  considers  all  peculiarities  of  operation  of  the  rotor, 
including  the  variable  field  of  induced  speeds  and  the  nonlinear 
character  of  the  dependence  of  aerodynamic  coefficients  on  the  angle 
of  attack  and  Mach  number.  But  it  appears  impossible  to  reject  the 
available  limitations  consisting  in  the  fact  that  the  fuller  and  more 
accurate  the  method  calculation,  the  greater  the  time  of  calculations 
it  requires  in  calculation  on  digital  computers.  Therefore,  in  the 
selection  of  the  best  method  of  calculation  the  main  criterion  appears 
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to  be  the  possibilities  of  the  machine  which  limit  the  application  of 
the  most  improved  methods  of  calculation. 

In  order  to  select  the  most  suitable  method  of  calculation,  let 
us  cite  the  Table  1.15  with  an  indication  of  the  necessary  speed  of 
calculations  in  the  application  of  different  methods  of  calculation. 

This  table  gives  the  basic  characteristics  of  different  methods  of 
calculation. 

Here  we  give  tentative  values  of  the  necessary  speed  of  operations 

in  one  second  V  for  execution  of  the  calculation  in  5-10  minutes, 

no  Tp 

The  necessary  speed  is  given  for  all  methods  of  calculation  in  four 
variants  of  the  assumptions  used,  In  Table  1.15  there  is  not  estimated 
the  necessary  volume  of  memory  of  the  machine,  since  for  contemporary 
machines  it  usually  does  not  hamper  the  calculator. 

Prom  the  examination  of  data  of  Table  1.15  it  follows  that  for 
a  machine  with  a  low  counting  rate  (of  the  order  of  5000  operations 
per  second)  only  one  method,  called  the  method  of  calculation  with 
respect  to  the  harmonics,  can  be  widely  used.  In  this  method  the 
solution  Is  decomposed  with  respect  to  eigenfunctions.  Temporary 
factors  with  these  functions  are  represented  in  the  form  of  Fourier 
series  with  respect  to  harmonics.  Coefficients  this  series  are 
determined  from  the  system  of  algebraic  equations  obtained  from  the 
differential  equation  with  help  of  the  n' .  G.  Galerkin  method.  This 
method  is  discussed  in  §  8. 

On  machines  with  a  low  counting  rate  this  method  can  be  used 
only  with  the  assumption  of  equal  distribution  of  induced  speeds 
A  =  const.  For  calculation  of  the  nonlinear  dependence  of  aerodynamic 
coefficients  on  the  angle  of  attack  of  the  profile  and  Mach  number 
this  method  is  not  useful  practically.  Calculation  of  these  neper, dences 
with  such  a  method  can  be  carried  out  only  with  very  serious  assump¬ 
tions.  But  ever,  with  such  an  approach  the  laborlousness  of 
computations  necessary  for  formulation  of  calculation  formulas  is 
so  preac  that  practically  It  Is  simply  unrealizable. 
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For  machines  with  an  average  counting  rate  (of  the  order  of 
20,000-50,000  operations  per  second)  the  most  convenient  is  the 
method  of  calculation  with  decomposition  of  the  solution  with  respect 
to  eigenfunctions  and  by  the  determination  of  temporal  factors  with 
these  functions  by  means  of  numerical  integration.  This  method  is 
discussed  in  §  9.  It  is  very  convenient  for  calculation  of  nonlinear 
dependence  of  aerodynamic  coefficients  on  the  angle  of  attack  of  the 
profile  and  Mach  number. 

V/ith  the  necessity  of  calculation  of  the  alternating  field  of 
induced  speeds,  application  of  this  method  is  possible  only  on  machines 
at  a  high  counting  rate.  If  in  the  determination  of  induced  speeds 
we  are  limited  by  the  number  of  calculation  points  along  the  radius 
and  azimuth  of  the  rotor,  then  calculation  can  be  carried  out  on 
machines  with  an  average  counting  rate. 

The  method  of  calculation  with  direct  determination  of  trajectories 
of  motion  of  separate  points  of  the  blade  (§  10)  can  be  used  only  on 
machines  with  a  counting  rate  of  greater  than  V  >  100,000  operations 
per  second.  Calculation  of  the  alternating  field  of  induced  speeds 
and  nonlinear  dependences  of  aerodynamic  coefficients  on  the  angle  of 
attack  of  the  profile  and  Mach  number  increases  even  more  the  necessary 
counting  rate  with  this  method.  In  the  last  column  of  Table  1.15 
only  the  method  with  reverse  method  of  numerical  integration  of 
equations  is  examined.  In  the  case  of  application  of  the  direct 
method  of  numerical  Integration,  the  necessary  counting  rate  for  the 
method  with  direct  determination  of  trajectories  of  motion  of  separate- 
points  of  the  blade  can  increase  even  greater. 

The  necessary  counting  rates  given  In  Table  1.15  are  obtained  for 
the  case  when  calculation  continues  for  5-10  minutes.  With  such  a 
duration  it  is  possible  to  carry  out  different  Investigations  requireo 
in  the  process  of  designing  of  the  blade  with  a  variation  in  parameters 
of  the  rotor  and  flight  conditions. 

If  one  were  to  be  limited  to  calculation  for  only  one  variant 
of  the  parameters,  then  it  is  possible  to  use  a  long  counting  duration.  • 
In  this  ca3e  the  necessary  counting  rates  given  In  Table  1.15  can  be 


§  11.  Fatigue  Strength  and  Service  Life  of  the  Blade 


1.  Tests  of  the  Construction  for  Determination 
of  Its  Service  Life 

The  service  life  of  the  construction  is  established  usually  on 
the  basis  of  results  of  its  dynamic  tests. 

Depending  upon  the  degree  of  responsibility  of  the  construction 
for  flight  safety  tests  of  one  or  several  specimens  of  this  construc¬ 
tion  are  conducted.  Frequently  tests  are  conducted  only  on  separate 
parts  of  the  construction,  the  strength  of  which  is  decisive  for  the 
entire  unit  checked  as  a  whole. 

In  the  determination  of  the  blade  service  life  there  are 
usually  conducted  tests  of  samples  of  separate  sections  of  the  spar 
with  parts  of  frame  creating  concentrations  of  stresses  in  the  spar. 
Samples  of  not  less  than  three  different  sections  of  the  spar  are 
tested.  This,  as  a  rule,  is  the  section  Including  the  shank  joint 
and  two  sections  along  the  length  of  the  spar.  Sometimes  it  Is 
necessary  to  subject  to  tests  additional  samples  for  checking  design 
features  of  the  spar  (for . example ,  transition  places  of  sections  of 
the  spar). 

Tests  of  samples  of  the  blade  are  almost  always  conducted  on 
resonance  stands  with  excitation  from  mechanical  vibrators.  The 
length  of  the  sample  is  selected  in  such  a  way  that  its  frequency  of 
natural  bending  oscillations  fits  into  the  working  range  of  the 
vibrator.  Usually  the  tests  are  conducted  at  a  frequency  of  1500 
to  2500  oscillations  per  minute.  The  lengths  of  the  samples  are  on 
the  order  of  3-^  m.  Besides  varying  bending  stresses  the  sample  is 
necessarily  stretched  by  longitudinal  forces,  which  create  a  constant 
static  loading  close  to  that  which  the  blade  undergoes  in  flight  from 
the  action  of  centrifugal  forces.  Figure  1.58  shows  a  test  stand  for 
testing  samples  of  the  blade  of  a  helicopter  with  a  centrifugal  force 
of  the  order  of  100  tf. 


Fig.  1.58.  Test  stand 
for  tests  of  blade  samples. 


Tests  of  the  blade  as  a  whole,  and  not  of  separate  short  samples, 
as  a  rule,  are  not  conducted  in  view  of  the  too  great  complexity  of 
test  stands,  which  are  required  for  this,  and  the  considerable 
duration  of  the  tests,  since  the  frequency  of  oscillations  in  this 
cage  cannot  be  more  than  a  300-^00  oscillations  per  minute. 

2.  Scattering  of  Strength  Characteristics 
During  Fatigue  Tests 

In  carrying  out  fatigue  tests  of  a  certain  number  of  samples 
made  under  identical  conditions,  considerable  scattering  of  results 
of  test.;  is  revealed.  Destruction  of  the  samples,  tested  under  the 
name  level  of  stresses,  occurs  with  a  different  number  cycles  fi, 
Frequently  the  ratio  of  the  greatest  number  cycles  to  the  least 
roaches  20-^0. 


The  scattering  of  characteristics  of  fatigue  strength  is  explained 
by  Heterogeneity  of  the  structure  of  the  material,  distinction  in 
conditions  of  manufacture  and  treatment  of  samples.  Destruction  of 
sampler  of  a  construction  always  starts  from  small  defects  in  the 
material  and  on  the  surface  of  the  sample.  In  an  overwhelming  majority 
-f  the  c*ses  destruction  starts  from  a  defect  located  on  the  surface. 
Here  the  characteristics  of  strength  of  samples  are  determined  by 
the  character  aril  magnitude  of  these  defects. 


The  scattering  of  service  life  during  tests  of  samples  is 
characterized  usually  by  the  distribution  function  of  numbers  of  cycle 
N  prior  to  the  destruction  of  the  samples.  Analysis  of  results  of 
tests  shows  that  the  distribution  of  logarithms  of  numbers  of  cycles 
lg  N prior  to  destruction  quite  well  obeys  the  normal  law  of  distribu¬ 
tion  almost  with  all  mean  values  of  probability  of  destruction, 
starting  approximately  from  the  probability  equal  to  0.01-0.02. 

Figure  1.59  shows  the  probability  distribution  of  destruction 
P  and  probability  density  $ ,  which  correspond  to  real  characteristics 
of  service  life  of  the  construction  (solid  curves)  and  determined 
by  the  normal  law  of  distribution  (dashed  curves): 
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Here  v(\gN)  -  density  of  probability  distribution  of  destruction  of 
the  construction;  P(\gN)  -  probability  of  destruction  of  construction 
with  the  number  of  loads  smaller  than  N;  S-IgAf  -  value  of  logarithm 
of  number  cycles  prior  to  destruction  of  the  construction;  Sifjv  _ 
root-mean-square  deviation  of  the  distribution  of  logarithms  of 
numbers  of  cycles  prior  to  destruction  of  the  construction;  mHN  - 
mathematical  expectation  of  the  distribution  logarithms  of  numbers 
of  cycles. 


Fig.  1.59.  Distribution 
curves  of  service  life 
during  tests  and  corre¬ 
sponding  to  the  normal 
lav;. 


In  the  region  of  small  probabilities  of  destruction  the 
distribution  function  usually  deviates  from  the  normal  law  (Fig.  1.59). 
This  is  connected  with  the  very  important  peculiarity  of  characteris¬ 
tics  of  service  life.  The  fact  is  that  fatigue  breakdown  can  occur 
only  after  some  cycles  of  loading  NQ  and  never  occurs  earlier.  This 
peculiarity  of  characteristics  of  service  life  leads  to  the  concept 
of  dead  zone  with  respect  to  N,  in  which  the  probability  of  destruction 
of  the  construction  is  equal  to  zero  (P  *  0).  Hence,  in  particular, 
there  follows  the  very  important  conclusion  concerning  the  possibility 
of  assignment  of  service  life  of  operating  the  construction  with 
respect  t^o  conditions  of  endurance  with  the  probability  of  destruction 
equal  to  zero  even  at  quite  high  varying  stresses. 

Unfortunately,  determination  of  the  threshold  of  sensitivity 
Nq  with  any  satisfactory  accuracy  appears  practically  impossible. 
Therefore,  in  the  determination  of  the  service  life  of  construction 
the  law  of  distribution  of  service  life  Is  taken  usually  to  be  normal, 
and  the  requirement  P  ■  0  is  replaced  by  the  requirement  of  a  very 
small  probability  of  destruction. 

Deviation  of  values  of  logarithms  of  numbers  of  cycles  from  the 
normal  law  should  be  observed  algo  In  the  region  of.  great  probabil¬ 
ities  of  destruction.  With  the  relatively  low  level  of  varying 
stresses  this  is  connected  with  the  fact  that  almost  always  there  is 
some  number  of  samples  which  are  not  destroyed  even  at  a  very  large 
number  cycles  of  loading. 

3.  Basie  Characteristics  of  Fatigue  Strength 
of  a  Construction 

Fatigue  strength  of  construction  is  usually  characterized  by 
the  number  cycles  N,  which  maintains  prior  to  destruction  at  the 
assigned  amplitude  of  varying  stresses  a.  The  larger  the  amplitude 
of  varying  stresses  o,  the  smaller  the  number  cycles  of  loading  the 
construction  maintains. 

The  curve  characterizing  the  numter  cycles  N  prior  to  destruction, 
depending  on  the  amplitude  of  varying  stresses  a,  Is  called  the 
Wohler  curve. 


The  Wohler  curve  can  be  described  approximately  by  the  equation: 

«*A^=aConst  for  o>o„  and  A/ </'/*;  \  ^  3) 

0— const  for  J 

Here  0  Is  the  largest  amplitude  of  stresses  at  which  the  construction 
can  sustain  any  large  number  cycles  of  load  N  without  destruction; 
this  amplitude  is  usually  called  fatigue  limit;  N  -minimum  number 
cycles  of  loading  corresponding  to  the  fatigue  limit;  m  -  certain 
exponent  value  of  which  is  determined  according  to  the  results  of 
tests. 


The  Wohler  curve  can  be  plotted  for  different  values  of  the 
probability  of  destruction.  For  this  it  is  necessary  to  divide  the 
batch  of  samples  into  several  groups  and  test  them  at  different 
amplitudes  of  varying  stresses. 

Constructing  the  distribution  functions  of  service  life  at 
various  levels  of  varying  stresses  (Fig.  1.60)  and  connecting  the 
points  with  identical  probability  of  destruction,  Wohler  curves 
corresponding  to  a  different  probability  of  destruction  can  be 
obtained.  Usually  it  appears  that  the  less  the  scattering  of  charac¬ 
teristics  of  service  life,  the  higher  the  level  of  varying  stresses, 
and  the  threshold  of  sensitivity  Nq  is  more  clearly  marked  at  smaller 
stresses.  At  small  stresses  the  threshold  of  sensitivity  is  observed 
at  relatively  great  probabilities  P,  and  at  great  stresses  it  moves 
at  so  small  probabilities  that  it  usually  cannot  be  noted 

Results  of  tests  almost  always  confirm  the  presence  of  fatigue 

limit  ow.  At  the  assigned  stress  0  some  number  of  samples  is  usually 

not  destroyed  even  at  a  very  large  number  of  cycles  of  loading. 

The  existence  of  fatigue  limit  also  undergoes  operational  experience 

of  different  machines  and  mechanisms.  There  is  known  a  multitude  set 

of  different  components,  a  very  large  number  of  which  constantly 

operates  under  considerable  varying  stresses  and  is  not  destroyed  at 

8 

the  number  cycles  of  loading  of  10  and  more.  There  are  individual 
exceptions  to  this  general  rule.  It  is  noted  that  for  certain 
structural  elements  of  aluminum  alloys  the  fatigue  curve  continues  to 
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Pig.  1.60.  Distribu¬ 
tion  of  service  life 
at  a  different  level 
of  varying  stresses. 
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decend  at  service  lives  of  the  order  of  10-10  cycles.  However, 
this  lowering  is  so  insignificant  that  in  this  case  the  Wohler  curve 
can  be  approximately  represented  in  the  form  of  (11.3).  In  any  case 
in  reference  to  the  basic  units  of  the  helicopter,  calculation  of  this 
lowering  does  not  lead  to  any  considerable  refinements. 

In  values  of  fatigue  limits  definite  scattering  is  also  observed. 
For  their  distribution  the  presence  of  the  threshold  of  sensitivity 
with  respect  to  the  amplitude  of  stresses  is  characteristical .  This 
threshold  of  sensitivity  will  subsequently  be  called  the  minimum 


fatigue  limit  ow 


At  stresses  smaller  than  a „ 


not  one  sample 


is  destroyed  oven  a  ve~**  .arge  number  of  cycles  of  loading.  In 
accordance  with  the  enumerated  peculiarities  of  characteristics  of 
fatigue,  Wohler  curves  should  have  the  form  depicted  on  Pig.  1.6l. 
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Fig.  1.61.  Wohler  curves 
corresponding  to  various 
probability  of  destruction, 


If  curves  corresponding  to  various  probability  of  destruction  ;  re 
replaced  by  the  approximate  analytic  dependence  (1.3),  then  in 
logarithmic  scale  the  Wohler  curves  will  have  the  form  depicted  on 
Pig.  1.62.  The  dead  zone  corresponding  to  zero  probability  of 
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Fig.  1.62.  Wohler  curves 
corresponding  to  various 
probability  of  destruction 
in  logarithmic  scale. 


destruction  is  shaded  on  this  chart.  With  such  an  image  of  the 
Wohler  curves  the  number  cycles  Nw  corresponding  to  the  fatigue 
limit  and  exponents  m  appear  different  for  curves  corresponding  to 
various  probabilities  of  destruction. 

It  should  be  noted  that  the  plotting  of  Wohler  curves  in  the 
form  as  they  are  depicted  on  Figs.  1.61  and  1.62  is  practically 
possible  only  with  tests  of  small  laboratory  samples,  since  for 
this  it  appears  necessary  to  have  a  very  large  number  of  them. 

In  the  evaluation  of  strength  of  onstrurtion  the  plotting  of 
such  curves  Is  practically  impossible,  since  it  is  necessary  to  be 
limited  to  a  test  of  a  very  small  number  of  samples.  Frequently  this 
number  does  not  exceed  n  =  3-5  (where  n  is  the  number  tests  of  the 
samples).  Here  to  evaluate  strength  the  tests  give  only  n  values  of 
the  numbers  of  cycles  prior  to  destruction  at  the  given  magnitude 
of  loads.  According  to  such  a  limited  number  of  results  it  is 
possible  to  formulate  a  concept  on  the  fatigue  characteristics  of  the 
construction  only  on  the  basis  of  definite  assumptions  with  respect  f 
t  '  ’"hi  *  .  eurv'  ’ . 
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The  value  of  the  amplitude  of  varying  stresses  at  which  the 
construction  maintains  the  assigned  number  cycles  of  load  N  prior 
■,(  destruction  depends  also  on  the  value  of  the  constant  part  of 
stresses  of  the  cycle  am  (static  loading).  The  greater  the  static 
loading,  the  less  the  amplitude  of  stresses  at  which  the  construction 
Mntains  the  assigned  number  of  cycles.  This  dependence  is  usually 
characterized  by  the  Hay  diagram.  As  an  example  Pig.  1 . 63  shows  the 
approximate  form  of  such  a  diagram. 


Pig.  I.63.  Hay  Diagram 
for  samples  of  spar  ducts 
of  the  blade. 


2 

For  steel  spar  ducts  at  am  =  20-30  kG/mm  the  increase  in  static 
loading  by  the  quantity  Ac  leads  to  a  lowering  of  the  fatigue  limit 

ill 

by  the  value  A<r»»0,4Acm.  For  Duralumin  spars  at  cm  *»  6-8  kG/mnr 
the  quantity  A0«*O,3  Aa™. 

It  is  necessary  to  pay  attention  to  the  fact  that  in  the  region 
of  constant  compressive  stresses  fatigue  limits  increase  considerably. 
This  circumstance  is  used  in  the  hardening  of  structural  parts  by  cold 
hardening  (see  Nos.  16  and  17). 

4.  Stresses,  Effective  in  the  Construction 
of  a  Blade  in  Plight 

In  §  1  of  this  chapter  (No.  3)  it  was  already  said  that  in 
flight  under  the  action  of  aerodynamic  forces  blades  of  a  helicopter 
undergo  considerable  live  loads  in  conditions  of  two  different  types, 
which  are  called  by  us  conditions  of  low  and  high  speeds. 

Figure  1.64  shows  the  approximate  character  of  the  change  in 
amplitudes  of  varying  stresses  with  respect  to  the  speed  of  flight 
for  two  blade  designs:  steel  and  Duralumin  spars.  As  can  be  seen 
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Pig.  1.64.  Character  of  the 
change  in  amplitudes  of  vary 
ing  stresses  with  respect  to 
the  flight  speed  in  blades 
with  small  (steel  duct)  and 
average  (Duralumin  spar) 
rigidity  in  the  flapping 
plane. 


from  this  figure,  the  maximum  varying  stresses  can  appear  at  low 
speeds  (conditions  of  deceleration)  and  at  a  maximum  flight  speed. 
As  was  already  shown,  the  blades  accomplish  flexural  oscillations 
so  that  at  each  point  of  the  spar  stresses  are  changed  according  to 
the  periodic  law,  being  repeated  for  each  revolution  of  rotor. 
Figure  1.65  gives  as  an  example  the  recording  of  stresses,  obtained 
in  sections  of  the  blade  on  relative  radii  r=0,73  and  r- 0,8  in 
conditions  of  level  flight  at  a  relatively  high  speed.  The  same 
figure  gives  the  harmonic  composition  of  stresses  acting  in  these 
sections  of  the  blade. 


Recording  of  stresses; 


I  I  3  ♦  t  I  7  Ni-inbcr 

of  harmonic 
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Fig.  1.65.  Recording  of 
stresses  in  two  sections 
of  the  blade  of  a  heli¬ 
copter  in  conditions  of 
level  speed  (p  *  0.3)  and 
their  harmonic  composition. 


Usually  in  level  flight  at  «  *  0.2-0. 4  the  greatest  values  are 
reached  by  the  first  harmonic  component  of  the  stresses.  The 
second  harmonic  is  ie33  in  amplitude  and  comprises  usually  30-701 
of  the  first  harmonic.  The  first  and  second  harmonic  in  sum, 
as  a  rule,  determine  70-90%  of  the  value  of  total  varying  stresses 
ir.  these  conditions  in  the  blade,  since  higher  harmonics  usually 
appear  small.  Their  value  almost  always  decreases  with  an  increase 
in  the  order  of  the  harmonic.  Such  a  character  of*  change  in  value 
.f  the  harmonics  is  connected  with  a  decrease  in  the  value  of 
narmonio  components  of  aerodynamic  forces  with  transition  to 
higher  harmonics. 

There  are  recurrent  (for  all  blades)  exceptions  to  this 
general  rule  which  are  connected  with  the  appearance  of  resonances 
or  proximity  to  them. 

In  conditions  of  low  speeds  the  harmonic  composition  of  effec¬ 
tive  stresses  appears  different.  Here  the  predominate  become  higner 
harmonics  where  in  the  first  place  there  are  distinguished  harmonics 
close  in  frequencies  to  the  frequency  of  natural  oscillations  of  the 
second  and  third  tones.  An  especially  great  increase  in  varying 
stresses  in  these  conditions  of  flight  (see  Fig.  1.64)  occurs  for 
blades  with  low  rigidity  in  the  flapping  plane  (see  §  3,  No.  3). 

For  such  blades  the  greatest  of  all  appear  to  be  stresses  with 
fourth  and  sixth  harmonics  (Fig.  1.66).  Conditions  of  low  speeds 
give  for  such  blades  the  basic  defectibility  of  design  (see 
Table  1.21). 

For  blades  with  average  rigidity  in  the  flapping  plane  the 
increase  in  varying  stresses  at  low  speeds  proves  to  be  considerably 
less  (see  Fig.  1.64),  and  the  predominance  of  higher  harmonics  is  not 
observed  so  sharply  (Fig.  1.67).  For  such  blades  (Just  as  for  blades 
w’th  great  rigidity)  the  basic  defectibility  is  given  by  conditions 
of  flight  at  high  speed. 

Along  with  varying  stresses  from  flexural  oscillations,  the 
spar  of  the  blade  will  stretch  and  bend  by  constant  (in  magnitude) 
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Pie.  1.66.  Oscillogram  of  the  recording  of  varying 
stresses  in  a  blade  with  a  steel  tublar  spar,  having  low 
rigidity  in  the  flapping  plane  in  the  process  of  decel 
eration,  and  their  harmonic  composition. 


Fig.  1.67.  Harmonic  compo¬ 
sition  of  varying  stresses 
in  a  blade  of  average  rigid¬ 
ity  with  a  pressed  Duralumin 
spar  in  conditions  of  decel¬ 
eration. 


Numbtr  of 

centrifugal  forces  and  constant  part  of  aerodynamic  forces. 
Therefore,  the  material  of  the  spar  works  at  varying  stresses 
with  great  static  loading.  Static  loading  greatly  reduces  the 
fatigue  strength  of  the  spar. 

5  Hypothesis  of  Linear  Summation  of  Defectibilities 
and  Average  Equivalent  Amplitude  of 
Varying  Stresses 

In  different  flight  conditions  the  most  diverse  varying 
stresses  act  In  the  construction.  The  duration  of  Individual  flight 
conditions  can  he  considerably  diverse.  Thus  the  most  continuous 
operation  of  flight  Is  usually  a  flight  at  cruising  speed.  For 


helicopters  utilized  for  carrying  transport,  these  conditions  occupy 
60-70*  of  the  service  life.  The  maximum  speed  of  flight  of  transport 
helicopters  used  in  the  national  economy  is  almost  never  used.  Of 
very  short  duration  for  these  helicopters  are  also  conditions  of 
flight  at  low  speeds,  which  are  usually  only  passage  in  acceleration 
and  deceleration. 


However,  helicopters  can  be  used  in  the  most  diverse  forms 
of  operations  where  the  duration  of  individual  flight  conditions 
appears  different.  As  an  example  Table  1.21  gives  values  of  the 
relative  duration  of  different  conditions  ,  accepted  for  one  of 
the  military  transport  helicopters. 


The  service  life  of  the  construction  should  be  determined 
taking  into  account  the  temporal  composition  of  the  stay  of  the 
helicopter  in  conditions  with  a  diverse  level  of  varying  stresses, 
and  therefore  introducing  into  the  construction  a  different  portion 
of  fatigue  defectibility .  For  an  account  of  this  circumstance  it  is 
convenient  to  use  the  hypothesis  of  the  linear  summation  of  defecti- 
bilities.  This  hypothesis  assumes  the  possibility  of  summation  of 
separate  portions  of  defectibility  introduced  by  different  levels 
of  stresses  and  says  that  destruction  of  construction  approaches  when 


where 


(11-4) 


wnere  is  the  number  cycles  prior  to  destruction  with  continuous 
maintaining  of  the  level  of  loading  with  the  amplitude  - 

number  cycles  of  loading  with  amplitude  tested  by  the  construction 
in  the  i-th  conditions  of  flight. 


The  relation  is  usually  called  the  defectibility  of 
construction  in  conditions  with  the  amplitude  of  stresses  o^,  and 
A.V*  -  is  the  total  defectibility. 


In  certain  works  it  is  proved  that  with  definite  alternating 
of  conditions  of  loading,  destruction  of  the  construction  can 


approach,  when 


However,  the  cases  examined  in  these  work3  basically  do  not 
correspond  to  conditions  of  loading  of  units  of  a  helicopter.  There¬ 
fore,  almost  always  during  the  calculations  it  is  possible  to  use 
formula  (11.4). 

Due  to  the  scattering  of  characterist  cs  of  service  life,  the 
defectibility  of  separate  copies  of  the  construction  even  at  identical 
(in  duration)  composition  of  levels  of  loading  proves  to  be  different. 
The  greatest  defectibility  is  in  constructions  with  the  least 
values  of  service  life.  Therefore,  it  is  possible  to  indicate  the 
defectibility  corresponding  to  a  definite  probability  of  the  destruc¬ 
tion. 


If  In  formula  (11.4)  we  assign  values  corresponding  to  the 
assigned  probability  of  destruction  P3efl,  then  Atfi-i  the  probability 
of  destruction  will  also  be  equal  to  P38fl.  Hence  there  can  be  obtained 
the  formula  for  calculation  of  the  safe  number  cycles  of  loads  Ng£3 
with  the  assigned  probability  of  destruction  Pgg^  determining  the 
service  life  of  constructions  according  to  conditions  of  endurance: 


(11.5) 


Here  «**• 


iff, 


is  the  relative  duration  of  conditions  with  the 


stress  o^;  is  the  number  cycles  of  loading  for  service  life  of 

construction  in  the*  determination  of  relative  duration  of  separate 
conditions  of  flight  (in  general,  any  arbitrary  interval  of  time 
uf  operation  of  the  helicopter  taken  with  the  number  cycles  ?i  13 
uol  necessarily  equi '  to  the  number  cycles  of  loading  Tor  tne 
e.;  tab  l  Ir.ltetl  service  life  of  construction  is  the  number 

cycles  of  loading  with  the  amplitude  at  which  the  probability  of 
destruction  is  equal  to  assigned  (F_or). 


If  effective  stresses  are  lower  than  the  minimum  fatigue  limit* 
then  defect Ibility  is  not  introduced  into  the  construction.  In  this 
case  the  number  cycles  in  formula  (11.5)  must  be  assumed  equal  to 

Infinity . 

It  is  possible  to  introduce  the  concept  about  the  relative 
juration  of  conditions  e  introducing  defectiMlity  into  the  construc¬ 
tion  : 


where  NnoBp  is  the  number  of  cycles  of  loading  for  the  service  life 
of  construction  introducing  defectibility . 

Thus  luring  the  time  of  service  life  R  the  construction  is 
damaged  only  during  the  time  equal  to  eR. 

Frequently  for  giving  to  calculations  greater  clarity  it 
appears  convenient  to  Introduce  the  concept  of  the  average  equivalent 
amplitude  of  varying  stresses. 

The  average  equivalent  amplitude  of  stresses  consists  of 
such  an  amplitude  constant  in  time  and  effective  during  the  part 
of  service  life  equal  to  eR,  which  introduces  into  toe  construction 
a  defectibility  equal  tc  the  defectibility  introduced  by  amplitudes 
of  varying  stresses  different  in  magnitt-d**  in  ail  conditioi  s  of 
flight  encountered  during  operation  of  the  helicopter. 

With  the  introduction  of  this  concept  it  is  assumed  that  at 
stresses  greater  than  the  Unit  the  durability  of  the  construction 
can  be  determined  as 


Then,  substituting  (11.6)  Into  (11. M,  we  will  obtain 


f 


Cl 


where  summation  is  produced  only  with  respect  to  those  conditions 
which  introduce  uefectibility  into  the  construction. 

* 

If  one  were  to  introduce  one  equivalent  level  of  stresses  with 
the  amplitude  03HB  and  the  number  cycles  determined  from  the  condition 
that  stresses  act  a  3KB  act  continuously  during  part  of  the  service 
life  eR,  i.e.,  that  »  then  it  is  possible  to  write 


< 

Consequently : 


(11.8) 


(11.9) 


As  an  example  later  at  point  12,  see  also  Table  1.21,  there  is 

given  the  calculation  of  equivalent  stresses  for  the  blade  of  one 

of  the  helicopters  in  the  most  stressed  section  on  the  relative 

radius  r  =  0.7*1.  The  spar  of  this  blade  is  a  steel  tube  pressed 

■'n  an  ellipse  along  the  whole  length,  starting  from  the  radius 

i  =  0.3.  The  minimum  fatigue  limit  of  the  tube  of  the  blade  in 

this  section,  according  to  results  of  dynamic  tests,  can  be  accepted 

2 

as  equal  to  aw  =  13  kG/mm  . 
min 

Measurement  of  stresses  in  the  blade  with  a  spar  of  steel 
tube  is  usually  produced  in  two  planes:  in  the  plane  of  least  (a  ) 
and  in  the  plane  of  the  greatest  rigidity  (ox).  With  this  it  can 
appear  that  at  some  point  of  the  perimeter  of  the  spar  section  the 
amplitude  of  varying  stresses  attains  the  magnitude  -,-V  'l  +  'l, 

greater  than  that  of  the  amplitude  a  . 

However,  usually  because  of  the  distinction  in  phases  of 
effective  stresses  in  these  two  planes  such  a  magnitude  of  varying 
stresses  is  almost  never  attained.  Therefore,  with  calculation  of 
service  life  of  the  blade  it  is  possible  to  use  the  approximate 
formula : 

2*10 


Coefficient  £  can  be  calculated  if  there  is  simultaneous  recording 

of  stresses  o  and  o  .  If  there  are  no  data  for  the  determination 
x  y 

of  £,  then  practically  quite  reliable  results  can  be  obtained  if  we 
assume  £  ■  0.5. 


6.  Scattering  of  Amplitudes  of  Varying  Stresses 
in  Assigned  Plight  Conditions 

With  the  measurement  of  varying  stresses  in  flight  it  is 
revealed  that  in  the  assigned  conditions  of  flight  values  of 
stresses  appear  different  during  the  period  of  conditions  of  the 
flight  and  in  various  flights.  Therefore,  it  is  necessary  to 
introduce  its  average-equivalent  amplitude  of  varying  stresses  in 
all  conditions  of  the  flight. 

To  determine  this  amplitude  it  is  possible  to  use  special 
decoders  of  oscillograms,  which  allow  determining  the  number  of 
amplitudes  of  stresses  n^  lying  in  the  range 


Ao,  «-«<»»— *»„it 


where  c^.  and  -  levels  of  amplitudes  of  varying  stresses  selected 

for  the  calculation. 


Then  the  average-equivalent  amplitude  of  varying  stresses  in  the 
examined  conditions  can  be  determined  by  the  formula  analogous  to 
.(11.9), 


Oj*= 


(11.10) 


Here  n^  is  the  relative  number  cycles  with  amplitude  o^. 


where  n^  is  the  number  cycles  with  amplitude  o^,  and  r.^  is  the 
total  number  of  cycles  recorded  by  the  decoder;  ei  is  the  relative 
number  cycles  with  stresses  greater  than  the  minimum  fatigue  limit 
In  1-th  flight  conditions. 
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Summing  with  respect  to  k  i:--  produced  only  for  those  intervals 

of  time  in  i-th  conditions  where  the  amplitude  of  stresses  o.  is  larger 

than  the  minimum  fatigue  limit  o  , 

wmin 

In  the  determination  of  the  average-equivalent  amplitude  for 
the  whole  service  life  of  the  helicopter  by  formula  (11.9)  the 
amplitude  in  each  flight  condition  should  be  calculated  by  the 
formula  (11.10)  and  the  relative  duration  of  conditions  introducing 
defectibility  into  the  construction,  by  the  formula: 

In  practice  for  simplification  of  deciphering  we  often  determine 
in  each  condition  not  the  average-equivalent  amplitude  but  the 
maximum  one  that  enters  into  the  safety  margin,  but  this  'Leads  to 
a  decrease  in  the  service  life  of  the  construction. 

7.  Method  of  Calculation  of  Service  Life 
with  the  Use  of  Safety  Factors 

The  problem  of  determining  service  life  of  the  construction  is 
reduced  to  the  finding  of  such  a  safe  number  of  cycles  of  loading  with 
operation  of  Nge3  at  which  the  probability  of  destruction  of  the 
construction  is  very  small  and  equaJ  to  the  assigned.  If  it  were 
possible  to  test  a  sufficiently  large  number  of  samples,  then,  by 
determining  the  cnaracteristic  of  distribution  of  ^helr  service  life 
(Fig.  1.68),  it  would  be  easy  to  find  N  5gg  .  Laseu  on  such  approach 
are  many  methods  of  calculation  of  service  life  (see,  for  example, 
[^3]).  However,  usually  the  ser\ice  life  of  the  construction  must 
be  determined  on  the  basis  of  results  of  dynamic  tests  of  some  small 
number  of  samples  of  the  construction  n,  when  the  law  of  distribution 
of  service  life  is  impossible  to  determine  with  the  necessary 
accuracy.  Therefore,  in  practice  there  is  wide  spread  use  in  the 
method  of  calculation  of  service  life  of  the  construction  founded  on 
the  introduction  of  definite  safety  margins  by  the  number  of  cycles 
of'  nN  and  amplitude  of  varying  stresses  na  . 


Fig.  1.68.  Determination  of  the  safe 
number  cycles  by  the  distribution  curve 
of  service  life. 


To  calculate  the  service  life  by  this  method  it  is  necessary 
to  take  the  measurement  of  stresses  in  the  construction  on  different 
conditions  of  flight,  determine  the  equivalent  value  of  stresses 
and  conduct  dynamic  tests  of  one  or  several  specimens  of  the  construc¬ 
tion  during  stresses 

(11.11) 

The  reserve  n  here  is  introduced  for  calculation  of  the 
a 

possible  distinction  in  values  of  varying  stresses  in  analogous  units 
of  different  helicopters. 

By  conducting  tests  of  samples  and  obtaining  the  minimum  value 
uf  the  number  cycles  prior  to  destruction  Nm^n  we  determine  the  safe 
number  cycles  of  leading  in  the  operation  by  formula: 

(11.12) 

V 

The  safety  margin  is  introduced  for  the  calculation  of 
scattering  of  cnaracteristics  of  service  life. 

Then  the  service  life  of  the  construction  in  hours  can  be 
determined  by  the  formula 
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« 


where  f  is  the  frequency  of  loading  of  the  blade  in  operation 
(oscillations  per  minute). 


In  certain  cases  the  service  life  of  the  construction  appears 
dependent  on  the  frequency  of  the  load.  Therefore,  if  dynamic  tests 
are  conducted  at  a  frequency  of  greater  than  the  frequency  of  loading 
in  flight,  then  it  is  necessary  to  introduce  still  an  additional 
reserve  on  the  frequency  of  loading  This  reserve  is  introduced 

basically  for  components  made  of  Duralumin  and  when  tests  are 
conducted  at  a  frequency  5-10  times  greater  than  the  frequency  of 
loading  in  flight.  In  this  case  it  is  taken  equal  to  ■  1. 5-2.0. 

In  the  calculation  of  these  reserves  the  formula  for  determining 
service  life  can  be  written  in  the  form: 


/?= 


ffm  I. 

M/WI,  ' 


(11.13) 


If  one  were  to  assume  that  the  distribution  of  characteristics 
of  service  life  obeys  the  normal  law  and  that  parameters  of  this 
law  are  well-known,  then,  as  was  already  stated,  values  of  necessary 
safety  margins  with  respect  to  the  number  cycles  and  amplitude 
of  varying  stresses  nQ  wopld  have  been  possible  to  determine  by 
calculation  means  having  assigned  the  determined  quite  small 
probability  of  destruction  of  the  construction  in  the  operation. 
However,  such  calculations  cannot  claim  to  be  of  high  accuracy. 
Therefore,  by  the  same  right  the  method  of  assignment  of  values  of 
these  coefficients  can  be  used  on  the  basis  of  operational  experience 
of  helicopters . 


Proceeding  from  this  experiment,  the  safety  factor  with  respect 
to  the  amplitude  of  varying  stresses  n0  can  be  accepted  as  equal  to 
1.2  and  the  reserve  with  respect  to  the  number  cycles  of  loading 
nN  as  different  depending  upon  the  number  of  tested  samples  and 
degree  of  responsibility  of  the  unit  for  flight  safety. 


With  respect  to  the  degree  of  responsibility  for  flight  safety 
all  units  and  components  of  the  helicopter  can  be  divided  into 


four  groups : 


Group  I  -  units  whose  destruction  leads  to  immediate  and  full 
disturbance  of  the  efficiency  and  safety  with  the  difficultly 
revealed  beginning  of  the  appearance  of  a  fatigue  crack.  This  group 
can  include  blades  whose  spar  is  covered  by  the  housing  and  does 
not  permit  inspecting  it  after  a  flight,  a  series  of  components 
closed  for  inspection  of  the  hub  and  control  system  of  the  main 
and  tail  rotor,  shaft  of  the  rotor,  etc. 

Group  II  -  units  whose  destruction  could  lead  to  immediate  and 
full  disturbance  of  the  efficiency  of  construction  and  flight  safety, 
but  there  is  a  possibility  of  early  detection  of  the  appearance  of 
a  fatigue  crack.  This  group  can  include  blades  with  a  reliably 
operating  system  of  signalling  of  the  appearance  of  cracks  and  all 
remaining  units  attributed  to  group  I,  if  the  appearance  of 
fatigue  crack  in  then  can  be  revealed  in  preflight  inspection. 

Group  III  -  units  whose  destruction  leads  to  a  partial  loss  in 
efficiency,  threatens  the  flight  safety,  but  permits  accomplishing 
a  forced  landing  without  a  crash  of  the  helicopter.  This  group  can 
include  many  elements  of  the  fuselage,  even  the  reduction  gear  frame 
if  it  is  carried  out  in  a  statically  indeterminate  configuration. 

Group  IV  -  units  whose  destruction  creates  partial  loss  of 
efficiency,  permits  continuing  the  flight,  does  not  involve  rapid 
destruction  of  other  units  and  permits  revealing  destruction  during 
ground  inspection.  This  can  include  many  elements  of  the  fuselage, 
stabilizer  of  the  helicopter  and  a  series  of  analogous  elements  of 
the  Construction. 

The  more  important  the  unit,  the  larger  the  value  of  margin 
with  respect  to  the  number  of  cycles  should  be  taken.  The  following 
values  of  these  reserves  can  be  proposed  (Table  1.16). 
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Table  1.16.  Safety  margins  with  respect  to  the  number 
cycles.1 


Margins  given  for  group  I  of  units  are 

twice  larger  than  well-known  values,  since  included 
in  them  are  also  margins  introduced  frequently 

into  the  inaccuracy  of  hypothesis  of  linear  summa¬ 
tion  of  defectibilities . 

To  realize  margins  with  respect  to  the  number  cycles  required 

for  groups  I  and  II  of  units  of  the  helicopter  in  practice  proves  to 

be  possible  only  at  very  low  frequency  of  the  change  in  loads  in 

the  flight.  In  the  establishment  of  the  service  life  with  such 

great  margins  for  all  basic  units  of  the  helicopter,  it  would  be 

necessary  to  conduct  tests  up  to  a  very  large  number  cycles  consid- 

7 

erably  larger  than  10  cycles.  It  would  be  necessary  to  spend  very 
much  time  on  this.  Therefore,'  even  greater  widespread  use  Is 
achieved  in  the  accelerated  method  of  dynamic  tests  with  a  margin 
with  respect  to  the  number  cycles  nN  •  1  or  even  smaller  than  unity. 
In  this  case  safeguard  of  the  required  reliability  is  attained  by 
means  of  introducing  only  a  margin  with  respect  to  stresses.  For 
conversion  of  margins  into  margin  with  respect  to  na  we  usually 
use  formula  (11.3)  with  the  exponent  m  *  6.  With  such  approach  the 
necessary  margin  with  respect  to  amplitude  of  varying  stresses 
appears  different  depending  upon  the  number  of  tested  samples  and 
large  for  Duralumin,  for  which  it  appears  necessary  to  introduce  an 
additional  margin  into  the  difference  in  frequency  during  tests  and 
in  flight. 


Taking  into  account  everything  that  has  been  said,  for  group  I 
of  units  of  the  helicopter  it  is  possible  to  take  margins  with  respect 
to  the  amplitude  of  varying  stresses,  shown  in  Table  1.17. 


Table  1.17. 


Number  of 
tested 
samples  n 

steel 

Dura¬ 

lumin 

1 

1.8 

2,0 

2 

1.7 

1.0 

3 

l.« 

1.8 

6 

1.8 

1.7 

Under  dynamic  tests  with  such  margins  no  a  safe  number  of  cycles 
is  determined  according  to  the  minimum  number  of  cycles  of  loading 
of  the  sample  prior  to  destruction  . 

Tt  is  necessary,  however,  to  consider  that  the  carrying  out  of 
tests  with  such  large  margins  with  respect  to  the  amplitude  of  live 
loads  possibly  only  in  those  cases  when  with  an  increase  in  load 
the  character  of  the  distribution  of  stresses  according  to  different 
structural  parts  is  essentially  not  changed.  When  with  an  increase 
in  loads  redistribution  of  stresses  occurs  due  to,  let  us  say,  the 
opening  of  a  joint,  the  appearance  of  mutual  movements  of  adjoining 
components  operating  under  working  loads  without  such  movements  or 
for  other  similar  reasons,  the  application  of  such  a  method  of  tests 
is  inexpedient. 

8.  Method  of  A.  P.  Selikhov  for  Calculating  the 
Necessary  Safety  Margin  with  Respect 
to  the  Number  Cycles 

Above,  in  No.  ?,  it  was  already  indicated  that  the  service  life 
of  the  construction  has  a  threshold  of  sensitivity  with  respect  to 
the  number  cycles  NQ,  and  therefore  the  distribution  function  in 
the  region  of  small  probabilities  of  destruction  deviates  from  the 
normal  law.  In  principle,  it  would  have  been  possible  to  select 
such  a  safety  margin  with  respect  to  the  number  of  cycles  that  the 
probability  of  destruction  of  the  construction  would  be  equal  to  sere. 
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But,  as  is  shown  in  work  [M],  for  a  sufficiently  accurate  determin¬ 
ation  of  the  threshold  of  sensitivity  there  is  required  a  large 
quantity  of  samples,  so  that  it  is  mostly  impossible  to  determine 
its  value  for  the  construction.  Therefore  we  usually  assume  that 
logarithms  of  numbers  of  cycles  prior  to  destruction  lg  N  are 
distributed  according  to  the  normal  law,  and  the  assignment  of 
service  life  of  the  construction  is  produced  based  on  the  condition 
that  the  probability  of  destruction  P  *  0  and  on  the  condition  that 
this  probability  is  quite  small,  let  us  say,  equal  to  P  ■ 

If  in  reality  the  threshold  of  sensitivity  takes  place,  then  the 
requirement  of  such  a  small  probability  of  destruction,  calculated 
from  the  normal  law  of  distribution,  appears  more  rigid  than  the 
requirement  P  *  0,  which  would  have  been  possible  to  impose,  if  the 
value  Nq  proved  to  be  possible  to  calculate.  Therefore,  it  is 
possible  to  consider  fully  permissible  the  determination  of  safety 
margins  on  the  basis  of  somewhat  greater  probability  of  destruction , 

let  us  say  P«  and  even  P-  X . 
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To  determine  the  necessary  safety  margins  with  respect  to  the 
number  cycles  the  method  proposed  by  A.  P.  Seilkhov  can  be  used. 

This  method  consists  in  the  following. 


If  ore  were  to  assume  that  the  distribution  of  logarithms  of 
numbers  of  cycles  prior  to  destruction  of  the  construction  obeys 
the  normal  law 


'H't-TZt? S"‘ 
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(li.l^) 


then  the  distribution  of  minimum  value;  of  service  life  of  a  certair 
group  of  samples  of  this  construction  can  be  defined  by  formula 


where  n  is  the  number  of  tesfi  samples;  -  Laplace 


c’«6 


function 


The  character  of  distribution  ^^(lg  N)  for  values  N  »  0.15 
and  n  «  5,  10  and  100  is  shown  on  Fig.  1.69.  Values  of  mathematical 
expectations  and  root-mean-square  deviations  of  this  distribution 
depending  upon  ^  and  n  can  be  found  by  curves  shown  in  Fig.  1.70 
and  1.71. 


Fig.  1.69.  Distribu¬ 
tion  of  miuiaum  values 
of  service  life  with  a 
different  volume  of 
the  sample. 


Fig.  1.70.  Change  in 
magnitude  or  mathemati¬ 
cal  expectation  of  mini¬ 
mum  values  of  service 
life  from  ne  number  of 
tested  aamples. 


Fig.  1.71.  Dependence  of 
root-mean-square  deviations 
of  minimum  values  of  service 
life  vr  the  number  of  tested 
sampler . 


The  mathematical  expectation  of  the  minimum  value  of  service  life 
can  be  determined  by  the  formula: 

wi* =^mijAr  ~  Amtg N- 


Value  Am^  ^  is  determined  depending  upon  the  root-mean-square 

deviations,  „  and  number  of  tested  samples  by  the  curve  on  Fig.  1.70. 
lg  N 

The  root-mean-square  deviation  of  the  minimum  value  of  service 

life  S,  ..  ,  referred  to  S.  M>  is  shewn  in  Fig.  1.71. 

ig  Nmin  lg  N 

Thus,  if  characteristics  of  the  distribution  of  service  life 
of  the  construction  are  known,  then  by  formula  (11.15)  one  can 
determine  the  distribution  of  minimum  values  of  service  life  during 
tests  of  a  small  number  of  samples  n.  Knowing  this  distribution, 
one  can  determine  the  probability  of  destruction  of  the  construction 
with  the  number  cycles  of  the  load 


—  •  (11.16) 

where  nN  is  the  safety  factor  of  reliability  with  respect  to  the 
number  cycles;  Nmin  -  minimum  value  of  the  number  cycles  prior  to 
destruction  of  the  construction  during  tests. 

Having  taken  the  logarithm  of  expression  (11.16),  we  obtain 

(11.17) 

where 


If  dynamic  tests  of  natural  samples  are  conducted  under  loads 
equivalent  to  loads  acting  in  the  examined  construction  in  flight, 
then  it  is  possible  to  consider  that  the  distribution  of  service  life 
during  dynamic  tests  and  under  operational  conditions  is  equal. 

A  certain  distinction  in  these  distributions  can  appear  only  due  to 
errors  durirg  dynamic  tests  and  the  scale  effect  in  those  cases  when 
the  volume  of  loaded  material  in  the  construction  appears  larger  than 


chat  in  the  sample,  i.e.,  for  example,  wnen  on  a  sample  cut  from  a 
blade,  only  its  central  part  appears  loaded  during  tests.  If  dynamic 
tests  are  conducted  under  loads  different  from  those  effective 
in  flight,  then  characteristics  of  the  distribution  of  service  life 
in  the  operation  prove  to  be  essentially  different  from  those  obtained 
during  tests  and  can  be  determined  only  approximately  by  means  of 
conversion  founded  on  definite  assumptions  with  respect  to  the  Wohler 
curve. 

If  the  distribution  of  service  life  under  conditions  of  operation 
i^KC  is  determined,  then  the  conditional  probability  of  destruction  of 
one  arbitrarily  taken  copy  of  the  construction,  in  operation  with  the 
given  outcome  of  dynamic  tests  can  be  determined  by  the  expression 


IHl 

J  **(*«)*»• 


(11.18) 


The  total  probability  of  destruction  of  this  copy  of  the 
construction  in  operation  will  be  equal  to  the  sum  of  conditional 
probabilities  multiplied  by  the  absolute  probability  of  each  result 

*min(^2)  d^2: 


•  ru-*v  1 

p—  J%»Wl  J  (11.19) 

Having  calculated  the  magnitude  of  this  integral,  it  is  possible 
to  plot  the  dependence  of  probability  of  destruction  of  the  construc¬ 
tion  P  on  the  accepted  value  of  safety  margin  with  respect  to  the 
number  cycles 

In  the  case  when  the  distribution  of  service  life  lr  operation 
and  during  tests  is  equal 

the  probability  P  appears  dependent  only  on  two  quantities:  on  the 
number  of  tested  samples  n  and  on  the  relation  of  the  logarithm  of 
safety  margin  lg  the  root-mean-square  deviation  cf  logarithms  of 


logarithm:;  of  numbers  ol’  eye i on  prior  to  destruction  of  samples 

'  W']  -  1  7,1'! 

"lg  N  ’  -  -  *  l‘- 


m 
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Fig.  1.72.  Diagram  for  the 
selection  of  the  magnitude 
of  safety  margin  with  respect 
to  the  number  cycles  of  the 
load. 
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Thus  to  determine  the  necessary  safety  margin  with  respect  to 
the  number  cycles  it  is  necessary  to  conduct  dynamic  tests  of  n  samples 
of  construction,  determine  the  root-mean-square  deviation  N 
and  Nmln  and,  having  assigned  a  certain  probability  P38^,  determine 
by  curves  of  Fig.  1.72.  After  t.iat  the  safe  number  of  cycles 
prior  to  destruction  can  be  determined  by  formula  (11.12). 


Such  an  approach  is  possible  also  when  tests  are  conducted  on 


a  small  number  of  samples.  The  value  S-, 


can  be  taken  according 


to  results  of  other  tests  of  similar  constructions, 


If  we  assume  beforehand  that  S-,  M  -  0.2  (this  value  is  close 

lg  N 

to  the  minimum  root-mean-square  deviations  observed  for  the  majority 
or  units  of  a  helicopter  and  to  assign  probabilities  of  destruction 
shown  in  Table  I .18,  then  values  of  margins  close  to  those  which  are 
given  in  Table  1 . 1 6  can  be  obtained.  Usually  the  quantity  Slg  ^ 
appears  higher.  Therefore  margins  obtained  by  this  method  are  higher 
than  those  which  are  given  in  Table  1.16. 


Table  1.18. 


-:rcup  o  f  units  with 
different  inport.ir.ce 
for  safety. 

Pi’otc-i  il i'y  of 
destruction  of  "the 
cons  tr-c-*  ion 

1 

I  group 

10000 

1 

U  group 

1000 

1 

in  group 

100 

1  . 

IV  group 

1 

10 

The  basic  question  wnich  arises  with  the  use  of  the  method 
given  here  is  the  question  of  what  probability  of  destruction  of 
r.he  construction  should  one  assign  during  the  calculation  of  servicu 
iife.  Frequently  values  of  probabilities  recommended  by  different 
sources  can  differ  by  3-4  orders  (see,  for  example,  [43]).  The 
values  of  this  probability  proposed  here  (in  Table  1.18)  are  selected 
from  the  consideration  that  they  to  a  great  or  lesser  degree  of 
reliability  should  correspond  to  numbers  of  cycles  smaller  than  the 
threshold  of  sensitivity  NQ.  Therefore,  these  probabilities  should 
be  examined  as  certain  conditional  values  referring  to  the  normal 
law  of  distribution.  Real  values  are  considerably  less  or  even  simply 
equal  to  zero, 

9.  Determination  of  N  with  the  Assigned 
Confidence  Probability 

As  follows  from  the  preceding  point,  the  logarithm  of  safety 
margin  with  respect  to  the  number  cycles  lg  n ^  necessary  to  provide 
the  assigned  probability  of  destruction  appears  directly  proportional 
to  the  root-mean-square  deviation  in  the  distribution  of  logarithms 
of  numbers  of  cycles  prior  to  destruction  of  the  construction  ^ . 
The  larger  the  greater  should  be  taken  the  margin  n^.  There¬ 

fore,  the  reliability  of  determining  the  service  life  of  construction, 
depending  on  admissibility  of  the  many  accepted  assumptions,  to  a 
considerable  degree  is  connected  with  the  accuracy  of  determination 
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Usually  to  determine  the  service  life  of  a  construction  tests 

of  three-five  samples  of  the  construction  are  conducted.  In  many 

cases  it  is  considered  sufficient  to  carry  out  tests  with  even  one 

sample.  There  are  no  doubts  in  the  fact  that  with  such  a  small 

number  of  tested  constructions  there  is  no  possibility  for  a 

sufficiently  accurate  determination  of  Therefore,  in  the 

method  which  is  proposed  by  A.  F.  Selikhov  (see  No.  8)  it  is  assumed 

that  S,  cannot  be  determined  in  all  cases.  With  a  small  number 
Ig  N 

of  tested  samples  it  is  possible  to  take  ^  according  to  the  result 
of  tests  of  analogous  samples  of  another  earlier  tested  construction. 
Such  an  approach  very  greatly  simplifies  the  process  of  establishing 
the  service  life  and  appears  extradordinarily  useful  in  practice. 

Determination  of  ^  with  sufficient  reliability  is  possible 

with  tests  of  not  less  than  ten  samples  of  the  construction.  To 
evaluate  this  reliability  we  frequently  use  the  concept  of  confidence 
probability  of  the  determination  of  S-^ 

The  confidence  probability  6  is  usually  selected  so  that  it 
would  be  possible  to  consider  practically  reliable  that  the  value 
S,  M  lies  in  the  interval: 

lg 

.  Aft 

where  §lg  N  is  the  estimate  of  S-^  N  obtained  according  to  a  limited 
number  of  results  of  tests;  q  —  coefficient  in  magnitude,  larger  than 
unity . 

From  what  has  been  said  it  follows  that  the  sought  value 
can  lie  in  the  cofidence  interval  with  probability  3.  Consequently, 
it  can  appear  equal  to  qS  N.  In  this  case  the  logarithm  of  the 
safety  margin  with  respect  to  the  number  cycles  lg  in  accordance 
with  that  expounded  in  No.  8  by  the  method  will  be  increased  propor¬ 
tional  to  quantity  q,  and  this  is  why  the  computed  value  of  service 
life  decreases. 


o'i 


The  value  of  coefficient  q,  depending  on  the  number  of  tested 
samples,  appears  to  be  the  accepted  value  of  the  confidence  prob¬ 
ability  8. 

In  Table  1.19  there  are  given  values  of  coefficients  q  and  values 
of  the  confidence  probability  8  corresponding  to  them  taken  by 
us  from  the  book  of  Ye.  S.  Ventsel*  Probability  Theory. 


Table  1.19. 


Vai 

or 

COM’  k 

I once  j. 

•rot  rtf 

X  t 

p  in  ^  a  *.. 

J  I'i'urt:  \  q 

S ’iff.pl  <;S 

l.oej 

i.i ! 

1,15  | 

1,20  j 

1.25 

1  1-3 

! 

«=  5 

14.6 

24.1 

35,5 

i 

46,1 

55,6 

i 

63.7 

/i=10 

20,8 

34 

49 

62 

72,2 

j  79.7 

n= 25 

32,7 

51,8 

70,6 

83.2 

90,5 

/i  =50 

45.2 

68,2 

86 

1 

94 

j  97,4 

j  98,8 

As  follows  from  Table  1.19,  during  tests,  for  example,  twenty- 
five  samples  and  a  confidence  probability  of  not  less  than  79?,  the 
value  ^  obtained  according  to  the  experiment  appears  necessary 
with  the  calculation  of  service  life  still  to  be  increased  1.15  times. 

With  the  assignment  of  the  confidence  probability  one  should 
consider,  however,  that  reliability  of  the  determination  of  5^  ^  ■ 

should  not  exceed  the  reliability  of  the  determination  of  all  other 
parameters  entering  into  the  calculation  of  service  life.  This 
pertains,  first  of  all,  to  parameters  determining  the  law  of  distri¬ 
bution  of  service  life  in  the  region  of  small  probabilities  of  the 
aistruction,  such  as,  the  threshold  q  of  sensitivity  and  to  the 
character  of  the  very  law  of  distribution,  which  only  approximately 
can  be  accepted  as  logarithmically  normal. 

Therefore,  the  confidence  probability  8  cnaracterizing  the 
reliability  of  determination  of  S.  v  can  oc  considerably  lowered  to 

i.g 

values  at  whicn  coefficient  q  will  not  be  considerably  larger  than 
unity . 


On  the  basis  of  these  considerations,  with  the  determination  of 
margins  we  frequently  assume  q  =  1  and  use  the  value  „  ,,  and 
not  that  value  which  corresponds  to  the  upper  limit  of  the  confidence 
interval  at  sufficiently  high  $. 

10.  Scattering  in  Levels  of  Loading  of  Different  Copies 
of  the  Construction  and  the  Safety  Margin  with  Respect 
to  the  Amplitude  of  Varying  Stresses  no 

Values  of  amplitudes  of  varying  stresses,  effective  in  flight 
in  separate  copies  of  units  of  the  helicopter  identical  in  construction 
pr.-'.'e  to  be  different. 

Measurements  show  that  in  identical  conditions  of  flight 
amplitudes  of  varying  stresses  are  distinguished  both  for  blades  of 
one  rotor  and  between  blades  of  different  rotors.  This  is  explained 
by  the  scattering  of  parameters  of  blades,  manufactured  serially 
due  to  the  distinction  in  their  geometric  dimensions,  and,  conse¬ 
quently,  in  their  weight.  There  are  usually  always  deviations  from 
the  contour  of  the  profile  and  distinctions  in  the  geometric  twist 
of  the  blade.  Furthermore,  with  the  installation  of  blades  on  the 
helicopter  and  adjustment  of  coconicity  of  the  rotor  distinctions 
in  angles  of  setting  of  the  blades  appear.  All  of  this  eventually 
leads  to  a  certain  distinction  under  conditions  of  operation  of 
separate  blades  and,  as  a  result,  to  the  scattering  in  values  of 
amplitudes  of  variable  stresses  acting  in  identical  conditions  of 
flight. 

There  is  also  a  distinction  in  parameters  of  flight  conditions 
connected  with  the  manner  of  piloting  by  individual  pilots. 

A  no  smaller  or  even  considerably  greater  distinction  is  observed 
in  values  of  amplitudes  of  stresses  and  in  all  other  units  of  the 
helicopter.  The  scattering  in  amplitudes  of  stresses  is  especially 
great  In  those  components  where  live  load3  from  separate  blades  with 
summation  should  be  equal  to  zero  (if  the  blades  are  ideally  identical) 
for  all  harmonics  with  the  exception  of  harmonics  multiple  cf  t he 
number  of  blades.  If,  however,  parameters  of  the  slaves  are 
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different,  and  thus  practically  this  always  occurs,  then  in  these 
units  besides  small  live  loads  with  frequencies  of  harmonics  multiple 
of  the  number  of  blades  there  appear  considerable  (in  magnitude) 
loads  with  other  harmonics,  and  their  magnitude  appears  proportional 
to  the  magnitude  of  distinction  in  parameters  of  the  blades.  Ths 
scattering  in  values  of  varying  stresses  in  such  units  can  appear 
very  great.  Usually  these  are  the  following  units:  the  pitch 
control,  components  of  the  rotor  control  system  and  fuselage,  and 
primarily  its  reduction  gear  frame,  which  is  especially  greatly 
loaded  by  live  loads. 

For  an  account  of  all  enumerated  factors  during  calculation 
service  life  the  safety  factor  with  respect  to  the  amplitude  of 
varying  stresses  nQ  is  introduced.  This  factor  should  provide 
reliability  of  operation  of  any  copy  of  the  construction  in  a 
fleet  of  helicopters  taking  into  account  the  available  scattering 
in  values  of  varying  stresses. 

Usually  to  measure  the  varying  stresses  in  the  construction 
there  is  arbitrarily  selected  a  certain  copy  of  the  helicopter. 

Varying  stresses  obtained  during  its  tests  are  used  for  carrying 

out  dynamic  tests.  With  this  tests  are  conducted  with  stresses 
®uco-n«  0«im.  Therefore,  above-stated  (see  No.  8)  method  of  determina¬ 
tion  of  safety  margin  nN  and  safe  period  of  service  gives  results 
which  can  be  used  only  for  that  copy  of  construction  in  which  stresses 
equal  to  oMcn  act.  For  all  other  copies  of  this  construction  the 
service  life  will  appear  greater,  if  stresses  acting  in  them  o»«cf<0K» 
and  less,  if  «aHkr>oac» 

Let  us  determine  the  value  of  the  safety  factor  n0  from  the 
condition  of  the  fact  that  the  probability  of  destruction  of  tne 
examined  unit  of  the  helicopter  Pj.,  taking  into  account  the  available 
scattering  in  values  of  amplitudes  of  varying  stresses,  is  equal  to 
the  assigned  probability  Pgg^.  Usually  this  value  is  taken  to  be 
the  same  as  the  probability  of  destruction  Pq  of  that  unit  in  which 
varying  stresses  cMCrI,  accepted  during  dynamic  tests,  act. 
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Thus  if  value  Is  selected  from  the  condition  that  the 
probability  of  destruction  of  the  copy  of  the  construction  with 
stresses  oMCn  ls  equal  to  PQ  *  Paafl  ,  then  the  probability  of  destruc¬ 
tion  of  other- copies  of  this  construction  can  be  determined  by  formula 

J  (11.20) 

Here  Pc  is  the  probability  of  destruction  of  that  unit  of  the  heli¬ 
copter  in  which  stresses  equal  to  a  act.  The  distribution  of  service 
life  4>3kc»  entering  into  formula  (11.20),  which  is  determined  on  the 
basis  of  dynamic  tests  for  a  certain  selected  level  of  equivalent 
stresses  should  be  recalculated  taking  into  account  the  fact  that  in 
different  copies  of  the  construction  different  equivalent  stresses 
act . 


If  one  were  to  assume  that  the  service  life  is  changed  in 
accordance  with  the  law 


const,  (11.21) 

then  characteristics  of  the  distribution  $3KC(£)  can  be  assumed  equal 
to: 


$i«<W  (11.22) 

"'n  4"  **  9««  ~  (11.23) 

where  (S,  is  the  root-mean-square  deviation  of  distribution  of 

N  0 

logarithms  of  numbers  of  cycles  with  stresses  different  from 

those  at  which  dynamic  tests  are  produced;  (m^  jj)0  -  mathematical 
expectation  of  this  distribution;  oMCn  -  stresses  during  tests; 
°neic~B  ~  8tre88es  acting  in  some  copy  of  the  helicopter. 

Let  us  assume  that  the  distribution  of  amplitudes  of  acting 
varying  stresses  with  respect  to  different  copies  of  the  constructor 
can  be  accepted  as  logarithmically  normal.  Then  the  probability  of 
destruction  of  the  examined  unite  cf  the  helicopter  will  be  equal  to: 
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(11.24) 


r 
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where  <j>,  is  the  law  of  distribution  of  effective  amplitudes 

1«  °,ue»CTB 

of  varying  stresses  (Pig.  1.73) 


Fig.  1.73.  Character  of 
distribution  g  and 

Po  at  various  a-ACn  -  n0oH31l 


Here  one  should  consider  that  value  aMCn,  accepted  for  dynamic 
tests,  is  selected  accidentally  according  to  the  results  of  measure¬ 
ment  of  stresses  on  one  arbitrarily  taken  helicopter  or  on  several 
helicopters.  Therefore,  the  probability  distribution  of  the  destruc¬ 
tion  PQ  with  respect  to  units  with  different  acting  stresses  will 
be  displaced  along  the  axis  lg  a  (see  Pig.  1.73)  depending  on  the 
accepted  value  oKCn,  thus,  in  order  that  at  Ojje|CTB  *  °Hcn  the 
probability  of  destruction  ?Q  is  equal  to  ,  since  from  this 
condition  the  value  was  selected.  Hence  it  is  clear  that  value 
PM3ii  depend  on  value  oMCn. 

Consequently,  the  probability  P„3||  is  the  conditional  probability 
with  the  definite,  accidentally  selected,  value  0,^.  total 

probability  of  destruction,  arbitrarily  taken  from  a  fleet  of 
helicopters  of  unit  P£,  can  be  obtained  as  the  sum  of  conditional 
probabilities  PH31I,  multiplied  by  the  probability  of  appearance  In 
this  unit  of  stresses  taken  as  the  basis  with  dynamic  tests 


2  59 


If  measurement  is  produced  on  several  copies  of  the  construction, 
and  with  dynamic  tests  there  are  assigned  stresses 

where  Gjiaiicp  ls  the  avera8e  amplitude  of  varying  stresses  measured 
on  several  copies  of  the  construction,  then  parameters  of  distribution 
should  be  determined  as  parameters  of  the  distribution  of  mean 
values  of  varying  stresses 

Prom  expression  (ll.?5)  it  follows  that  the  total  probability 
of  destruction  appears  dependent  on  quantity  nQ.  Therefore,  by 
assigning  Pj.  *  ,  one  can  determine  the  necessary  valut  ng.  It 

is  obvious  that  the  necessary  value  ng  proves  to  be  dependent  on  the 
law  of  distribution  of  varying  stresses  with  respect  to  different 
copies  of  similar  units  of  the  helicopter  ♦  .  „  _  .To  determine 

characteristics  of  this  law  of  distribution  there  can  be  U3*d  data  of 
different  measurements  of  stresses  carried  out  frequently  on  the  same 
units  of  the  helicopter  in  tests  conducted  for  different  purposes. 

It  is  natural  that  the  scattering  of  values  of  average  equivalent 
varying  stresses  can  be  different  for  different  units. 

The  root-mean-square  deviation  In  the  disirl fcutlor.  of  varylr.r* 
stresses  with  respect  to  different  blades  of  the  .ler 

?eo 


in  the  range: 


S*. -0.02 -*-0,085. 

If  one  were  to  take,  as  is  frequently  done,  the  normal  law  of 
distribution  of  amplitudes  of  varying  stresses,  then  to  these 
values  of  Q  will  corresppnd  the  values: 

y._  £—0,05 -*-0,08,  (11.26) 

where  3^  is  the  root-mean-square  deviation  in  the  distrioution  of 
amplitudes  of  varying  stresses  with  respect  to  different  blades; 

;.i0  Is  the  mathematical  expectation  of  this  distribution,  i.e., 
average  stress  in  these  blades. 

At  small  y0  it  is  possible  to  assume  g  »  yq  lg  e. 

For  units  whose  load  depends  on  the  quality  of  control  of  the 
rotor,  such  as  the  cyclic  pitch  control,  reduction  gear  frame  and 
ethers,  the  coefficient  y0  appears  somewhat  larger. 

From  the  structure  of  formula  (11.25)  It  follows  that  the  total 
probability  of  destruction  Pg  depends  basically  on  two  parameters: 


where  m  is  the  exponent  of  the  Wohler  curve. 

The  total  probability  of  destruction  Pg  also  depends  on  the 
probability  of  destruction  PQ  accepted  in  calculation  of  that  copy 
of  construction  in  which  stresses  o„cn. 

Figure  I.?*  rives  calculations  of  the  total  probability  Pg  for 
different  values  a,  b  and  PQ  according  to  formula  Ul.25)  in  the  case 
when  measurement  of  stresses  only  in  one  copy  of  construction  of  the 
helicopter  is  carried  out.  Calculations  were  also  conducted  for 
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different  values  of  the  number  *f  tested  samples,  but  it  appeared 
that  the  total  probability  of  destruction  does  not  greatly  depend  on 
their  number.  Figure  1.7^  shows  by  dashed  lines  the  curves  for 
n  oCp  *  5  and  by  solid  lines,  for  nr^p  ■  20. 


Fig.  1.7^.  Results  of 
calculation  of  the  prob¬ 
ability  of  destruction 
taking  into  account 
scattering  in  values  of 
stresses  acting  in  dif¬ 
ferent  copies  of  the 
construction. 


If  one  were  to  require  that  Pj.  »  PQ  »  Pg^,  then  final  graphs 
can  be  obtained,  by  which  it  is  easy  to  determine  the  necessary 
margin  n^,  if  values  j,  and  P^^  are  known.  These  graphs 

are  shown  in  Fig.  1.75.  Just  as  In  Fig.  1.71*,  the  dashed  lines 
pertain  to  the  case  n  ■  5  and  3olld  lines  to  the  case  n-*  «  20. 

*"  A*"  • 

As  ar;  example  let  us  find  the  necessary  margin  no  for  the  blade 
*.;■  the  helicopter  If  It  In  known  that  y.  —0,08  (Stt,  -0.033).  ar  I 
■  .  i| 

*  l£  K  ’*  * 

Let  us  determine  the  value  of  coefficient  a: 


»«.«( 

M 


«,(L5*S. 
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Then,  by  assigning  value  Pj.  *  q ,  by  curves  of  Pig.  1.75 
we  obtain: 

*■*1,28  (at  5); 


whence 

IgiV**  1.28 *0,035 **0,0448, 

and 

iv- Ml. 

In  those  cases  when  the  law  of  distribution  <Pa  Is  unknown, 
we  usually  take  n0  *  1.2.  This  value  n0,  as  was  already  noted  In 
Mo.  7,  Is  frequently  used  In  practical  calculations. 


Pig.  i.75.  Diagram  for  selection  of  the 
safety  margin 


11.  Method  of  Determination  of  Safety  Margin  n 
Proposed  by  A.  F.  Sellkhov 

In  our  account  certain  procedures  and  reasonings  somewhat  differ 
here  from  those  which  were  proposed  by  A.  F.  Seltkhov,  but  the  basic 
principle  of  approach  to  resolving  the  problem  is  borrowed  fro*  the 
author. 

In  this  method  for  determining  the  margin  nc  the  same  method 
is  used  which  was  described  In  No.  8,  but  in  characteristics  of  the 
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distribution  of  service  life  the  scattering  in  valves  of  amplitudes 
of  stresses  acting  in  flight  is  considered. 

If,  as  earlier,  we  consider  that  with  a  change  in  the  amplitude 
of  stresses  the  service  life  under  conditions  of  operation  is 
changed  in  accordance  with  law  (11.21),  i.e.,  that 

>8  # .*c  =  lg  H", -f m  (lg  oH4a  -  !g  91(lc  J,  (11.27) 

then  one  can  determine  the  characteristics  of  distribution  of  service 
life  in  the  operation  taking  into  account  scattering  in  values  of 
amplitudes  of  acting  stresses. 

The  mathematical  expectation  of  this  distribution  will  be  equal 

to : 


“  m«*  (11.28) 

where  m-,  is  the  mathematical  expectation  of  the  distribution 

°neaCTB 

of  amplitudes  of  stresses  in  different  copies  of  the  investigated 
construction  (mean  value  of  amplitudes  of  varying  stresses  in  different 
copies  of  the  construction). 


If  tests  are  conducted  with  stresses 


then  assuming 


®mch  "  t 


m'*  Vnct.  *  '8  m*cp  ’ 


we  obtain 

m\  ~  m\i  + m  ’8  TW 

The  root-mean-square  deviation  in  values  of  logarithms  of  numbers 
of  cycles  prior  to  destruction  under  operating  conditions  can  be 
determined  by  the  formula 


Si  —  N  ”T  m7tfl »' 


,>Ck 


(II. ?fJj 


If  dynamic  tests  are  conducted  with  the  amplitude  of  stresses 
cK,„  «  n0  Ocp  (where  aCp  is  the  average  amplitude  measured  in  flight 
on  different  copies  of  the  construction),  then  the  scattering  of 
characteristics  of  service  life  with  tests  will  appear  dependent  on 
the  scattering  in  acting  stresses  on  different  copies  of  helicopters. 
The  amplitude  established  during  t^sts  proves  to  be  the  value  of 
the  accidental  measurement  of  stresses  dependent  on  the  results.  As 
earlier  (see  No.  8),  we  are  interested  in  characteristics  of  the 
distribution  of  logarithms  of  minimum  numbers  of  cycles  prior  to 
destruction. 

Let  us  assume  that  values  of  minimum  numbers  of  cycles  up  to 
destruction  obey  the  law 


lg  N%  wm  lg  Nula -f m  [Ig  -  Ig  (TfeOcp)!,  (11.30) 

where  N2  is  the  minimum  number  of  cycles  prior  to  destruction  of  the 
construction  taking  into  account  the  fact  that  the  amplitude  of 
tests  can  be  established  different  depending  upon  results  of  the 
measurement  of  the  average  amplitude  of  stresses  acp;  Nmin  is  the 
minimum  number  of  cycles  prior  to  destruction  of  the  construction  at 
a  definite  fixed  value  of  the  amplitude  of  stresses  during" tests 

O  f  <J»CD- 


Then 


m» = irmXm  +  rn  (lg  a*,  -  Ig  n.  -  m  !g  atf).  (11.31) 


If 


then 


Let  us  assume  that 

lg  *  m,«,eP’ 

Then  m2=mi,AinlB ,  and  the  value  of  the  root-mean-square  deviation  of 
logarithms  of  numbers  of  cycles  during  tests  is 


26b 


(11.32) 


where  (Si(*)<9  is  the  root-mean-square  deviation  in  values  of  the  mean 
logarithm  of  amplitude  of  stresses,  measured  in  different  copies  of 
the  construction. 


This  value  depends  on  the  number  of  measurement  n a**: 

-fe=-.  (11.33) 

r  "iim 

With  one  measurement  (/»U3*  =  1) 

( 1 1 . 3  *0 

Taking  into  account  the  relation  (11. 33),  the  root-mean-square 
deviation  in  the  distribution  of  service  life  during  tests  can  be 
determined  by  formula 


(mSiiiP 

n»i* 


(11.35) 


Using  the  same  reasoning  as  above  (see  No.  8),  we  will  attribute 
to  the  fact  that  the  probability  of  destruction  in  this  case  can  be 
determined  by  the  expression  analogous  to  (11.19) : 


•  *•— 
J‘t«i.(5j)|  J  < 


dU 


( 11.88) 


If  the  distribution  of  logarithms  of  the  minimum  number  of  cycle 
prior  to  destruction  during  tests  can  be  approximately  represented 
by  the  normal  law  of  distribution,  then  expression  (11. 36)  can  be 
copied  in  the  form: 


dU 


(11.37) 
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If  one  were  to  introduce  new  variables 


an(i  jjaAJ!Li 

®i  .  s* 

then  expression  (31.37)  will  be  converted  to  the  form: 


(11.38) 


(11.39) 


where  the  upper  limit  /(S)  is  determined  by  expression 

Substituting  here  values  and  m^,  we  will  obtain: 

/(y=— *»+  |gyfw»g^-",>g^a 

Si  Si 


(11.40) 


(11.41) 


Prom  this  expression  it  follows  that  the  probability  of 
destruction  can  be  determined  for  each  n0>  if  there  is  known 
these  values 

$»•  ^a>  and  Nmlt' 


It  is  possible  to  propose  the  following  method  of  determination 
of  the  necessary  margin  no«  Let  us  construct  the  dependences  Sj/St 


on 


+  for  assigned  values  of  (see  Fig.  1.76).  Then, 


by  determining  and  Sj  by  formulas  (11.29)  and  (11.35),  it  is 
possible  according  to  Fig.  1.76  for  assigned  value  Pw (  to  determine 


(11.42) 


whence,  knowing  »iw.  Ami,/v  (see  Fig.  1.70)  and  5^,  it  is  easy  to 

determine  n  . 

o 

The  method  expounded  here  is  rather  simple,  although  it  requires 
In  the  determination  of  service  life  several  more  complex  calculations 
as  compared  to  the  method  expounded  in  No.  10  where  margins  nQ 


9 

1 1 
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are  calculated  from  values  taken  directly  from  the  graph. 


Pig.  I.76.  Graph, for  deter¬ 
mination 

St 

in  the  function  S.j/S2  at 

different  assigned  probabil¬ 
ities  of  destruction. 


Prom  the  formulas  given  it  follows  that  with  the  assumptions 
accepted  here  safety  margins  nN  and  can  be  united  into  one  criter¬ 
ion  11-11*11?  or  we  can  replace  one  safety  margin  by  another.  This 
appears  convenient  in  the  fulfillment  of  calculations  and  carrying 
out  of  dynamic  tests,  which  has  already  been  discussed  in  No.  7 

but  does  not  give  any  alleviations  in  the  selection  of  margins  n„ 

N 

and  n0,  since  their  values  are  determined  from  various  conditions. 

12.  Example  of  the  Calculation  of  Service  Life 

As  an  example  let  us  give  calculation  of  service  life  for  the 
blade  of  a  heavy  helicopter  with  a  spar  in  the  form  of  a  steel  tube. 

In  determining  service  life  of  a  blade  the  calculation  should 
be  carried  out  for  sections  located  on  different  relative  radii,  after 
which  service  life  of  the  whole  blade  obtained  for  the  weakest 
section  is  established. 

Let  us  assume  that  the  weakest  proved  to  be  the  section  on  the 
relative  radius  ?-0,74. 

We  will  assume  that  results  of  dynamic  tests  of  five  spar 

2 

samples  with  the  amplitude  of  varying  stresses  of  tl5  kG/mm  consist 
in  the  following  (Table  1.20). 


Prom  results  of  tests  let  us  draw  the  conclusion  that  fatigue 

2 

limits  o  of  samples  Nos.  2,  3,  ^  and  5  appeared  above  o  »  15  kQ/mm  . 

W  ™ 

Consequently,  probability  P  of  the  fact  that  the  fatigue  limit  a 

2  w 

is  lower  than  15  kG/mm  can  be  accepted  equal  to  0.2. 

Assuming  Si(M  is  equal  to  0.07  (see  No.  13),  we  will  obtain  that 

p 

the  probability  of  corresponds  to  fatigue  limit  e*  -13  kG/mm  . 

This  fatigue  limit  will  oe  considered  minimum. 

The  margin  according  to  the  number  cycles  can  be  accepted  either 
on  the  basis  of  the  practical  experience  of  assignment  of  service 
life  in  accordance  with  Table  1.16  or  by  the  method  of  A.  P.  Sellkhov 
(see  No.  8).  On  the  basis  of  Table  1.16  for  group  II  of  units 
(the  blade  has  a  device  indicating  spar  damage)  and  n  ■  5,  the 
safety  margin  nN  can  be  accepted  equal  approximately  to  2.7. 

In  tne  second  case  it  is  necessary  to  know  Slg  N .  It  is 
obvious  that  according  to  the  results  of  the  given  tesvs  it  is 
impossible  to  determine  the  value  N.  However,  it  is  possible  to 
assign  the  definite  value  5lg  N  on  the  basis  of  results  of  tests  of 
analogous  samples. 

Let  us  assume  that  Slg  ^  ■  0.*<.  Then,  by  assigning  the  value 

p  _  _i_  (group  II  or  the  units),  from  Fig.  1.72  we  will  obtain 

**  MOO 

lg  nN  »  2.3  *  Slg  N,  i.e.,  nN  ■  8.3.  Thus,  the  required  safety  margin 
with  respect  to  the  number  of  cycles  by  the  method  of  A.  P.  Sellkhov 
appear  considerably  larger  than  that  which  could  be  taken  on  the 
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basis  of  experience  of  the  service  life  assignment.  This  distinction 
in  many  cases  is  compensated  partially  by  introduction  into  the 
calculation  of  the  concept  of  fatigue  limits  and  by  refinement  of  the 
necessary  safety  margins  n0* 

As  was  already  said  above  in  the  assignment  of  service  life  with 
the  use  of  safety  factors  selected  on  the  basis  of  practical  experience 
value  na  was  taken  always  equal  to  1.2.  However,  this  coefficient 
can  be  refined  in  accordance  with  the  method  expounded  in  Nos.  10  and 
11.  But  for  this  it  is  necessary  to  have  more  complete  data  on  scat¬ 
tering  of  amplitudes  of  varying  stresses  with  respect  to  different 
copies  of  the  construction. 


Let  us  assume  that  measurement  of  stresses  is  taken  only  in 

one  copy  of  «he  construction.  However,  on  the  basis  of  the  experience 

of  measurements  in  similar  units  of  other  helicopters  it  is  possible 

to  consider  that  yg  *  0.08,  and  consequently  S,g  g  •  0.035.  Then 

by  methods  expounded  in  Nos.  10  and  11,  we  will  obtain  that  n0  *  1.11. 

Nevertheless  we  will  take  n  *  1.2. 

o 


The  minimum  value  Nmln  from  five  tested  samples  (n  • 
amplitude  of  varying  stresses  kG/mm2  consists  of  N 
x  10^  cycles. 


5) 

min 


with  the 
■  9.8  x 


The  number  cycles  corresponding  to  the  minimum  fatigue  limit 
will  be  determined  by  the  formula 


and  value  Nt  by  the  formula 


During  calculation  of  service  life  we  will  consider  that  ir. 
those  conditions  where  effective  stresses  are  lower  than  the  minimum 
value  of  fatigue  limit,  defectlbility  is  not  Introduced  Into  th*> 
construction. 


Equivalent  stresses  In  separate  conditions  of  flight  will  not 
be  calculated,  and  we  will  take  them  to  be  equal  to  the  maximum 
measured  amplitudes  of  stresses.  In  this  case  the  value  will  only 
be  equal  either  to  zero  or  unity. 

The  calculation  of  equivalent  stresses  will  be  reduced  in 
Table  1.21. 

Table  1.21.  Example  of  calculation  of  service  life 
of  a  blade  by  section  on  the  relative  radius  rLqn  ; 

••■w"*1*  kfl/mm^;  t»0A  «»5;  5* *-0.4  i-l£  Vr«*M  (Pmi— 

AT.  ^-28*  10*  . 


Plitf*  Conditions 

*1 

1 

4*1 

f-OUfc 

*$ 

S L 

Mi 

Howls? 

0 

0.1 

0.0 

0.0 

0.7 

11.04 

m 

0 

Low  op«eds 

K.30  ta/n 

1 

0.08 

7.8 

10.5 

11.0 

13.08 

1.8440* 

0,010  10-* 

K-30  m,h 

1 

0.08 

10.5 

13,2 

15.08 

10.08 

3,30*  10* 

0.Q611O-* 

VmfO  ta/h 

1 

0,08 

12.4 

13.5 

15.06 

10.00 

0.3940* 

0.12010-* 

Acceleration 

1 

0.08 

0.5 

12.4 

14.0 

W.0 

9,50*10* 

0.084*1©-* 

Clint 

0 

0.00 

8.0 

5.0 

0.0 

0.20 

•• 

0 

Cruloin*  speed 

0 

0.05 

1.0 

0.0 

10.5 

12.00 

m 

0 

Hulam  opted 

1 

o.» 

0.0 

10.5 

11.00 

13.31 

2  AM 

0,042*  10”* 

Slid* 

0 

0.05 

7.6 

7.2 

0.0 

10.50 

m 

0 

Deceleration 

lot  »te?*-e _ , 

1 

0.008 

15.3 

10.4 

21.11 

25.33 

0,0510* 

0,04*10-* 

Jhd  tM 

1 

o.oor 

10.04 

12.00 

14.79 

17.70 

D.43  10* 

0.01010-* 

5l»n4, ever  sng 

0 

0.011 

0.0 

0.0 

0.72 

11.00 

m 

0 

w4.»  tun-w* 


If  one  were  to  assume  that  the  service  life  obeys  the  law  (11  21) 
at  revels  of  varying  stresses  and  the  fatigue  limit  does  not  exist 
(In  this  case  *-!  in  all  conditions),  then  all  flight  conditions 
are  equivalent  in  defectibllity  to  conditions  with  the  amplitude  of 
stresses  «m  ■  11.5  kO/mm2,  acting  during  the  whole  service  life  of 
the  blade.  In  this  case 


?71 


h. 

w 

If  we  assume  that  the  minimum  fatigue  limit  •  13  kG/mm2, 
then  one  condition  [see  formula  (11.9)]  with  amplitude  <w  ■  13.6  kG/mm 
will  be  equivalent  to  all  conditions  of  the  flight.  The  duration  of 
this  condition,  as  follows  from  Table  1.21,  will  make  up  about  23S 
of  the  service  life  of  the  blade  (e  «  0.229). 


Then  service  life  can  be  determined  in  the  following  way: 


1<* 

^-^-0,707. 10* 


439  h. 


The  same  result  can  be  o',  tained  with  respect  to  total  defect- 
iblllty  without  the  use  of  the  concept  of  equivalent  stresses  [see 
formula  (11.5)3: 


The  results  given  show  that  with  the  introduction  of  the  concept 
of  fatigue  limit  the  service  life  of  the  blade  by  calculation  appears 
greater. 

It  is  necessary,  however,  to  consider  that  margin:;  with  re.cr.ect 
to  the  cycles  given  in  Table  1.16  were  introduces  int»,  ih<  coleu^t. V. 
not  assuming  existences  of  the  fatigue  limit.  Therc-Tore,  In  calcula¬ 
tions  with  fatigue  limit  they  should  no.  be  used. 


13.  posslble  Means  of  Determining  the  Minimum 
Fatigue  Limit  of  the  Construction 

From  the  above-mentioned  example  it  is  clear  that  during 
calculation  with  the  use  of  the  concept  of  minimum  fatigue  limit 
considerably  large  values  of  service  life  of  the  construction 
can  be  obtained.  Therefore,  the  determination  of  its  values  in 
many  cases  appears  extremely  necessary. 

The  detecting  of  values  e^,  according  to  results  of  tests 
with  quite  good  accuracy  proves  to  be  a  practically  unrealizable 
problem.  It  is  only  possible  to  calculate  a  very  tentative  deter¬ 
mination  of  this  value.  But  even  for  this  a  considerable  Increase 
in  the  numuer  of  test  samples  is  required.  Nonetheless,  the  use  in 
calculating  service  life  of  even  tentative  values  of  fatigue 
limits  substantially  approaches  results  of  calculations  to  reality 
and  opens  up  the  possibility  for  the  acceptance  of  more  competent 
technical  solutions.  Therefore,  it  is  recommended  in  all  cases  to 
arrive  at  the  determination  of  fatigue  limits  by  using  for  this  both 
the  tentative  and  even  simple  formal  methods  of  calculation. 

First  of  all  one  should  try  to  determine  parameter-  of  the  law 

of  distribution  of  fatigue  limits.  For  this  it  is  necessary  to 

conduct  fatigue  tests  of  samples  on  several  levels  of  varying  stresses 

lying  in  the  region  of  the  distribution  of  fatigue  limits.  Tests 

should  be  conducted  on  a  quite  large  base  with  respect  to  the  number 

cycles.  With  the  selection  of  the  base  of  tests  we  usually  consider 

7 

that  for  steel  samples  the  base  can  be  set  somewhat  greater  than  10 

y-les  (for  example  2  *  10^  cycles)  and  for  Duralumin  samples, 

7  7 

>mewhat  larger  than  1  *  10  cycles  (frequently  a  base  of  5  *  10 

cycles  is  taken). 

The  probabii*ty  of  the  fact  that  the  fatigue  limit  is  higher 
* h a r.  the  assigned  .evel  of  varying  stresses  Is  determined  as  a  ratio 
of  numbers  of  samples  which  underwent  tests  in  the  assigned  base 
without  destruction  of  V*  to  the  total  number  of  n  samples  tested 
in  this  level  and  re  smaller  in  stresses. 


The  thus  obtained  distribution  of  fatigue  limits  can  coincide 
with  the  normal  law  only  on  the  small  section  corresponding  to  mean 
values  of  probability  (Pig.  1.77).  At  small  probabilities  the 
distribution  of  fatigue  limits  deviates  from  the  normal  law  and  ha3 
a  certain  threshold  of  sensitivity  At  large  probabilities, 

starting  from  some  stresses  all  samples  are  destroyed  and  do  not 

undergo  the  assigned  base  of  tests. 


Pig.  1.77. 


Pig.  1.77.  Distribution  of  fatigue  limits. 

The  distribution  of  fatigue  limits  with  mean  values  of  the 
probability  of  destruction  is  best  represented  with  the  help  of  the 
logarithmically  normal  law  of  distribution.  It  can  be  used  for  the 
determination  of  minimum  values  of  fatigue  limits. 

Available  results  of  tests  of  samples  of  the  blade  show  that 
for  this  law  there  can  be  accepted  values  Sn*..  equal  approximately 
to 


Stf  **0,06  ■+*  0,07, 


where  5**^  is  the  root-mean-squarc  deviation  in  tr.e  distribution  of 
logarithms  of  fatigue  limits. 


io  ir,  iiiipco j it  Le  to  propose  a  sufficiently  reliable  method 
for  determination  of  «»« «»  .  Therefore,  only  an  especially  formal 
method  can  be  recommended,  which,  however,  in  practice  gives  quite 
£ood  results.  One  can  assume  that  the  minimum  fatigue  limit  coincides 
with  value  a^,  which  corresponds  to  5 %  of  the  probability  and 
logarithmically  normal  law  of  distribution  of  fatigue  limits. 

If  one  were  to  take  such  an  approach,  then  for  a  refinement  of 
values  there  can  be  used  the  method  founded  on  the  carrying  out 

'f  fatigue  tests  for  two  levels  of  varying  stresses  close  in  amplitude. 
The  test  samples,  which  should  not  be  less  than  15-20,  are  divided 
Into  two  groups. 

The  first  group  is  tested  during  maximum  varying  stresses,  which 
.supposedly  do  not  exceed  the  minimum  fatigue  limit,  and  therefore  it 
io  desirable  that  not  one  of  them  be  destroyed  at  the  number  cycles 
corresponding  to  the  selected  base  of  tests.  Results  of  tests  of 
this  group  serve  as  confirmation  of  the  fact  that  the  minimum 
fatigue  limit  can  Indeed  correspond  to  their  level  of  tests. 

The  second  group  of  samples  is  tested  at  greater  varying  stresses 
In  such  a  way  that  some  part  of  them  is  destroyed,  not  operating 
through  an  established  number  of  cycles.  Determining  the  probability 
of  the  fact  that  the  fatigue  limit  is  lower  than  the  amplitude  of 
the*  second  level  of  tests  and  assigning  some  value  of  Su«w  we  calculate 
the  value  a v  corresponding  to  the  probability  of  55.  If  data  of  tests 
of  the  rirst  group  do  not  contradict  this  result,  then  the  thus 
obtained  value  can  be  accepted  for  the  minimum  fatigue  limit. 

-ometliaes  Tor  greater  reliability  we  consider  that  the  minimum 
fatigue  limit  corresponds  to  smaller  values  of  probability,  let  us 
.v»y,  „he  probability  g  .  It  is  apparently  inexpedient  to  take  even 
lower  values  of  this  probability. 

It  Is  necessary  to  note  that  in  many  cases  for  the  characteristic 
if  ratlgue  limit  there  is  used  the  conditional  concept  which  would 
iave  been  possible  to  call  the  given  fatigue  limit. 


The  given  fatigue  limit  is  determined  by 

of  tests  by  formula  (11.3)  to  the  conditional 

7 

equal  to  Nq,3  =  10  cycles  for  steel  and  N6t3  = 

Duralumin : 

M  f~WT 
3*.P-3«*  y  at*,’ 

where  oMCB  is  the  amplitude  of  varying  stresses  during  the  tests; 

N  —  number  of  cycles  up  to  destruction  corresponding  to  the  probabil- 

r 

ity  of  destruction  equal  to  P;  m  —  exponent  of  Wohler  curve,  it  is 
usually  taken  that  m  =  6. 


conversion  of  results 
base  ta.<en  usually 

7 

2  x  10  cycles  for 


If  one  were  to  take  N  ,  which  corresponds  to  the  probability 
of  destruction,  equal  to  5%,  then  value  gives  the  tentative  concept 

of  the  value  of  minimum  fatigue  limit.  Frequently  for  the  character¬ 
istic  of  fatigue  strength,  instead  of  N  there  is  taken  the  minimum 

X*' 

value  of  the  number  cycles  up  to  destruction  of  the  construction 
Nmin*  mu3t  be  stressed  that  the  given  fatigue  limit,  no  matter 

how  it  Is  determined,  does  not  correspond  to  the  concept  of  fatigue 
limit  in  the  sense  in  which  It  was  used  above  in  this  paragraph. 


Important  also  Is  the  fact  that  the  distribution  of  the  given 
fatigue  limits  has  a  root-mean-square  deviation  equal  to 

(Si... 

which  is  almost  always  larger  than  value  Si*v* 


14.  Advantages  and  Deficiencies  of  Different  Approaches 
in  the  Determination  of  Necessary  Safety  Margins  and 
the  Approximate  Evaluation  of  Their  Accuracy 


The  simplest  approach,  as  was  already  shown  above  (see  No.  7), 
should  be  considered  the  calculation  of  service  life  with  the  use 
of  coefficients  n,,  and  n  accepted  on  the  basis  of  practical 
experience  of  the  assignment  of  service  life.  Tnese  coefficients 
were  checked  on  a  large  number  of  helicopters,  and  many  hundreds  of 
units  successfully  produced  the  service  life  thus  established.  It 
is  necessary,  however,  to  consider  the  fact  that  tne  application  of 


coefficients  nN  and  no  thus  taken  is  confirmed  by  practice  only 
in  combination  with  a  definite  method  of  calculating  service  life, 
which  differs,  in  particular,  by  the  following  assumptions: 

1.  The  fatigue  limit  does  not  exist  and  the  Wohler  curve  is 
described  by  formula  (11.21).  Coefficients  e  and  are  respectively 
taken  equal  to  unity. 

2.  In  each  condition  of  flight  the  amplitude  of  stresses  is 
considered  equal  to  the  maximum  measured  value  of  it  in  this  condition. 

However,  such  an  approach  to  the  calculation  of  service  life  has 
considerable  deficiencies: 

1.  In  the  determination  of  service  life  there  is  not  considered 
a  distinction  in  the  scattering  of  characteristics  of  service  life, 
which  can  appear  unequal  for  units  of  various  construction  distin¬ 
guished  furthermore,  by  the  application  of  different  materials  and 
different  technology  of  manufacture.  Not  considered  also  Is  the 
value  of  scattering  of  stresses  acting  in  different  copies  of  the 
construction. 

2.  The  rejection  of  the  concept  of  fatigue  limit  and  the  use 
in  calculation  of  only  maximum  amplitudes  of  stresses  acting  in  each 
flight  condition  lead  to  incorrect  concepts  on  the  portion  of 
defectibility  introduced  by  different  conditions  of  flight. 

Therefore,  the  tendency  to  use  more  improved  methods  with  the 
attracting  of  basic  positions  of  the  theory  of  probability  Is  quite 
regular.  One  of  the  possible  variants  of  such  an  approach  is  given 
in  Nos.  8,  10  and  11. 

It  should  be  noted  that  in  the  form  in  which  this  method  is 
expounded  here,  it  gives  quite  satisfactory  values  of  service  lives 
rather  close  to  those  which  are  obtained  by  the  preceding  method. 

It  is  true  that  in  values  of  safety  factors  a  certain  redistribution 
occurs.  The  margin  appears  considerably  large  but  then  the 
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reserve  n  is  decreased.  Furthermore,  in  the  calculation  there  should 
be  used  the  concept  of  minimum  fatigue  limit;  otherwise  service  lives 
appear  understated. 

In  the  use  of  such  a  method  there  is  frequently  doubt  in  the 
application  of  so  great  probabilities  of  destruction  equal  to  — j-  and 
even  greater.  Actually,  this  means  that  one  unit  in  a  thousand 
certainly  should  be  destroyed  during  service  life.  Therefore,  here 
one  should  once  again  stress  that  the  shown  values  of  probabilities 
are  purely  conditional  values  which  correspond  to  the  normal  law  of 
distribution  of  service  life.  In  reality,  in  the  region  of  small 
values  of  the  probability  of  destruction,  this  law  deviates  from  tne 
normal,  and  in  characteristics  of  service  life  the  threshold  of 
sensitivity  Is  observed.  Its  values  lie  in  the  region  of  probabilities 
equal  approximately  to  or  somewhat  differing  from  this  value. 
Consequently,  assignment  of  the  conditional  probability  in  reality 

is  equivalent  to  the  requirement  of  a  very  small  or  even  zero  prob¬ 
ability.  Therefore,  it  is  impossible  tc  agree  with  those  authors  who 
consider  it  possible  to  present  a  requirement  on  providing  a 
probability  of  the  order  of  10”  or  even  10”  with  the  use  of  the 
normal  law  of  distribution  of  service  life.  Such  requirements  do 
not  have  sufficient  bases. 

For  each  one  who  studies  the  above-stated  method  there  is 
usually  also  objections  in  the  possibility  of  rejecting  the 
refinement  of  values  of  root-mean-square  deviations  $lfJV  obtained  by 
experiment  with  respect  to  the  usually  quite  high  values  of 
confidence  probability  accepted  in  practice  of  the  application  of 
methods  of  the  probability  theory.  If  one  were  to  accomplish  this 
refinement,  then  in  the  calculation  it  would  be  necessary  to  use 
value  increased  in  q  times  (see  No.  9),  which  would  lead 

to  an  increase  in  the  required  margin  and,  accordingly,  to  the 
lowering  of  service  life. 

Besides  those  considerations  which  were  already  given  previously 
(see  No.  9),  here  one  should  note  that  in  the  proposed  method  of 
calculation  there  exists  another  Inaccuracy.  Instead  of  equivalent 

stresses  acting  in  different  conditions  of  flight,  usually  their- 
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max imur.  •  r  iii<^p  fp  taken,  which  leads  i,  ,-n  ,.r  ‘  aling  of  the  service 

life.  These  two  inaccuracies  mutually  compensate  one  another,  and  a 
rejection  of  one  of  them  should  certainly  be  accompanied  by  a  rejection 
of  the  other.  In  this  case  values  of  service  lives  obtained  by 
calculation  essentially  will  not  be  changed. 

There  are  no  doubts  that  in  the  course  of  time  with  the 
appearance  of  new  experimental  da4-!  in  the  method  of  calculation  of 
service  life  it  will  appear  necessary  to  introduce  more  substantial 
refinements.  Operational  experience  of  helicopters  and  the  ever 
larger  number  of  results  of  dynamic  tests  will  also  probably  reverl 
c-uch  a  necessity. 


15.  Requirements  for  Strength  of  the  Blade 
in  the  Selection  of  Its  Design 

The  helicopter  blade  operates  in  conditions  very  difficult  for 
its  strength.  During  the  service  life  it  undergoes  very  great  constant 
and  live  loads.  This  peculiarity  of  conditions  of  blade  operation 
has  extraordinarily  stringent  requirements  on  its  design  and,  first 
of  all,  fatigue  strength  of  its  basic  supporting  member  to  the 
longeron.  Therefore,  the  blade  spar  should  be  made  only  from  materials 
possessing  very  high  characteristics  of  fatigue  strength. 

The  most  widespread  at  present  are  constructions  of  the  blade 
with  spars  in  the  form  of  a  steel  tube  and  pressed  Duralumin  spar. 

Very  good  results  can  be  expected  with  the  manufacture  of  spars 
from  different  synthetic  materials.  Constructions  of  blades  with  a 
fiberglass  spar  are  known.  However,  sufficiently  serious  operational 
experience  of  such  blades  is  still  not  available.  Therefore,  we  will 
not  stop  and  dwell  on  their  strength. 

The  most  important  requirement  for  blades  with  steel  and 
Duralumin  spars  appears  to  be  the  requirement  of  maximum  elimination 
of  some  concentrators  of  stresses  lowering  their  fatigue  strength. 

In  the  construction  of  blades  application  of  bolt  and  rivet  fittings 
is  impermissible.  The  frame  of  blade  is  fitted  to  the  spar  only 
with  the  help  of  adhesive  connections. 
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The  application  of  fittings  with  large  concentrators  of 
stresses  is  allowed  only  on  sections  with  small  varying  stresses,  for 
example,  the  shanks  of  the  blade  near  hinges  of  the  hub.  Here,  \ 

in  spite  of  the  small  varying  stresses,  the  section  of  the  longeron 
in  the  region  of  the  shank  Joint  must  be  increased  3-^  times.  Only 
a  very  great  lowering  of  varying  stresses  permits  using  fittings  with 
concentrators . 

Small  technological  defects,  which  are  also  concentrators  of 
stresses  sharply  lower  the  fatigue  strength.  Therefore,  in  the 
manufacture  of  spars  of  blades  there  is  used  only  such  technology  which 
leads  to  total  elemination  of  all  visible  defects  of  the  spar. 

To  exclude  the  possibilities  of  the  passing  of  some  defects  the 
spars  should  pass  careful  control  with  the  application  of  all 
contemporary  means  of  such  control. 

Let  us  consider  more  specifically  the  strength  properties  of 
blades  with  steel  and  Duralumin  spars. 

16.  Strength  of  the  Blade  with  a  Steel  Tubular  Spar 

For  the  spar  of  the  blade  there  is  usually  used  a  cold-rolled 

tube  of  high-alloy  steel  of  the  type  30KhGSA  or  ^OKhNMA,  hardened 

2 

and  tempered  to  a  strength  a*  *  110-130  kG/mm  . 

After  hot  and  cold  rolling,  embossing  and  hardening  the  external 
and  internal  surfaces  of  the  tube  are  polished.  Recently  an 
obligatory  operation  after  polishing  was  also  work  hardening  of  the 
spars . 

A  thus  made  spar  without  cold  hardening  can  have  a  minimum  fati^u*  _ 

? 

strength  of  the  order  of  o  =  12-13  kG/mm  with  an  average 

min 

2 

component  of  cycle  om  *  20-25  kG/mm  .  However,  its  strength  car. 
decrease  considerably,  if  in  the  manufacture  of  the  spar  there  will 
be  allowed  different  technological  defects  and  miscalculations. 
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.he  most  uchigercus  of  them  can  be  the  following. 

Tears  and  laps .  In  the  process  of  hot  rolling  plastic  deforma¬ 
tions  can  be  accompanied  by  a  partial  break  in  the  material.  This 
occurs  usually  with  a  decrease  in  the  temperature  of  rolled  blank, 
and  also  as  a  result  of  the  contamination  of  the  steel  by  nonmetellie 
rd  gas  pockets,  formation  of  seams,  high  porosity,  liquation  and 
other  metallurgic  defects.  The  breaks  forming  are  directed  into  the 
tody  of  the  blank  at  an  acute  angle,  and  therefore  the  trace  of  tear 
rrging  to  the  surface  is  often  poorly  seen. 

With  further  cold  rolling  the  degree  of  deformation  is  increased 
and  the  tear  is  rolled  into  the  wall  of  the  tube  at  an  ever  smaller 
angle  to  its  surface.  Usually  there  is  observed  a  series  of  such 
tears.  Their  dimensions  are  small:  depth,  0. 1-1.0  mm,  and  width 
<-■10  mm. 


Laps  appear  with  cold  rolling  on  the  external  surface.  They 
occur  due  to  the  great  unevenness  of  the  external  surface  after  hot 
rolling.  Subsequent  plastic  cold  deformation  leads  to  a  nonuniform 
motion  of  the  material  at  which  there  can  be  formed  defects  called 
laps.  Laps  can  also  be  formed  as  a  result  of  the  flow  of  metal  Into 
the  clearance  between  gauges  of  rollers  and  the  appearance  of  burr 
and  lap  of  It  with  subsequent  deformation. 


Both  defects  can  be  revealed  with  magnetic  control  on  the 

polished  surface.  Figure  1.78  shows  the  characteristic  tears  on  the 

Internal  surface  of  a  spar.  The  photograph  was  made  with  magnetic 

control.  The  fatigue  limit  of  the  tube  with  tears  and  laps  drops  down 

p 

to  o  *  5-7  kG/mm  , 

w_.  _ 


Fig.  1.78.  Tears  on  the 
internal  surface  of  a  steel 
spar. 

m:\:  not 

REPRODUCIBLE 
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"Fine"  on  the  Internal  surface.  After  hot  rolling  on  the  surface 

of  the  tube  there  remains  a  layer  of  scale  which  has  greater  hardness 

than  that  of  metal.  After  each  transition  with  cold  rolling  annealing 

is  produced.  Although  annealing  is  produced  in  an  inert  atmosphere, 

nonetheless  on  the  surface  ^hin  films  of  scale  appear  owing  to  the 

oxygen  of  the  metal.  If  the  scale  is  not  completely  eliminated,  then 

with  rolling  it  is  crushed  and  enters  into  the  metal,  forming  a 

so-called  "fine.”  On  the  open  external  surface  of  the  spar  tube  the 

"fine”  is  easily  removed  by  machining.  On  the  internal  surface  of 

the  tube,  the  treatment  of  which  is  more  complex  and  possible  only 

by  means  of  ribbon  grinding  or  hydropolishing,  the  "fine"  cannot 

be  completely  eliminated.  Therefore,  the  small  but  sharp  notches, 

with  dimensions  not  exceeding  0.1-0.05  mm,  and  difficult  to  distinguish 

with  inspection,  can  remain  even  after  grinding.  Fatigue  strength 

of  the  surface  descends  to  o  ■  10-12  kG/mm2. 

wmln 

A  "fine"  can  be  removed  by  boring  and  grinding  of  the  surface 
of  blank  up  to  complete  removal  of  the  scale  after  hot  rolling  and 
by  sand  chipping  after  annealing  before  each  transition  of  cold 
rolling. 

For  complete  removal  of  tears,  laps,  "fines"  and  other  surface 
defects,  longitudinal  grinding  of  the  external  and  internal  surface 
of  the  tube  is  yery  effective  after  the  final  cold  rolling  prior  to 
its  profiling  (embossing). 

Lowering  of  fatigue  strength  from  tube  dressing.  After  hardening 

and  tempering  the  spar  tubes  appear  somewhat  distorted.  Therefore, 

before  assembly  of  the  tube  blade  it  is  frequently  necessary  to 

straighten  it.  In  the  material  of  the  tube  residual  stresses  appear. 

Usually  with  correction  there  are  Introduced  limiters,  which  do  not 

allow  increasing  the  residual  stresses  of  extension  in  the  tube  of 

2 

more  10-20  kG/mm  .  These  stresses  increase  the  average  component  of 
the  cycle  and  lead  to  a  decrease  in  fatigue  limit  of  20-251.  Even 
greater  losses  in  strength  can  occur  with  incorrect  dressing.  In 
order  to  exclude  the  necessity  of  correction  there  should  be  tempering 
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of  the  hardened  tubes  in  special  attachments,  which  remove  deformations 
appearing  in  the  process  of  hardening. 

In  evaluating  fatigue  strength  of  spars  special  attention 
should  be  payed  to  the  possibility  of  the  appearance  of  frictional 
corrosion.  Frictional  corrosion  appears  an  almost  obligatory  process 
of  cyclical  load  of  blades  and  leads  to  considerable  lowering  of 
fatigue  strength.  It  appears  usually  in  places  of  contact  with 
the  spar  parts  attached  to  it,  if  among  these  parts  and  the  spar 
there  are  relative  microshifts.  Usual  place  of  the  appearance  of 
frictional  corrosion  on  a  steel  spar  are  places  of  setting  of  collars 
for  attachment  of  the  frame  of  the  blade. 


Figure  1.79  gives  a  photography  of  a  destroyed  spar.  The 
beginning  of  the  fatigue  crack  coincides  with  the  spot  of  frictional 
corrosion. 


Fig.  1.79.  Place  of 
the  beginning  of 
fatigue  failure  from 
frictional  corrosion. 

S5APHIC  NOT 
REPRODUCIBLE 


A  sharp  increase  in  dynamic  strength  of  steel  spars  occurs  in 
the  use  of  mechanical  hardening  of  their  surface  usually  called  cold 
hardening. 


At  present  cold  hardening  of  spars  have  become  almost  an 
obligatory  operation  in  the  manufacture  of  blades.  In  helicopter 
construction  the  most  widespread  are  three  methods  of  mechanical 
hardening:  the  dynamic  method  of  H.  I.  Kuz’min,  vibration  shock 
f  method  of  S.  V,  ^"hagov  and  the  shot-blasting  method.  The  selection 
of  some  method  usually  depends  on  peculiarities  of  the  hardenable 
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structural  part  and  Industrial  possibilities.  In  those  cases  when 
for  hardening  of  the  external  surface  of  a  spar  there  is  used  the 
dynamic  method,  its  internal  surface  is  strengthened  by  the  shot- 
blasting  method.  With  the  creation  of  complex  installations  for  the 
vibration  shock  method  one  should  usually  consider  that  it  is 
expedient  to  treat  by  this  method  simultaneously  both  the  external 
and  internal  surface  of  the  spar. 

An  increase  in  fatigue  strength  is  observed  in  the  application 
of  all  methods  of  cold  hardening.  The  best  method  giving  the  stablest 
results  with  treatment  of  the  external  surface  of  the  steel  spar 
should  be  considered  the  dynamic  method  of  M.  I.  Kuz'min. 

The  Increase  in  fatigue  strength  from  cold  hardening  is  explained 
basically  by  two  causes.  The  external  surface  of  a  hardenable 
component  most  sensitive  in  the  beginning  of  fatigue  failure  becomes, 
first,  smoother  (Pig.  1.80),  and  secondly,  in  it  are  created  residual 
stresses  of  compression,  which  in  accordance  with  the  Hay  diagram 
(see  Pig.  1.63)  leads  to  an  increase  in  fatigue  strength  of  surface 
layer  of  the  component. 


Pig.  1.80.  Profilegram  of 
the  surface  of  a  spar  pressed 
from  aluminum  alloy  after 
machining  (a)  and  after  cold 
hardening  (b). 


b) 
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Figure  1.81  shows  the  distribution  of  internal  stresses  in  the 
material  of  a  steel  spar  obtained  as  a  result  of  dynamic  cold  ha:  ienir, 
arid  blowoff  by  metallic  sand.  Blowoff  by  metallic  sand  gives  almost 
the  name  residual  stresses  as  that  of  the  shot-blasting  method  cf 
cold  hardening. 


«  kG /mm 


Pig.  1.81.  Distribution  of 
internal  stresses  from  cold 
hardening  with  respect  to 
the  thickness  of  the  wall 
of  a  steel  tubular  spar: 

-  cold  hardening  accord 

ing  to  the  method  of  M.  I. 

Kuz’min;  - - -  triple  blow- 

off  by  metallic  sand. 


Especially  great  is  the  increase  in  fatigue  strength  from 
cold  harder. ing  in  the  presence  of  frictional  corrosion.  Apparently, 
compression  stresses  prevent  propagation  of  corrosion  in  depth  of 
the  material.  Figure  1.82  gives  results  of  tests  of  steel  spars 
with  riveted  and  unriveted  surfaces,  operating  under  conditions  of 
the  appearance  of  frictional  corrosion. 


Fig.  1.82.  Distribution  of  given  fatigue 
limits  of  steel  tubular  spars  under  the 
influence  of  frictional  corrosion: 

a)  surface  is  polished  and  sand  chipped; 

b)  surface  is  polished  and  sand  chipped; 
three  times  by  metallic  sand;  c)  surface 
is  riveted  according  to  the  method  of 

M.  I.  Kuz'min. 

The  fatigue  strength  of  steel  spar  with  the  application  of 
mechanical  hardening  can  be  Increased  i.S-2  times  and  in  the  presence 
of  frictions.  corrosion,  2.3-3  tines. 


Wit: 


1  *% 


eel  opar  can  te  increased  up  to  values  cf  the  order  of  o 
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■  28-30  kG/mm2  with  om  ■  20-25  kG/mm2.  Therefore,  cold  hardening 
appeared  the  most  active  means  of  increasing  the  reliability  and 
service  life  of  blades. 


17.  Strength  of  a  Blade  with  a  Duralumin  Spar 

The  most  Important  problem  in  the  creation  of  blades  of  such 
construction  is  the  providing  of  sufficiently  high  fatigue  strength 
of  the  spar.  Attachment  of  frame  to  the  spar  is  accomplished,  as  a 
rule,  by  glue  and  does  not  create  in  the  spar  any  substantial 
concentrators  of  stresses.  Concentrations  of  stresses  in  the  spar 
appear  basically  from  small  defects  allowed  in  its  manufacture. 

The  basic  role  in  decreasing  fatigue  strength  of  the  spar  is 

played  by  the  state  of  its  surface.  The  milled  and  sand  chipped  spar 

from  alloy  AVT-1,  without  treatment  of  the  internal  surface,  can 

have  a  fatigue  limit  of  the  order  of  0  •  3. 8-4. 2  kG/mm2  with  the 

min 

p 

average  component  of  the  cycle  ■  6  kG/mm  . 

The  fatigue  strength  of  the  spar  can  descend  as  a  result  of 
defects  appearing  in  the  process  of  pressing  of  the  spar  and  during 
its  machining. 

Frequently  the  internal  channel  of  the  spar  is  not  treated  after 

pressing.  Therefore,  on  the  internal  surface  defects  of  tne  process 

of  pressing  can  remain:  longitudinal  scratches,  gas  holes  (Fig.  1.80 

and,  finally,  a  macrocrystalline  ferrule.  These  defects  can  lower 

2 

the  fatigue  strength  down  to  values  a ^  •  2.5- 3.0  kG/mm  (0  » 

"min  m 

■  6  kG/mm*').  Therefore,  the  internal  surface  of  spars  of  blades  with 
relatively  high  stresses  should  be  certainly  subjected  to  machining 
after  pressing. 
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Fig.  1.83.  Microsection  of 
the  section  of  spar  web 
through  the  gas  hole  formed 
in  the  process  of  pressing. 
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Considerable  lowering  of  fatigue  strength  occurs  also  from 
nonmetallic  and  gas  inclusions.  To  eliminate  the  inclusions  there 
should  be  used  special  technology  of  smelting  (sediment  of  metal, 
overflow  of  it  from  definite  levels,  filtration  through  screen 
filters,  etc.).  The  most  qualitative  metal  is  obtained  with  melt 
In  electrical  induction  furnaces  with  the  holding  of  smelted 
metal  in  electrical  heatable  settling  tanks  (mixers). 

To  eliminate  '.he  possibility  of  the  past^nit  of  nonmetallic  and 
gas  inclusions  each  spar  should  obligatory  pass  the  checking  with 
the  help  of  ultrasonics. 

Of  no  less  importance  is  the  exclusion  of  the  possibility  of 
corrosionai  damage  of  pressed  spar  in  the  process  of  production  (just 
as  under  conditions  of  operation).  Experience  shows  that  external 
and  intercrystal  1  ine  corrosion  with  a  d*»pth  to  0.1-0.15  mm  can  sharply 
lower  the  fatigue  limit.  Therefore,  for  spars  of  blades  there  should 
be  selected  a  metal  with  high  corrosion  resistance,  but  in  production 
special  measures  with  respect  to  the  protection  of  spars  from 
corrosion  are  accepted  with  the  application  of  galvanic  platings 
after  intermediate  operations  of  its  treatment  f  f or  example,  anodizing). 
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A  sharp  increase  in  fatigue  strength  of  spars  from  aluminum 
alloys  can  be  attained  by  the  application  of  mechanical  hardening 
of  the  spars.  Figure  1.84  gives  results  of  fatigue  tests  of  strength¬ 
ened  spars  in  comparison  unstrengthened  ones.  Here  the  distribution 
of  internal  stresses  from  cold  hardening  is  shown.  Fatigue  strength 

of  strengthened  spars  can  be  reduced  to  values  a  =  5. 5-6.0 

min 

(o  *  6.0  kG/mm^  . 
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Fig.  1.84.  Distribution  of  given 
fatigue  strengths  (to  t.  e  base  of 
cycles)  o 
AVT-1  with 
rivete^  (small  crosses)  surfaces 
(a),  and  the  distribution  of  compres¬ 
sion  stresses  with  respect  to  thick¬ 
ness  of  Lne  ‘-r  web  from  cold  harden 
ing  by  she  vacation  shock  method  of 
S.  V.  Ochagcv  (b). 


It  is  necessary  to  pay  attention  to  the  fact  that  the  strength 
of  riveted  Duralumin  spars  can  be  sharply  decreased,  if  with  gluing 
of  the  frame  the  spa”  will  be  heated  tc  a  temperature  of  a>-out  200°C 
and  more.  Therefore,  the  temperature  with  gluing  should  be  thoroughly 
checked . 


18.  Influence  of  Conditions  of  Operation 
on  Fatigue  Strength  of  Spars 

The  above-mentioned  method  of  determination  of  fatigue  strength 
and  service  life  can  be  used  only  in  the  case  when  in  the  process  of 
operation  the  construction  does  not  undergo  any  mechanical  and  corro- 
siotial  damages .  Otherwise  the  approach  to  determination  of  service 
life  should  be  completely  modified  and  reduced  to  the  study  of  the 
influence  of  these  damages.  !-’rom  these  positions  tne  designs  of 
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all  blades  should  be  divided  into  two  types:  blades  with 
shielded  and  open  spar. 

In  the  construction  of  a  blade  based  on  a  steel  tube  the  spar 
usually  is  completely  shielded  by  the  frame  and  cannot  be  mechanically 
damaged  in  operation.  The  greatest  danger  for  such  a  construction 
is  corrosion,  and  therefore  the  period  of  service  of  such  blades  is 
determined  by  the  quality  of  anticorrosive  coverings  of  the  spar. 

In  constructions  of  blades  for  which  the  spar  forms  the  contour 
of  the  nose  part  of  the  profile,  special  attention  must  be  given  to 
its  protection  from  mechanical  damages.  If  this  protection  is  weak, 
then  the  service  life  sharply  drops  and  appears  dependent  on  the 
magnitude  of  damages  inflicted  to  the  spar.  Usually  in  these  cases 
there  is  established  a  permissible  magnitude  of  damages  controlled 
with  preflight  inspection  of  blades. 

To  estimate  the  influence  of  damages  of  the  spar  in  the  operation 
there  are  usually  conducted  dynamic  tests  of  samples  cut  from  blades, 
which  spent  a  definite  number  of  hours  in  different  conditions  of 
operation,  and  there  is  estimated  the  possibility  of  preservation  of 
service  life  set  by  it  with  respect  to  conditions  of  strength  of 
samples  unimpaired  in  operation.  With  substantial  lowering  of  fatigue 
strength  measures  for  improvement  of  shielding  of  the  spar  are 
started . 

Footnotes 

‘Here  and  further  in  values  of  kinetic  and  potential  energy  of 
osci nations ,  for  simplicity  the  constant  coefficient  1/2  is  omitted. 

2This  is  correct  with  an  accuracy  to  the  constant  factor  equal 
to  1/2,  which  in  expressions ( 3 • 3) ,  (3**0  and  (3.7)  is  omitted. 

3Such  a  method  for  calculation  of  the  blade  of  the  helicopter 
was  first  used  by  R.  M.  Zanozina. 

4 An  analogous  approach  in  reference  to  the  calculation  of  aircraft 
constructions  was  proposed  by  V.  L.  Raykher. 
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CHAPTER  II 

VIBRATIONS  OP  THE  HELICOPTER 


§  1.  Forces  Creating  Vibrations  of  the  Helicopter 
1.  Frequencies  of  Excitation 

Since  with  the  forward  flight  of  a  helicopter  blades  of  the 
rotor,  found  under  the  action  of  aerodynamic  forces  variable  in  time 
accomplish  vibrations  and  both  in  the  plane  of  thrust  of  the  rotor 
and  in  the  plane  of  rotation,  then  forces  of  reaction  acting  on  the 
blade  in  hinges  of  the  hub  are  also  variable  with  time.  Accordingly, 
on  the  hub  of  the  rotor  there  act  variable  force  equal  in  magnitude 
to  these  forces  of  reaction. 


Variable  force,  acting  on  the  hub  of  the  rotor  on  the 

side  of  the  vibrating  blades,  can  be  assigned  in  the  form  of  three 

forces  X(t),  Y(t),  Z(t)  and  three  moments  with  respect  to  coordinate 

axes  M  (t),  M  (t),  M  (t)  (Fig.  2.1).  If  for  a  helicopter  there  is  a 
x  y  z 


Fig,  2.1.  Forces  and 
moments  acting  on  the 
helicopter  from  the 
rotor . 


tail  (antitorque)  rotor,  then  on  the  side  of  blades  of  this  rotor 
acting  on  the  helicopter  are  also  forces  variable  in  time  of  the  same 
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origin,  which  are  also  convenient  to  assign  in  the  form  of  three 
variable  forces  and  three  moments. 

Variable  forces  acting  on  the  helicopter  on  the  side  of  vibrating 
blades  of  the  rotors  are  the  main  source  of  vibrations  of  the  fuselage. 

Vibrations  of  fuselage  can  also  be  caused  directly  by  aerodynamic 
forces  acting  on  the  fuselage  on  the  side  of  the  pulsating  flow  of 
air  repulsed  by  the  rotor.  Thus,  the  flow  rate  repulsed  by  the  rotor 
in  the  region  of  the  fuselage  is  increased  when  any  of  the  blades  of 
the  rotor  passes  above  the  fuselage.  However,  numerous  calculations 
and  measurements  of  pulsations  of  pressure  on  the  fuselage  show  that 
these  variable  aerodynamic  forces  considerably  less  than  the  variable 
forces  acting  on  the  hub  of  the  rotor  on  the  side  of  the  vibrating 
blades.  For  example,  for  the  Mi-*!  helicopter  the  variable  force 
acting  on  the  fuselage  from  pulsations  of  flow  repulsed  by  the 
rotor  in  the  most  unfavorable  conditions  of  flight  (deceleration 
before  landing)  consists  of  a  value  of  the  order  of  ±10-15  kG,  while 
variable  forces  acting  on  the  rotor  hub  in  different  conditions  of 
flight  have  the  order  of  ±(200-600)  kG.  Therefore,  during  the 
analysis  of  vibrations  of  the  helicopter  it  follows,  first  of  all, 
to  be  interested  in  the  variable  forces  applied  to  the  rotor  hub. 

These  forces  can,  in  general,  be  determined  as  dynamic  reactions 
with  forced  oscillations  of  blades  in  flight  the  methods  of 
calculation  of  which  are  discussed  in  Chapter  I.  Here  one  should 
stipulate  that  variable  forces  with  such  calculation  are  determined 
very  inaccurately.  The  reason  for  this  is  that  during  the  calculation 
of  vibrations  of  the  blade  satisfactorily  only  the  lowest  harmonics 
of  loads  are  determined,  and  errors  of  calculation  increase  with  a 
growth  in  the  number  of  harmonics.  Meanwhile,  as  will  be  shown 
below,  for  the  calculation  of  vibrations  a  decisive  importance 
is  the  high  harmonics  of  excitation.  In  this  consists  the  cause 
of  the  fact  that  all  methods  of  analysis  of  vibrations  expounded  in 
this  chapter  bear,  mainly,  a  qualitative  character. 

An  accurate  calculation  of  vibrations  with  help  of  methods 
expounded  in  this  chapter  is  possible  only  In  certain  special  cases. 
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The  most  important  of  these  cases  is  the  designing  of  a  new  fuselage 
of  the  helicopter  or  even  a  helicopter  of  another  configuration 
(for  example,  transverse  or  longitudinal  instead  of  single-rotor), 
on  which  there  will  be  installed  earlier  used  rotors  for  which 
variable  forces  were  determined  by  experimental  means  (for  example, 
measurement  of  stresses  in  the  rotor  shaft  or  in  a  subreduction  frame). 

It  is  necessary  to  note  that  qualitative  methods  of  evaluating 
vibrations'  permit  making  many  highly  useful  conclusions  in  the 
designing  of  helicopters  and  with  their  finishing  during  flight  tests. 
Thus,  for  example,  it  is  possible  to  judge  the  influence  on  vibration 
of  the  form  of  a  resonance  diagram  of  the  blade  and  resonance  diagram 
of  the  fuselage  and  to  determine  the  thus  directed  changes  of  design 
parameters  for  decreasing  vibrations  and  sometimes  estimate  the  degree 
of  decrease  in  vibrations. 

In  order  to  make  certain  general  conclusions  about  the  character 
of  the  change  (with  time)  of  forces  X(t),  Y(t)  and  Z(t)  and  moments 
Hx(t),  My(t)  and  \\^  ( t ) ,  let  us  turn  to  Fig.  2.2,  on  which  there  is 
depicted  a  five-blade  rotor  rotating  evenly  at  angular  velocity  w  in 


Fig.  2.2.  Rotor  rotating  in 
an  incident  air  flow. 


a  flow  of  air  incident  on  it  at  constant  speed  V.  Let  us  assume  that 
at  certain  instant  t  the  blades  of  the  rotor  occupy  a  position  shown 
on  the  figure,  and  Jet  us  assume  that  at  this  instant  force  X  has  a 
certain  value  X(t).  In  a  time  Interval  equal  to  1/5  of  the  time  of 
a  complete  rotor  revolution  the  rotor  will  turn  1/5  of  a  full 
revolution.  Blade  1  will  occupy  the  position  of  blade  2,  blade  2  - 
position  of  blade  I,  etc.  It  Is  clear  that  in  this  new  position. 
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provided  all  blades  of  the  rotor  are  absolutely  Identical,  the 
entire  streamline  flow,  and  also,  consequently,  all  forces  acting 
on  the  blade,  will  be  precisely  the  same  as  at  the  first  instant  t. 
In  particular,  the  value  of  force  X  will  be  the  same.  It  is  obvious 
that  with  a  subsequent  turn  of  the  rotor  1/5  of  the  revolution  the 
situation  will  again  be  repeated.  Consequently,  function  X(t)  is 
a  periodic  function  of  time  with  the  period  equal  to  1/5  of  the  time 
of  a  full  revolution  of  the  rotor.  Figure  2.3  shows  one  of  the 
possible  forms  of  the  graph  of  dependence  X  =  X(t). 

Fig.  2.3*  Possible 
form  of  the  depen¬ 
dence  of  longitudi¬ 
nal  force  with  time. 

Thus  force  X  will  change  with  time  at  an  angular  frequency  of 
5w,  while  variable  forces,  acting  on  the  blade  of  the  rotor,  change 
with  the  frequency  id  (once  per  revolution  of  the  rotor). 

Function  X(t),  as  any  periodic  function,  can  be  expanded  in 
Fourier  series.  With  this  the  lowest  harmonic  in  expansion  will 
be  the  harmonic  5w,  so  that  the  expansion  will  have  the  form 

X  W = Xq  +  Xat  cos  -f  ■X'*,  si”  cqs  KW-fA^.sin  KW-J- 

-J-A^cos  15w/-f-A*,sin  -f... , 

that  is,  the  main  frequency  p  =  5(d,  multiple  frequencies  2p  =  IOid, 

3p  =  I5w,  =  20o),  etc. 

Obviously,  precisely  the  same  conclusion  can  be  made  with 

respect  to  functions  Y(t),  Z(t),  M  (t),  M  (t)  and  M  (t). 

x  y  z 

In  general,  for  a  rotor  with  the  number  of  blades  equal  to  z, 
all  forces  and  moments  acting  on  the  helicopter  periodically  change 
in  time  with  a  frequency  of  the  so-called  basic  harmonic  of  the 
rotor  p  =  z(d.  The  expansion  of  these  forces  and  moments  in  Fourier 
series  has  the  form 


,X  'X(t)  . 


r.e  revolution  of  rotor- 
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X  (/)*=  X tt  cos  pt-\-Xt,  sin  pt-\-  Xat  cos  2pt  -}• 

-j- Xt,  sin  2 pt -f Xa,  cos  3  pt  *f  X>t  sin  $pt -f- . . 

Mg  (0  ™  Mjt,  + Af*t  cos  pt  sin  p/-{-  Af*t  cos  2pt  -}*  !ltl) 

-fAf£sin2p/+  cos  3pt  -f  Af  ^  sin  Zpt  + . . . , 

where 

'  p**z».  (1.2) 

Thus  on  a  helicopter  with  the  number  of  blades  z  the  excitation 
of  vibrations  is  possible  only  with  frequencies  zw,  2zu),  3zco,  etc. 

Let  us  note  that  this  conclusion  is  maintained  in  the  case  when 
examining  pulsating  aerodynamic  forces  acting  directly  on  the 
fuselage  on  the  side  of  flow  repulsed  by  the  rotor. 

If  on  the  helicopter  there  is  also  a  tail  (antitorque)  rotor 
having  Zp.,-  blades  and  revolving  at  an  angular  velocity  o>p.»,  then  on 
the  fuselage  there  will  also  act  exciting  forces  containing  harmonics 

2pPt,  3pp.»  ,  etc  . 

All  these  conclusions  are  correct  only  under  the  condition  that 
the  olades  of  the  rotor  are  ideally  identical.  If  this  condition  Is 
not  carried  out,  then  low  frequencies  of  excitation  w,  2u>,  3uj,  etc., 
can  appear.  However,  numerous  experimental  data  -  results  of  the 
measurement  of  vibrations  and  stresses  in  elements  of  construction 
of  fuselages  of  different  helicopters  —  show  that  the  content  of  the 
lowest  harmonics  is  always  so  Insignificant  that  they  should  be 
disregarded  both  during  the. analysis  of  vibrations  of  the  helicopter 
and  in  evaluating  the  strength  of  elements  of  construction  of  the 
fuselage.  This  Indicates  the  fact  that  the  existing  level  of 
production  and  requirements  presented  to  the  construction  of  blades 
provide  quite  small  deviations  in  individual  qualities  of  separate 
blades . 


Lot  us  note  that  all  tne  above-mentioned 
also  been  repeated  by  examining  variable  force 
the  cyclic  pitch  control  on  the  side  of  blades 
spite  of  the  fact  that  the  moment  of  forces  uc 
relative  to  the  axial  hinge  (hinged  moment)  on 


reasoning  could  have 
acting  on  the  disx 
of  the  rotor.  in 
ting  or.  the  blade 
anges  with  time  at  t 
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basic  frequency  zu>.  Therefore,  variable  forces,  acting  in  control 
circuits  by  collective  and  cyclical  propeller  pitch,  change  with 
the  basic  frequency  p  *  zu,  and  also  contain  harmonics  2p,  3p»  4p, 
etc.  The  lowest  harmonics  of  excitation  can  appear  also  only  in  the 
case  of  deviations  in  individual  properties  of  separable  blades. 

2.  Dependence  of  the  Spectrum  Exciting  Forces  on  the 
Harmonic  Composition  of  Oscillations  of  the  Blade 

Thus  we  clarified  on  the  basis  of  the  most  general  considerations 

that  variable  forces  and  moments  X,  Y,  Z,  M  ,  M  ,  and  M  ,  which  act 

x  y  z 

on  the  rotor  hub  on  the  side  of  the  vibrating  blades,  change  in  time 
with  the  frequency  of  the  basic  harmonic  zw  of  the  rotor  and  contain 
also  harmonics  2zw,  3zu>,  etc.,  multiple  of  it,  while  blades  of  the 
rotor  and,  consequently,  forces  acting  on  the  hub  on  the  side  of  each 
blade,  accomplish  oscillations  with  a  main  frequency  w  and  contain 
multiple  harmonic  2u>,  3w,  4w,  etc.,  among  which  there  are  harmonics 
zw,  2zui,  etc.  This  suggests  the  idea  that  certain  harmonic  components 
of  variable  forces,  applied  to  the  rotor  on  the  side  of  each  blade, 
are  balanced  on  the  housing  of  the  hub,  and  some  are  summed  up.  Let 
us  show  that  this  is  indeed  true.  Let  us  turn  to  Fig.  2.4,  on 
which  schematically  depicted  is  the  housing  of  the  hub  with  hinged 
blades  attached  to  it. 


Fig.  2.4.  Diagram  of 
forces  applied  to 
rotor  hub  from  the 
blade . 


The  force  applied  to  the  housing  of  the  hub  on  the  side  of  the 
k-th  blade  can  be  separated  into  three  components:  ,  directed  over 

the  radius  of  the  blade,  P^>  parallel  to  the  axis  of  the  shaft  of  the 
rotor,  arid  ,  perpendicular  to  the  first  two. 
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Each  of  these  components  is  a  periodic  function  of  time  with 
basic  frequency  te.  It  is  obvious  that  in  a  steady  state  of  flight 
functions  Nk(t),  PR(t)  and.  Qk(t)  are  identical,  for  all  blades  but 
shift  in  phase  for  each  blade  relative  to  the  adjacent  one  by  a 
certain  value  corresponding  to  the  time  of  turn  of  the  rotor  at  angle 
2it/z.  This  gives  the  basis  to  write  expansions  of  these  functions  in 
Fourier  series  in  the  form 

pt — pq + p;  cos  4-  ?*)  +  p>,  sin  (drf  -f  9t)  -f 
-  P..  cos  2  (mi  -5-  ?jk) -f P,.  s  in  2  K + ?„) + . . .  +  (1.3) 

-r  P,m  cos  n  («>/ -f  ?*) -h  P,m  sin  n  -f  -f . .  .t 

where 

(*=1,2,3  ...z), 

or  shorter 

/,4-/>o+Sl/>..cos«K+rt)+/,»-slnnH+5*)l.  (1.4) 

Analogously  we  have 

m 

Q» *=* ' Qo  +  ^  IQc,  cos  n  (W <?*)  Qtit  S I  n  n  (wi  -f-  ?J>)] ; 

0-1 
m 

cos/i  H + ?*) + sin/i  (uj/-f  ?4)]. 

Let  us  now  state  the  following  problem:  knowing  values  of 

coefficients  of  Fourier  series  expansion  of  functions  P.  (t),  Q,  (t) 

and  N^Ct),  or,  in  other  words ,  knowing  the  harmonic  components  of 

forces  Pk>  Qk>  and  N^,  to  find  variable  forces  X,  Y,  and  Z  and 

moments  M  ,  M  and  M„  (more  accurately  harri'.onic  components)  in  order 
x  y  ^ 

to  trace  the  dependence  of  forces  creating  vibrations  on  different 
harmonic  component  forces  acting  on  the  hub  on  the  side  of  a  separate 
blade . 

Summing  the  forces  acting  on  the  hub  on  the  side  of  each  blade, 
we  obtain  the  following  formulas: 


(1.5) 

(1.6) 
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(1.7) 


r-2  p* 

1-1 

9 

*■*2  *In — AT* CO* ; 

»-l 

Zmm  £  [C*COS^4-^ito%]; 

i-t 

^i”  £  QJ1  • 

lot 
9 

sin  64; 

l-t 

—  2  COS 

1-1 

v/here  is  the  azimuthal  angle  of  the  k-th  blade: 

*l“«rf-f?*»W-f“*;  (1.11) 

f 

h  -  distance  from  the  axis  of  rotation  to  the  combined  horizontal 
flapping  and  vertical  hinges. 

If  the  hub  has  nonintegrated  hinges,  then  in  formula  (1.9)  it 
is  necessary  to  take  and  in  formulas  (1.10),  h-ltm. 

Let  us  examine  in  detail  expression  (1.7)  for  determination  of 
/ 

variable  force  Y.  Substituting  into  it  expression  (1.3)  for  force 
P^,  we  arrive  at  the  necessity  of  calculation  of  sums  of  the  form 

*  * 

£  cos /i  («*+?,)  and  £  »In«  (W-f?*), 

i-t  i-t 

where  n  consists  of  integers  (n  *  1,  2,  3,  ...). 

Let  us  show  that  trigonometric  sums  of  such  a  form  possess  the 
following  remarkable  property:  at  any  n  not  multiple  to  the  number 
of  blades  z  both  these  sums  are  equal  to  zero  at  any  t;  at  n  multiple 
to  z,  i.e.,  if  n  =  sz  (s  *  1,  2,  3,  ...),  then 


(1.8) 

(1.9) 

(1.10) 
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(1.12) 


2  COS  sz  (f>/  <f4)  —  Z  cos  ($*•*); 

a 

2  sin  sz  (<«/  -f-  o*)  -=z  sin  (szutt). 


Thus,  for  example,  for  a  rotor  with  five  blades  (z  =  5) 

«  « 

2  COS  («/  -f  ?Jk)  =  2  COS  2  («/  +  ?i)  = 

*  * 

“  2  cos  3  («/ -f"  ?*)  —  2  cos4(u>/-f  ?s)=0 

*-»  »-i 


at  any  value  t,  but 

s 

2  cos  5  («/  -f  ?*)  =*  5  cos  (5w/). 

*-! 

Further 


s  i 

2  cos6(<o/-J-!?1)  =  2  co*7(«rf+?*)“ 

*-»  t>i 

•  s  . 

-2  cos8(W-J»r»)  **  2 cos 9 («/ -j- <?*)=(), 

a»l  *-i 


but 

> 

2 COS  10 (»/+?„) —5 cos (1(W),  etc. 

i-i 


It  is  possible  to  prove  correctness  of  formulas  (1.12)  by 
different  methods.  Let  us  use  for  this  the  very  convenient  method 
proposed  by  K.  A.  Mikheyev  and  founded  on  the  application  of  the 
well-known  Euler  formula,  which  expresses  the  connection  between 
•trigonometric  functions  and  exponential  functions  with  the  imaginary 
argument.  Let  us  prove  the  correctness  of  only  the  first  of  formula 
(1.12).  We  have 


cosafr— j- 


29& 


There  fore 


S  cosn'-»  -  4-  E  [^’V  - 

*-i  *r i 

L  *-»  ft  J 


Let  us  examine  separately  the  sum 


This  geometric  progression  with  denominator  e  *. 

Using  the  well-known  formula  for  the  sum  of  the  geometric 
progression,  we  obtain 

in‘7fi-«nM) 

.  mv 

*-J  1  — « 

Since  n  is  an  integer,  then  the  numerator  of  this  expression  is 
always  eaual  to  zero,  because  entn-\  (n  *  1,  2,  3,  . ..). 

The  denominator  of  this  expression  can  turn  into  zero  only  if 
(n/z)  is  an  Integer,  i.e.,  if  n  is  a  multiple  of  the  number  of  blades 
z.  Thus,  the  examined  sum  is  equal  to  zero  at  any  n,  with  the 
exception  of  n  multiples  to  the  number  z.  In  this  last  case  the  value 
of  the  sum  becomes  indefinite  (0/0).  This  uncertainty  can  be  revealee 
with  the  help  of  the  well-known  l'Hopital  rule.  Let  us  assume  that  n 
changes  continuously,  approaching  to  a  certain  value  sz  (s  -  any  inte¬ 
ger;  s  =  1,  2,  3,  ...).  Differentiating  the  numerator  and  denominator 
with  respect  to  ri  and  passing  to  the  limit  n  -«■  sz,  we  have 


JL 


Ei?  *  **llm  ?  'lim - 


It  is  also  possible  to  show  accurately  that 


0,  if  n  is  not  a  multiple  of  z; 

*.  if  n  *  sz,  where  s  *  1,  2,  3,  ... 

As  a  result  we  arrive  at  the  conclusion  that  if  n  is  not  a 
multiple  of  z,  then 


2cos«v**o. 

i-t 

If,  however,  n  is  a  multiple  of  z  (n  ■  sz;  s  =  1,  2,  3, 

then 

9 

^  cos  -f  e~lt9t)  =*z  cos  n*t  **z  cos  (sz<rf). 

*7* 


Analogously,  it  is  possible  to  show  the  correctness  of  the 
second  of  formulas  (1.12). 


The  indicated  property  of  trigonometric  sums  is  conveniently 
recorded  in  the  form 


0,  if  n  is  not  a  multiple  of  z; 

*.1  I  z  cos  nut,  if  n  «  sz;  s  «  1,  2,  3,  ...; 

*  i 

£stnjt%«|  0*  if  n  is  not  a  multiple  of  z; 

Cmi  I  z  sin  nut,  if  n  *  sz;  s  »  1,  2,  3,  ... 


(1.13) 


Let  us  return  now  to  the  expression  for  force  Y  from  formula 
(1.7),  into  which  the  value  of  force  from  formula  (1.4)  is 
substituted 


E(Po+P-.  cos  + P»,  sin  %  -{-  P,,  cos  + 


t-i 


+  P*.  »l"  2>*+  •  •  • + Pa,  cos  n  ^-fP,,  sin  . . .] 


On  the  basis  of  the  established  property  of  trigonometric  sums 
(1.13)  it  is  possible  to  affirm  that  with  the  summation  of  different 
harmonies,  in  this  expression  all  harmonics  not  multiple  to  the 
number  of  blades  z  will  vanish.  Harmonics  multiple  of  z  are 


300 


1  r.  acco  lance  with  formula.-.  (1.13),  so  that  finally  we 

wi] i  obtain 

Y — zP0-f  zP„t  cos  zwt  -J-  zPk,  sin  zW  -f  zP*{U)  cos  2  z<ot  -f  zP*^  sin  2*«>*  4*  •  •  •  ( 1 . 1 4 ) 

Thus  all  harmonic  component  forces  P^(t)  not  multiple  to  the 
number  of  blades  .are  balanced  on  the  rotor  hub  and  do  not  create 
vibrations  of  the  fuselage  of  the  helicopter.  As  a  result  the 
variable  force  Y  changes  with  time  with  the  basic  harmonic  p  =  zu> 
of  the  rotor  and  also  contains  multiple  harmonics  2p,  3p,  etc.  This 
comple'^ly  confirms  the  basic  conclusion  of  the  preceding  point  of  this 
paragraph  and  also  gives  additional  information  in  this  part, 
indicating  exactly  what  harmonic  component  forces  are  dangerous 
from  the  point  of  view  of  vibrations. 

For  an  illustration  let  us  examine  an  example.  Let  us  assume  that 
for  a  certain  rotor  there  is  resonance  of  the  second  tone  of 
oscillations  of  the  blade  in  the  flapping  plane  with  the  5th  harmonic 
cf  the  rotor  (5w).  In  the  resolution  of  forces  for  such  a  rotor 
the  harmonic  component  corresponding  to  the  5th  harmonic  (P  and  P  ) 

3.(-  u  j- 

will  be  great.  3  3 

If  the  rotor  has  five  blades  the  indicated  resonance  will  lead  to 
great  vibrations  of  the  helicopter. 

If,  however,  the  rotor  has  four  blades,  this  resonance  will  in 

no  way  manifest  itself  in  vibrations  of  the  helicopter,  since 

harmonic  component  forces  P^  corresponding  to  this  resonance  will  be 

balanced  on  the  hub.  As  one  will  see  subsequently,  considerable 

variable  moments  M  and  M  on  the  hub  can  appear;  however,  practically 

x  z 

vibrations  of  the  helicopter  are  determined  mainly  by  variable  forces 
X,  Y,  and  Z.  Sometimes  we  erroneously  consider  that  vibrations  of 
the  helicopter  are  less,  the  more  the  blades  of  the  rotor.  However 
In  tfn  a -^example  it  is  clear  that  in  reality  such  is  not  so  simple, 
and  in  this  case,  conversely,  a  decrease  in  the  number  of  blades  leads 
to  a  decrease  of  vibrations. 


0,3 1 — 


Pig.  2.5.  Dependence  of  the 
amplitude  of  vibrations  in  the 
cockpit  of  a  single-rotor  hell 
copter  on  the  speed  of  flight. 


Let  us  consider  one  more  example.  Figure  2.5  shows  results  of 
experimental  measurements  of  vibration  in  the  cockpit  of  a  single-rotor 
helicopter,  which  was  tested  with  two  rotors  using  three  and 
four  blades.  The  rotors  had  absolutely  identical  blades  and  differed 
only  in  hubs.  Depicted  on  the  graphs  are  dependences  of  amplitude 
a  of  vertical  vibrations  in  the  cockpit  on  speed  of  flight  V  for 
both  rotors. 


As  calculations  conducted  for  these  rotors  showed,  the  blade 
the  rotor  had  resonance  of  the  second  tone  of  oscillations  in  the 
flapping  plane  with  the  4th  harmonic  of  the  rotor  in  operating 
revolutions.  As  a  result  vibrations  of  a  helicopter  with  a  four-blade 
rotor  in  the  greater  part  of  the  speed  range  appeared  considerably 
higher  (at  V  *  40-50  km/h  more  than  three  times)  than  vibrations 
of  a  helicopter  with  a  three-blade  rotor.  However,  at  great  speed 
of  flight  vibrations  of  a  helicopter  with  a  four-blade  rotor  appeared 
less  than  that  of  a  helicopter  with  a  three-blade  rotor.  This  is 
explained  by  the  fact  that  at  a  low  speed  oi  flight  there  is  a  large 
harmonic  component  of  aerodynamic  forces,  which  corresponds  to  the 
4th  harmonic  and  is  conditioned  by  the  great  irregularity  of  the  . 
field  of  induced  speeds  of  the  rotor  at  a  low  speed  of  flight.  With 
an  increase  in  speed  of  flight  there  occurs  a  levelling  off  of  the 
field  of  flow  rates  (see  Chapter  I,  §  8)  through  the  rotor,  and  the 
excitation  of  oscillations  of  the  blade  with  respect  to  the  4th 
harmonic  decreases  accordingly,  while  the  3rd  harmonic  decreases  with 
an  increase  in  speed  not  so  rapidly  or  even  does  not  decrease  at 
all.  The  relatively  large  value  of  the  4th  harmonic  in  the  field  of 
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phenomenon  ; V-r  any  rot. or . 

Let  us  return  now  to  the  determination  of  other  forces  and 
moments  having  an  effect  on  the  helicopter.  Formula  (1.9)  for 
moment  M  is  absolutely  analogous  to  formula  (1.7). 

y 

Repeating  all  reasonings,  as  in  the  derivation  of  formula  (1.14) 
for  force  Y,  we  will  obtain  the  following  expression: 

Mt=zh  [Qo  -f  Qat  Cos  sin  z<ut  -{- 

+Q«(a„ cos  2zu>t  +  s,n  2**+  •  •  (1.15) 

The  variable  moment  M  is  dangerous  not  only  from  the  point  of 
view  of  vibrations  of  the  helicopter  (in  §  3,  No.  1  it  will  be 
shown  that  this  moment  creates  only  lateral  vibrations  of  the  fuselage). 
This  moment  is  one  of  the  sources  of  torsional  vibrations  in  the 
transmission  system  of  the  helicopter. 

As  can  be  seen  from  formula  (1.15),  the  variable  part  of  this 
moment  is  determined  solely  by  harmonic  components  of  force  Q(b), 
which  are  multiples  to  the  number  of  blades. 

Let  us  turn  further  to  the  first  of  formulas  (1.8).  Substituting 
into  it  expressions  for  Q^(t)  and  N^(t)  [formulas  (1.5)  and  (1.6)], 
we  will  obtain 


X=t(Qo sin b* - cos +  £  [(?«, cos \ -f  Qt, sin •’>»]  sin  -V - 

*  M 

-  2  [Ho,  COS  % +jV»,sin  •!.,]  cos  y*+ ...+£  [Q0 

COS/1%4* 

»-*  •  t-t  " 

« 

+  Q*„ Sin a}t] Sin -  £ [Nu cos n\+  Ntn sin ny4] cos •>,+  ... 


t-i 


The  first  term  of  this  sum  is  equal  to  zero  in  accord ar 
formulas  v 1 . 13)  ,  since 


sol 


*  *  < 

2 IQa * ln^ ~ A^c cos  =* Q0  £  sIn%-Af0  £cos<l,*=0. 

*-»  *->  ».i 

For  counting  the  remaining  components  let  us  examine  the 
expression 

XQ  —  £  [<?,,  cos  «fc+ Q,4  sin  n%]  s!n*„ 

*  *-» 

which  constitutes  a  part  of  force  X  conditioned  by  tht  n-th  harmonic 
of  force  Q. 

f 

Here  we  are  encountered  with  sums  of  the  form  £  cosn^sin-y,  and 
*  »-» 

2,  sln/r^sin^.  These  sums  are  also  easily  calculated  with  the  help  of 

formulas  (1.13).  Really 


MM  g 

^cos«i*sIn*;t=-i.  J sin (fl+ 1)^—1  V  sin(n-  l)*t; 

*- 1  M  *-l 

*  1  *  * 

s*«  «*sin**  — -  —  J]  cos  («+  !)  >»+ y  V  cos  (n  -  lj%. 


On  the  basis  of  formulas  (1.13)  it  is  possible  to  affirm  that 
these  sums  will  be  different  from  zero  only  if  one  of  the  numbers 
(n  +  1)  or  (n  -  1)  is  multiple  to  the  number  of  blades.  Let  us 
assume  that  (n  +  1)  *  sz  (s  =  1,  2,  3,  . ..),  and,  consequently, 
n  =  sz  -  1.  Then 


cos  rt-»sin%  — sin  (szm Q; 


••i 

M 


tin  «•>,  sin  %  —  — ~  cos  (srW). 

Further,  if  (n  -  1)  ■  sz;  n  »  sz  +  1,  then 


£ 


cos/r^sta^  —  — f  sin  (szW); 


m 

£  sin  n%  slnfy— cos  (*rW). 


30^4 


A:-  r«  v.i-  <■/:  r*.  .v  Lor.  is  obtained  for  the  part  of 

force  X  wi.ion  is  <a  tainod  from  aJ  r.ormonic  components  of  force  Q: 

jQ‘ l-l>~  9* '»»  tin  z«-- coiiW+ 

+  s,„ ^ + 0; j- .,+ f  *■>  «,  ^  4 .  I  (1-16> 

for  the  part  of  force  X  conditioned  by  harmonic  components  of 
force  N(t),  there  is  analogously  obtained  expression  of  the  form 


*****  I  -  -  *  +-‘  '--f  ■>  cos  z^  +  ^1’  t  ,|n  z«t- 

mS.  >|n^+  , 

Force  X  can  be  determined  by  formula 


(1*17) 


X-X'+X*. 


If  the  expression  for  force  X(t)  is  written  In  the  form  (1.1), 
then  there  are  obtained  the  following  formulas  for  its  harmonic 
components : 


(*-y  “Q«  (*♦«  ~  (t+i)  “  u— i)l* 


(1.18) 


Components  corresponding  to  harmonics  multiple  of  the  basic, 

X  ,  X  ,  and  so  on,  are  obtained  from  these  formulas,  if  instead  of 
a2  °2 

index  z  we  take,  respectively,  index  2z,  3z>  etc. 

Thus  the  variable  part  of  force  X(t)  is  determined  by  the 
harmonic  components  of  forces  Q(t)  and  N(t)  combinational  with 
respect  to  the  basic  harmcnic  of  the  rotor  (z  -  1;  z  +  1)  or  to  its 
mult  pie  harmonics  (2z  -  1;  2z  +  1),  etc. 

Thus,  for  example,  for  a  rotor  with  three  blades  (z  *  3)  the 
basic  harmonic  of  force  X  (frequency  3wt)  will  be  determined  oy  the 
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2nd  and  Hh  harmonics  of  forces  Q(t)  and  N(t),  the  2nd  harmonic  ol 
force  (frequency  but)  will  be  determined  by  the  5th  and  7th  harmonics 
of  forces  Q(t)  and  Nit)  and  so  on. 


Absolutely  analogous  formulas  are  obtained  for  harmonic  components 
of  forces  Z(t): 


2  <*-u  u+» — (*-u 

y  u+D  (*-D  “f"  u-u — {*+«)!• 


(1.19) 


Just  as  in  formulas  (1.18),  to  obtain  multiples  of  harmonics 

Z  ,  Z,  ,  Z  and  Z,  in  these  formulas  instead  of  index  z,  it  is 
a2  b2  a3  b3 

necessary  to  put  indices  2z,  3z,  etc.,  respectively. 


Analogously  expressions  for  harmonic  components  of  moments 

M  and  M  are  obtained  from  formulas  (1.10): 
x  z 

u-l)  (*+!))• 

*5"  l  ~  ^u+u — 

Let  us  note  still  the  following  circumstance,  which  sometimes 
can  facilitate  the  qualitative  analysis  of  vibrations.  If  the 
variable  force  in  the  rotor  plane  (X  or  Z)  or  the  moment  (M  ,  M  ) 

A  Z 

Is  determined  by  any  one  harmonic  component  of  force  acting  from  the 
side  of  the  blade,  then  as  a  result  there  is  obtained  a  vector  cf 
constant  length,  which  evenly  revolves  in  the  rotor  plane  at  ungula 
velocity  zm  (or  szw).  The  direction  of  rotation  is  obtained  opposite 
the  rotation  of  the  rotor,  if  this  vector  is  obtained  from  the  harmonic 
component  z  +  1  (or  sz  +  1)  and  ir.  the  direction  of  the  rotor  rotation, 
if  this  vector  is  obtained  from  the  harmonic  component  z  -  1  (or 
sz  -  1). 


(1.20) 


(1.21) 
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-£  ,  for  f. 
examined 


■  .  -  •  v  •  -  "yfO"  nas  i  i'/c  biadss 

vector  of  the  moment  on  the  hub 


(z  =  5),  and  there 
with  components  My  and  K  ,  which  are  obtained  from  the  harmonic 
component  (z  -  1): 


P~Pat  COS  4<u/-f  PK  sin  4*»  /. 


Then  (see  1.20  and  1.21) 


-Mr  — "  [^,cos5W  —  P,,,  sin  5^1; 

1  —  P»t  s  In  5m/  —  P„t  cos  5<o^J. 

Here,  as  one  can  see  from  these  formulas,  the  vector 

constitutes  a  vector  of  constant  length 

VK+k,. 

which  evenly  revolves  in  the  rotor  plane  at  angular  velocity  5 m  in  a 
direction  coinciding  with  the  direction  of  the  rotor  rotation. 

Thus,  the  analysis  conducted  above  shows  that  the  rotor  is  a 
kind  of  filter,  which  of  all  the  harmonic  components  of  forces  on 
vibrating  blades  passes  to  the  fuselage  only  certain  ones  corresponding 
to  the  basic  harmonic  of  the  rotor,  its  combinational  harmonics 
(z  -  Dm  and  z  +  Dm,  and  also  harmonics  multiple  of  the  basic  2zm, 

3zm,  etc.,  and  combinational  harmonics  (2z  -  1)m,  (2z  +  i)w, 

( 3z  -  l)wj  (3s  +  Dm,  etc. 

The  greatest  danger,  both  from  the  point  of  view  of  the  level  of 
vibrations  and  from  the  point  of  view  of  dynamic  strength  of  elements 
of  the  fuselage,  is  represented,  as  a  rule,  by  the  lowest  harmonics 
zm,  (z  +  Dm  and  (z  -  Dm. 

Prom  harmonics  which  are  the  result  of  oscillations  of  the 
blade  in  the  flapping  plane  (force  P^,  see  Fig.  2D),  harmonic  zm 
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(and  multiple;;  of  It)  leads  to  the  appearance  of  a  vertical  variable 
force  on  the  rotor,  and  harmonic:;  (3  -  1)  and  (z  +  1)  (and  also 
2z  -  1,  2z  ♦  1,  etc.)  lead  to  the  appearance  of  variable  moment.;  on 
the  hub  with  respect  to  axes  Ox  and  Oz. 

From  harmonics  which  are  the  result  of  oscillations  of  blade 
In  the  plane  of  rotation  (forces  Qk  and  Nk,  see  Fig.  2.*0,  the 
harmonic  zw  (and  multiples  of  it)  leads  to  the  appearance  of  variable- 
torque  on  the  rotor  shaft  and,  harmonics  (z  -  l)w  and  (z  +  l)w  (and 
also  2z  -  1,  2z  +  1,  etc.)  -  to  the  appearance  of  variable  forces 
(longitudinal  and  transverse)  in  the  plane  of  rotation  of  the  rotor. 

Let  us  note  in  conclusion  that  with  summation  of  forces  acting 

from  the  side  of  the  blades  on  the  disk  of  the  cyclic  pitch  control 

there  are  obtained  precisely  the  same  formulas  for  the  calculation 

of  harmonic  components  of  vertical  force  Y  and  moments  M  and  M 

X  z 

applied  to  the  disk.  Here  it  is  possible  to  use  directly  formulas 
(1.1*0,  (1.20)  and  (1.21),  understanding  by  force 

the  force  acting  in  the  link  controlling  the  L:-th  blade  (hinged 
moment  divided  by  the  corresponding  arm)  and  by  quantity  h  -  radius 
of  the  disk  of  the  cyclic  pitch  control. 

Thus,  by  knowing  the  harmonic  composition  of  the  hinged  moment, 
it  is  not  difficult  to  calculate  the  variable  force  acting  in  the 
circuits  controlling  the  collective  and  cyclical  rotor  pitch. 

S  2.  Flexural  Vibrations  of  the 
FuseT-Tge  as  an  Elastic  feeam 

If  variable  forces  applied  0  the  fuselage  from  rotors  are 
known,  then  the  calculation  of  vibrations  at  different  points  of  the 
fuselage  can  be  carried  out  by  the  standard  methods  used  during 
calculation  of  forced  oscillations  of  an  elastic  team  of  variable 
cross  section.  Of  course,  the  fuselage  of  a  real  helicopter  only 
in  first  approximation  can  be  examined  as  a  thin  elastic  flexurai 
beam. 
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ongltudinal.  Further- 


>*'  a  helicopter  of  single-rotor  configuration  can 
nave  "fractures"  in  the  region  of  the  tail  bean,  sharp  drops  in 
rigidity  along  the  length  and  other  peculiarities.  These  peculiarities 
and  their  account  with  the  calculation  cf  oscillations  are  examined 
in  5  3.  Here  we  will  examine  methods  of  calculation  of  oscillations 

of  the  elastic  beam,  since  they  are  fundamental.  Furthermore,  in 
this  paragraph  oscillations  of  a  system  consisting  of  two  elastic 
beams  forming  a  "cross"  will  be  examined.  Such  a  system  is  a 
fuselage  with  a  wing. 


1.  Calculation  of  Forced  Oscillations  of  an  Elastic 
Beam  by  the  Method  of  Expansion  by  Own  Forms 

Let  us  assume  that  to  an  elastic  flexural  ideal  beam  (Fig.  2.6) 
deprived  of  damping,  found  in  a  free  state  under  the  action  of  a 


Fig.  2.6.  Diagrams  of  a 
free  elastic  beam  with  a 
distributed  load  applied 
to  it . 


balanced  system  of  time-independent  forces  (tractive  force  of  the 
rotor  balances  the  gravity),  there  is  applied  load  q  distributed 
along  the  length  of  the  beam  variable  in  time,  which  is  variable 
by  the  harmonic  law 


q(x,  i)  =*?(x) cos  pt.  (2.1) 

The  equation  of  lateral  bending  oscillations  of  such  a  beam  has 
the  form 

(EIyy+my=q(x,()  (2.2) 

This  partial  differential  equation  is  derived  in  No.  10,  §  1, 
Chapter  I  for  an  elastic  beam  in  the  field  of  centrifugal  forces. 
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In  the  case  of  their  absence  (N  =  0)  the  equation  takes  the  form  of 

(2.?). 

To  find  the  motion  of  the  beam  means  to  find  function  y  *  y(x,  t) 
satisfying  equation  (2.2)  and  also  boundary  conditions,  which  in  the 
case  of  a  beam  wiU.  free  ends  have  the  form 

when  *“0;  jW=£//~0;  Q~(£//)'*0n  .  . 

when  JC— /;  M - £//=0;  Q  -(£//)' = 0.  j  U ^ ' 

Function  y(x,  t),  which  satisfies  the  homogeneous  equation 
(without  the  right-hand  side) 

<£/yT+«iM  (2.-4) 

and  boundary  conditions  (2.3),  correspond  to  natural  oscillations  of 
the  beam.  The  solution  of  equation  (2.4)  is  sought  in  the  form 

g(x, Q**y(x)co$pt.  (2.5)  * 

After  substitution  into  equation  (2.4)  this  expression  leads  to 
the  ordinary  differential  equation  with  parameter  p  for  determination 
of  function  y (x) : 

{Ely  )"—  p^my—O.  (2.6) 

The  last  equation  has  solutions  different  from  zero  only  with 
defined  values  of  parameter  p:  p  a  p^;  p  =  p^;  p  =  p2;  p  =  p^,  etc. 
To  each  value  p  =  (k  =  0,  1,  2,  3,  ...)  corresponds  the  defined 
function  y^vx),  which  satisfies  equation  (2.6)  at  p  =  pk  so  that 

{E/yiY— p\myk=Q;  2,  3,...).  (2.7) 

Numbers  pk  (k  =  0,  1,  2,  3,  ...)  are  called  frequencies  of 
natural  oscillations  of  the  beam  and  functions  y^(x)  ~  corresponding 
forms  of  natural  oscillations. 

o 

Motion  of  the  beam  according  to  the  law 
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i,(.*,/)~ak£t(.’:)cos/v. 


(2.8) 


where  is  constant,  is  called  natural  oscillations  of  the  beam  with 
respect  to  the  k-th  tone. 


The  general  solution  of  the  homogeneous  equation  (2.4)  has  the 

form 


*(*.<)=£  (*)  cos  4-  ?*).  (2.9) 

where  .  arid  ^  are  arbitrary  constants. 

Thus  natural  oscillation  of  the  vearn  constitute  motion  obtained 
as  a  result  of  the  superposition  cf  oscillations  of  different  tones. 


Ke- hods  of  finding  “reque  ;Cies  of  natural  oscillations  p,  and 

_  K 

corresponding  forms  y  (x)  for  the  beam  with  the  assigned  law  of  the 

rw 

change  n  rigidity  £I(x)  and  linear'  mass  m(x)  are  discussed  in  §  2 
of  Chapter  I. 


Fig.  2.7.  Characteris¬ 
tic  forms  of  natural 
oscillations  of  the 
fuselage  as  a  free 
beam  (p#,  p*,  etc.,  are 

frequencies  of  oscil¬ 
lations  of  the  first, 
second,  etc.,  elastic 
tones;  in  general,  one 
should  consider  that 
Pr  =  0;  Px  =  0;  p2  =  p»; 

P  ^  P  ^  >  ^tc • ) . 


Figure  2.7  shows  characteristic  forms  of  natural  oscillations 
of  a  free  beam.  Two  forms  correspond  to  oscillations  of  the  beam  as 
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a  solid  and  have  frequencies  of  natural  oscillations  equal  to  zero. 
The  first  of  :,hese  forms  corresponds  to  forward  movements  of  the 
beam  and  the  second  to  the  angular  displacement  of  the  beam  relative 
to  its  center  of  gravity. 

All  formulas  which  are  derived  in  this  paragraph  are  equally 
useful  for  the  calculation  of  oscillations  of  an  elastic  beam  with 
any  conditions  of  fastening  of  the  ends.  However,  in  the  case  of 
application  of  these  formulas  to  oscillations  of  the  free  beam  and, 
in  particular,  the  fuselage,  it  is  necessary  to  remember  that  to  the 
number  of  frequencies  p^  and  forms  yk(x)  natural  oscillations  should 
be  certainly  Included  the  two  lowest  forms  which  correspond  to  zero 
frequencies.  So  we  must  assume  in  all  formulas  pQ  *  0  and  p.^  -  0  and 
consider  that  the  corresponding  standardized  forms  have  the  form 


where  x  is  the  coordinate  of  the  center  of  gravity  of  the  beam, 
c 

In  case  the  mentioned  forms  will  not  be  considered  during 
calculation  of  vibrations  of  the  fuselage,  the  calculation  of 
vibrationp  will  be  carried  out  neglecting  oscillations  of  the  fuselage 
as  solid,  and  this  will  lead  to  considerable  errors  in  magnitude 
of  the  vibrations. 

Let  us  consider  the  problem  of  forced  oscillation?  of  the  beam 
under  the  action  of  a  "purely"  harmonic  load  [see  formula  (2.1)]. 

In  this  case  equation  (2.2)  takes  the  form 

W.+ 9  (•*)  cos  pi.  (2.10) 

We  will  look  for  the  particular  solution  of  this  equation 
corresponding  to  the  stabilized  forced  oscillations  of  the  beam  with 
frequency  p  in  the  form 

# 

pt.  (2.11) 
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Substituting  this  expression  into  equation  (2.10),  we  will 
arrive  at  the  ordinary  differential  equation  for  determining  function 
y ( x ) ,  which  is  natural  to  call  the  form  of  forced  oscillations: 

{E/TY-pmy^qi x).  (2.12) 

We  will  look  for  the  solution  of  this  equation  in  the  form  of 
expansion  with  respect  to  natural  forms: 

y  £  e»y»  (■*)•  (2.13) 

» 

If  in  this  sum  we  take  a  limited  number  of  terms,  then  it  is 
possible,  in  determining  values  of  coefficients  c^,  to  obtain  only 
approximate  solutions  of  equation  (2.12).  However,  it  is  possible  to 
prove  that  with  the  method  shown  below  of  the  determination  of 
coefficients  c^  the  approximate  solution  with  a  quite  large  number 
of  terms  in  series  (2.13)  will  be  as  accurate  as  possible. 

For  finding  coefficients  c^  let  us  substitute  expression  (2.13) 
into  equation  (2.12)  and,  multiplying  both  sides  of  equation  (2.12) 
by  yn(x),  we  will  integrate  them  from  0  to  JL.  Then  we  will  obtain 
the  equation 

1  _  1  1 

£  Ctj  (Ely*)  ~yndx~p^  £  c,  J  j  q~yKdx.  (2.14) 

Integrals,  standing  in  the  first  component  of  the  left-hand  side 
of  this  equation  can  be  simplified  using  integration  by  parts: 

J  jyM&y*)  «[&,(£/£)*]  I  -jy.WJdj c, 

but 

[;.(««)•]  ||-o. 

since  functions  y  (x)  satisfy  conditions  (2.3). 


Further: 


In  virtue  of  conditions  (2.3) 


(F.(f/7.)l|;-o. 


so  that  as  a  result  there  is  obtained 


j  [Efyufvjt*  -»  ^Efy^ytftx. 


(2.15) 


Since  all  functions  yk(x)  (k  -  1,  2,  3,  . . . )  satisfy  equation 
(2.7),  it  is  possible  to  write 

(£/}'*)*-  pWyt=-0\ 

IfilyiS-Mif  °* 

Multiplying  the  first  of  these  equations  by  yn  and  the  second 
hy  yk»  we  will  then  subtract  one  from  the  other  and  integrate  the 
obtained  expression  from  0  to  t.  We  obtain 


j  (efc)iA*  -  j  (£/r.)7^- w  -  fi)j 


But  the  left  part  of  this  equation  is  equal  to  zero  in  virtue 
of  condition  (2.15).  Therefore,  provided  p^  ?  Pn»  then 


(«/*). 


(2.16) 


This  is  the  so-called  condition  of  orthogonality  of  forms  of 
natural  oscillations  (see  also  Chapter  I,  5  2,  No.  3)* 


Further,  multiplying  both  sides  of  equation  (2.7)  by  yn  and 


integrating  from  0  to  l,  we  obtain: 


he/an.**  -  p\  j  nytfJx. 


Hence  it  may  be  concluded  that  if  n  W  k,  then 


j  (efitil^x  —  j  e/miJx-o. 


(2.17*) 


If,  however,  n  =  k,  then  we  obtain  the  expression  for  frequency 
p  of  the  n-th  tone  of  oscillations  in  terms  of  its  form  y  (x): 


f  etfix 
- 

*  f  mH\dx 


(2.18) 


This  is  the  well-known  Rayleigh  formula. 

On  the  basis  of  conditions  (2.16)  and  (2.17),  it  is  possible 
to  affirm  that  in  expression  (2.14)  all  components  for  which  k  /  n 
will  turn  into  zero.  Considering  this,  and  also  using  formula  (2.15), 
let  us  copy  equation  (2.14)  in  the  form 


*  _,2  *  I 

cAE!yndx- cy  f  m?ncix=  f  q~yndx. 


Dividing  both  sides  of  the  last  equation  by 


i ■ 


dx,  solving  it 


relative  to  cn  and  using  the  Rayleigh  formula  (2.18),  we  will  find 


,  i 


1y,dx 


C'~  I 


(2.19) 


my\dx 


Let  us  introduce  notations 


A,=j<?!/*dx; 
J  niyldx. 


(2.20) 


(7.2.) 


Quantity  Ar  constitutes  work  of  the  exciting  load  q(x)  on  the 
form  of  the  rs-th  '..on''  of  oscillations  and  quantity  -  the  largest 
(for  the  period)  value  of  kinetic  energy  of  the  given  tone  of 
oscillations  referred  to  quantity  p"  .  Thus 


.  _  1  A. 

Cm  in  .  i-i  . . mm  — m. 


(7.27) 


Considering  expressions  (2.13)  and  (2.11),  we  obtain  the 
following  solution  of  equation  (2.10): 

If  (*.  0-j^p  -pTp- 4-iWjcMA^  (2  23) 

Prom  this  expression  certain  very  important  conclusions  can  be 

made . 


First  of  all  it  is  clear  that  if  the  frequency  of  the  change  in 
exciting  load  p  approaches  one  of  frequencies  pk  of  natural 
oscillations,  then  the  amplitude  of  oscillations  of  any  point  of  the 
beam  increases  without  limit.  This  is  the  phenomenon  of  resonance 
of  the  exciting  load  with  the  k-th  tone  of  natural  oscillations  of 
the  beam.  Since  here  we  did  not  consider  the  influence  of  damping 
forces  (this  will  be  done  later),  then  the  amplitude  of  oscillations 
with  resonances  is  unlimited. 

Further,  if  quantity  p  is  close  to  the  frequency  p^  of  the  n-th 
tone  of  oscillations,  then  the  term  with  number  n  in  the  sum  (2.23) 
becomes  considerably  larger  than  the  remaining  terms.  Therefore, 
it  is  approximately  possible  to  consider  near  resonance  (p  =  pn)  that 

9(x.  0-TT7  f.  W  c°s 

i.e.,  near  resonance  with  some  tone  of  natural  oscillations  the  form 
of  forced  oscillations  differ-'  little  from  the  form  of  oscillations 
of  the  given  tone. 

Finally,  with  transition  of  the  value  of  p  from  a  quantity 
somewhat  smaller  than  pn  to  a  quantity  somewhat  larger  than  prj,  the 
quantity  in  brackets  of  formula  (2.23)  changes  cifrn.  Therefore,  if 
one  were  to  construct  a  graph  of  the  dependence  of  amplitude  yQ  of 
soma  point  of  the  beam  on  the  frequency  of  excitation  p  [at 
constant  q(x)],  then  this  graph  will  have  the  form  depicted  in 
Fig.  2.8.  The  curve  of  the  graph  has  infinite  discontinuities  at 
points  p  »  p^,  p  ■  P2,  p  ■  p^»  etc. 
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Fig.  2.8.  Dependence  of  the 
amplitude  of  oscillations  of 
any  point  of  the  fuselage  on 
the  frequency  of  excitation. 


2.  Dynamic  Rigidity  of  the  Beam.  Resonance 
and  Antiresonance 

The  case  examined  in  the  preceding  point  of  forced  oscillations 
of  the  beam  under  the  action  of  an  exciting  load  distributed  along 
its  length,  which  is  variable  with  time  with  respect  to  the  harmonic 
law  (2.1),  and  the  derived  formulas  remain  in  force  under  any  lav; 
of  the  change  in  load  along  the  length  of  the  beam,  i.e.,  at  any 
form  of  function  q(x).  Therefore,  from  these  formulas  it  is  easy 
to  obtain  formulas  for  determining  forced  oscillations  of  the  beam 
createable  by  the  concentrated  exciting  force 

F-Focospl,  {2.2k) 


applied  at  certain  point  x  =  xQ  (Fig.  2.9). 


Fig.  2.9.  Analysis  of 
forced  oscillations  of 
the  free  beam  from 
concentrated  force. 


Really,  let  us  assume  that  load  q(x)  is  applied  to  the  beam  only- 
on  some  small  section  along  length  Ax  in  environment  of  point  x  =  xQ. 
Here  formulas  (2.22),  (2.20)  and  (2.21)  will  remain  in  force,  but 
in  formula  (2. 20)  the  corresponding  integral  must  be  taken  not  along 
the  entire  length  of  the  beam  £  but  only  on  section  Ax,  i.e., 


ivJx* 


fih**- 


At  small  value  of  Ax  this  integral  can  be  approximately  replaced 
by  the  quantity 


(2.25) 


where 


*•  *-£?**• 


(2.26) 


Formula  (2.25)  becomes  accurate  at  infinitesimal  Ax,  l.e.,  in  the 
case  of  the  concentrated  exciting  force. 


Thus  we  arrive  at  the  following  conclusion:  if  oscillations  of 
the  beam  are  caused  by  the  concentrated  force  (2.24)  applied  at 
point-  x  *  x0,  motion  of  the  beam  is  described  as  before  by  expression 
(2.23)  in  which  quantity  Ak  is  determined  by  the  formula 


(2.2?) 


i.e.,  quantity  Ak  constitutes  work  of  the  exciting  load  ”on  the  form 
of  the  k-th  tons  of  oscillations . n 

Let  us  note  that  such  a  method  of  finding  forced  oscillations 
remains  ir.  force  in  tne  case  when  oscillations  are  caused  by  the 
concentrated  bending  moment  (variable  with  respect  to  the  harmonic 
law) 


ft. 


(2.29) 


applied  at  point  x 
by  formula 


Xq.  In  this  case  quantity  A^  should  be  determined 


(2.29) 
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where  y^(xg)  is  the  angle  of  rotation  of  the  elastic  line  at  point 
x  “  XQ >  which  corresponds  to  the  form  of  the  k-th  tone. 

In  the  case  when  oscillations  of  the  beam  are  caused  by  the 
longitudinal  force 

X-Xocos pt,  (2. 30) 

applied  on  a  certain  arm  h  (Fig.  2.10),  all  the  given  formulas  also 
remain  in  force,  since  in  this  case  force  Xq  can  be  transferred 
from  point  A  to  the  corresponding  point  B  of  the  beam,  adding  then  the 
couple  with  the  moment  equal  to  =  X^h . 

Fig.  2.10.  Diagram  of 
action  of  longitudinal 
force  from  the  rotor  on 
an  elastic  fuselage. 


The  longitudinal  variable  force  applied  at  point  B  can  cause 
only  longitudinal  (axial)  oscillations  of  the  beam,  and  lateral 
oscillations  of  the  beam  from  the  harmonic  moment  Mq  are  determined 
as  was  indicated  above. 


In  examining  transverse  forced  oscillations  of  the  beam  from 
the  concentrated  force  F  =  Fq  cos  pt,  it  is  convenient  to  introduce 
the  concept  of  dynamic  rigidity  of  the  beam  at  point  x  =  of  the 
application  of  force. 


Let  us  call  the  dynamic  rigidity  D(p)  of  the  beam  at  point  x  =  xQ 
the  ratio  of  the  largest  value  (amplitude)  of  exciting  force  Fq  to 
the  amplitude  y^  =  y (xQ)  of  forced  oscillations  of  the  beam  at  the 
point  of  application  of  force,  so  that 

D{p)=Z±. 

Vo 


'll  9 


(2.31) 


It  is  considered  that  with  a  change  in  force  with  respect  to 
the  harmonic  law  F  •  Fq  cos  ptf  the  point  of  its  application 
accomplishes  stabilized  forced  oscillations  according  to  the  law 
y  *  y 0  cos  pt. 

Thus  dynamic  rigidity  of  the  beam  is  a  function  of  frequency  ? 

*  oscillations,  and  it  is  considered  positive  if  the  force  and  movement 
change  with  time  "in  one  phase"  and  negative  if  the  force  and 
movement  change  in  "opposite  phase." 


The  amplitude  of  oscillations  of  point  x  ■  Xq  of  the  application 
of  force  can  ue  determined  with  help  of  formula  (2.23): 


(2.32) 


If  one  were  to  construct  a  graph  of  the  change  in  quantity  yQ 
with  respect  to  frequency  p  at  constant  value  FQ,  then  there  will  be 
obtained  a  curve  analogous  to  the  one  depicted  in  Fig.  2.8.  Therefore, 
if  one  were  to  construct  a  graph  of  the  dependence  of  dynamic 
rigidity  D(p)  at  a  given  point  of  the  beam  on  frequency  of  oscillations, 
then  this  graph  will  have  the  form  depicted  in  Fig.  2.11. 


Fig.  2.11.  Graph  of 
dynamic  rigidity. 


Dynamic  rigidity  D(p)  becomes  tero  at  resonances  p  *  Pj,  p  •  P2» 
etc.,  and  becomes  Infinite  at  those  values  of  frequency  p  fp  •  p^,  ( 
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P  =  P25  >  P  =  p  31, ,  etc.)  at  which  the  amplitude  of  oscillations  of 
the  point  of  application  of  force  becomes  zero.  These  values  of 
frequency  p  are  called  frequencies  of  antiresonances  and  are  equal  to 
frequencies  of  corresponding  tones  of  natural  oscillations  of  the 
beam  with  hinge  support  at  the  point  of  application  of  force  P. 

Really,  we  will  imagine  that  at  the  point  of  application  of 
force  F  the  beam  has  a  support  with  the  hinge  (the  beam  at  this  point 
is  not  intersected),  so  that  this  point  of  the  beam  remains  fixed 
during  the  oscillations.  Such  a  beam  has  its  frequencies  and  forms 
of  natural  oscillations.  With  natural  oscillations  of  a  certain  tone 
of  such  a  beam  in  the  support  (x  =  xQ)  there  will  appear  the  dynamic 
reaction,  variable  in  time  with  respect  to  the  harmonic  law  with  the 
frequency  of  this  tone.  The  amplitude  (the  greatest  value)  of  this 
force  of  reaction  will  depend  on  the  amplitude  (of  any  point,  for 
example,  the  end)  of  natural  oscillations  of  the  beam,  which  can  have 
any  value  (depending  upon  initial  conditions).  Therefore,  It  is 
always  possible  thus  to  select  an  amplitude  of  oscillations  of  the 
beam  so  that  the  amplitude  of  force  of  reaction  has  the  given  value 
Fq.  If  now  mentally  we  remove  the  support,  continuing  to  apply  to 
the  beam  at  this  point  force  ?,  which  changes  according  to  the 
harmonic  law  with  the  same  frequency,  then  the  free  beam  will  continue 
oscillations  with  respect  to  the  same  form  with  the  same  amplitude. 
However,  these  oscillations  can  be  examined  as  forced  oscillations  of 
the  free  beam  under  the  action  of  perturbing  force  F.  With  such 
forced  oscillations  the  point  of  application  of  the  perturbing  force 
is  stationary,  and  therefore  the  dynamic  rigidity  of  the  beam,  which 
corresponds  to  such  conditions,  is  infinite.  This  is  called 
antiresonance . 

On  the  graph  of  dynamic  rigidity  (Fig.  2.11)  points  of  resonance 
Z'r.)  =  0  and  antiresonance  D(p)  =  »  alternate.  It  can  be  shown  that 
for  an  elastic  beam  this  is  always  the  case. 

Thus  at  a  certain  frequency  of  excitation  the  point  of  application 
of  the  exciting  force  stops,  and  at  tills  point  a  node  of  the  form  of 
forced  oscillations  is  obtained.  This  phenomenon  is  called 
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antiresonance.  The  frequency  of  every  antiresonance  always  is  located 
between  two  neighboring  frequencies  of  natural  oscillations  of  the 
free  beam. 

The  phenomenon  of  antiresonance  in  "pure  form"  can  take  place 
only  in  ideal  oscillatory  systems  deprived  of  damping.  In  the 
,  presence  of  damning,  the  amplitude  of  oscillations  of  the  point  of 
application  of  force  with  antiresonance  does  not  turn  into  ze.o. 

This  amplitude  will  be  less,  the  less  the  damping  (see,  for  example, 

[ 19 ]  ~  Dynamic  Absorber  of  Vibrations) . 

3.  Application  of  the  Method  of  Dynamic  Rigidity  to 
the  Calculation  of  Oscillations  of  a 
Helicopter  of  Transverse 
Configuration 

The  concept  of  dynamic  rigidity  appears  very  convenient  in  the 
calculation  of  such  oscillatory  systems,  which  can  be  divided  into 
two  or  more  parts  such  that  for  each  of  them  separately  the 
oscillations  are  easily  found. 

Let  us  consider  an  oscillatory  sy  uem  consisting  of  two  cross 
clastic  beams  1  and  2  depicted  on  Fig.  2.12.  Such  a  system  entails 
a  fuselage  with  an  elastic  wing  characteristic  for  helicopters  of 
transverse  configuration. 


Fig.  2.12.  Diagram  of 
an  oscillatory  system 
from  two  cross  beams. 


Let  us  assume  that  it  is  required  to  calculate  forced 
oscillations  of  such  a  system  induced  by  variable  force  F,  changing 
with  respect,  to  the  law  and  applied  at  point  A  of  the  coupling  of 
beams  1  and  2  (later  the  method  of  calculation  for  the  case  when 
oxciting  forces  are  applied  at  any  points  will  be  shown).  With  the 
help  of  the  method  expounded  in  Nos.  1  and  2,  it  is  possible  to 
calculate  forced  oscillations  of  each  of  the  beams  separately  from 
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certain  forces  ?1  ana  applied  to  each  of  them  at  point  A.  The 
dynamic  rigidity  of  each  of  the  beams  at  point  A  can  be  found.  Let 
us  assume  that  ihese  dynamic  rigidities  will  be  D^(p)  and  DA(p). 

It  is  noc  difficult  to  show  that  the  dynamic  rigidity  D(p)  of 
the  whole  system  is  equal  to  the  sum  of  dynamic  rigidities  of  both 
beams : 


D(p)~Di[p)+Da{p).  (2.33) 

Indeed,  force  F  =  Fq  cos  pt,  acting  on  the  system  on  the  whole, 

will  be  equal  to  the  sum  of  forces  F,  =  F  cos  pt  and  F~  =  FA„  cos  pt 

1  U  i  c-  U  c. 

acting  on  each  of  the  beams.  But 

F  01  —  (p)  y0', 

F qj=^i  (p)  y0< 

where  yg  is  the  amplitude  of  oscillations  of  point  A  identical  for 
both  beams. 

Consequently , 

F t—F^-r-F 02=(£>,  (p)  -f  Oj  (;>)]  t0 — D  (p)  y0. 

Thus  the  dynamic  rigidity  of  the  system  is  easily  found  by 
formula  (2.33)  if  the  dynamic  rigidities  of  beams  1  and  2  are  knov;n. 

The  graph  of  dynamic  rigidity  D(p)  can  be  obtained  by  simple  addition 
of  ordinates  of  graphs  D^(p)  and  D,(p).  Values  of  frequency  p,  at 
which  D(p)  =  0,  will  give  values  of  frequencies  of  natural  oscillations 
of  the  system  from  two  beams.  There  results  from  this  the  following 
convenient  method  of  determining  frequencies  of  natural  oscillations 
of  the  system.  Since  these  frequencies  are  roots  of  the  equation 

Z>(p)»D,(p)+D,(p)«0, 

then  they  can  be  found  from  the  condition 

Di(p)  ~~Dt(p).  (2.3  V, 
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It  is  convenient  to  solve  the  last  equation  graphically  by 
superposition  of  graphs  D^p)  and  -D2(p),  as  is  shown  on  Fig.  2.13, 


Fig.  2.13.  Determination  of 
frequencies  of  natural  oscillations 
of  the  system  by  the  method  of 
dynamic  rigidity. 


Abscissas  p^,  p2>  etc.,  of  points  of  crossing  of  graphs  D^(p)  and 
-D2(p)  will  give  values  of  frequencies  of  natural  oscillations  of  the 
system. 

With  such  a  method  of  calculation  forms  of  qatural  oscillations 
of  the  system  are  simultaneously  determined.  The  form  of  natural 
oscillations  of  the  system  corresponding  to  a  certain  frequency 
p^  (k  *  1,  2,  ...)  will  consist  of  forms  of  forced  oscillations 
of  each  of  the  beams  with  this  frequency  from  forces  FQ1  and  Fq2. 
Since  with  natural  oscillations 

^•"^oi+Fqi—0, 


then 


Fnm—F% 


i.e.,  force  FQ1,  applied  to  beam  1,  is  equal  in  value  and  opposite 
in  sign  to  force  F02  applied  to  beam  2. 

Forms  of  natural  oscillations  of  such  a  system  can  be  standardized 
by  selecting  the  appropriate  scale.  For  example,  it  is  possible  to 
select  the  scale  in  such  a  manner  that  form  of  oscillations  of  beam  1 
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would  have  an  amplitude  equal  to  unity  on  Its  end  (x  ■  l).  The 
scale  of  the  form  of  oscillations  of  beam  2  connected  with  it  should 
be  selected  from  a  condition  of  amplitude  of  oscillations  identical 
with  beam  1  at  the  point  of  conjugation. 

Disposing  by  standardized  lorms  of  natural  oscillations  of  the 
system,  it  is  possible  to  calculate  its  forced  oscillations  from 
harmonic  forces  applied  in  any  points  by  the  method  of  expansion  with 
respect  to  natural  forms  analogous  to  that  as  was  done  in  the  case 
of  one  isolated  beam.  Here  oscillations  of  both  beams  are  sought  in 
the  form 


y(x,  (2.35) 

k 

where  y,  (x)  is  the  form  of  oscillations  of  the  given  beam  .orresponding 
to  the  standardized  form  of  the  k-th  tone  of  oscillations  of  the 
system  (joint  oscillations  of  both  beams). 


Coefficients  c^  as  before  are  determined  by  formula  (2.22): 


1  Ak 


(2.36) 


where  p^  is  the  frequency  of  joint  oscillations  of  the  k-th  tone 
of  the  system. 


Coefficients  A,  and  K.  are  cktorr  i  ned  by  the  following  formulas: 

K  K 

At=foy»(* o>-  2.  3....)  (2.37) 

This  coefficient  constitutes  the  work  of  an  exciting  load  on 
the  form  of  the  k-th  tone  of  natural  oscillations  of  the  system. 
Quantity  yk(xQ)  is  the  amplitude  of  the  standardized  form  of 
oscillations  of  the  k-th  tone  of  the  system  at  the  point  of  application 
of  the  force,  irrespective  of  that  to  which  one  of  the  beams  is  applied 
excitation  ~  it  is  taken  with  the  "plus"  sign  if  the  direction 

of  the  force  and  deflections  coincide  and  with  tho  "minus"  sign,  if 
the  direction  of  the  force  and  deflections  do  net  coincide.,. 


(2.3ti) 


tim*! .  u r-80SffP*tt  tv  -  •**>•*»£  ^  - -V  • 


****  J  my\dx  +  J  m?k(tx. 

On  lit  bears  cn  2nd  beam 


If  oscillations  of  the  system  are  excited  not  by  one  but 
several  harmonic  forces  applied  at  different  points,  then  the  forced 
oscillations  are  found  as  a  result  of  the  addition  of  oscillations 
induced  by  each  of  the  forces  separately. 

Here  one  should  discuss  one  peculiarity  of  the  excitation  from 
rotors  of  helicopters  of  multirotor  configurations.  Depending  upon 
how  kinematic  rotors  (by  a  system  of  transmission)  are  connected  with 
each  other  it  can  appear  that  variable  exciting  forces  from  different 
rotors  change  with  time  in  one  phase  or  in  opposite  phases.  Thus, 
for  example,  if  for  a  helicopter  of  transverse  configuration  the 
rotors  are  connected  so  that  the  blades  of  both  rotors  simultaneously 
occupy  similar  positions  (for  example,  extreme  front,  as  is  shown 
on  diagram  A  Fig.  2.1^)*  then  forces  on  both  rotors  simultaneously 
attain  the  largest  and  least  value  -  they  change  in  one  phase.  If, 
however,  the  rotors  are  connected  as  is  shown  on  diagram  B,  then. 


Fig.  2.1^.  Analysis  of  vibrations 
of  a  helicopter  of  transverse 
configuration. 


conversely,  the  exciting  loads  from  both  rotors  change  in  opposite 
phases.  This  leads  to  the  fact  that  in  case  A  exciting  load3  from 
both  rotors  can  create  only  symmetric  forms  of  Joint  oscillations  of 
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the  fuselage  -  wing  system  and  in  case  B  -  only  skew-symmetric 
(Pig.  2.15).  Since  during  oscillations  of  skew-symmetric  forms  vertical 
vibrations  of  points  of  the  fuselage  are  absent,  then  for  helicopters 
of  a  transverse  configuration  it  is  desirable  to  connect  the  rotors 
as  is  shown  on  diagram  B  (Fig.  2.14).  Similar  considerations  can  be 
expressed  with  respect  to  tandem-rotor  helicopters. 


:‘k.>w-*ym>etric  S.ymmfltrio 


Fig.  2.15.  Forms  of 
natural  osci’’  lations 
of  the  wing  with  the 
fuselage  of  a  helicopter 
of  transverse  configura¬ 
tion  . 


Of  course,  in  solving  the  question  of  the  most  profitable 
mutual  location  of  rotors,  it  is  necessary  also  to  consider  concrete 
values  of  frequencies  of  natural  oscillations  of  different  tones  of 
the  fuselage  and  also  to  examine  along  with  oscillations  of  the 
fuselage  in  the  plane  of  symmetry  lateral  oscillation,  which  will 
be  discussed  in  §  3. 


4.  Method  of  Additional  Mass 

To  determine  the  dynamic  rigidity  according  to  the  method 
expounded  in  No.  2,  it  is  necessary  to  have  results  of  the 
calculation  of  natural  oscillations  of  the  fuselage.  In  this  case 
the  amplitude  of  forced  oscillations  of  the  point  of  application  of 
the  force,  necessary  for  the  determination  of  dynamic  rigid Lty,  Is 
determined  by  formula  (2. 32)  in  the  form  of  expansion  with,  respect 
to  natural  forms.  However,  in  the  case  when  there  is  a  program  Of 
calculation  of  natural  frequencies  on  an  electronic  computer  and  the 
calculation  of  natural  oscillations  occupies  little  time,  it  is 
possible  to  recommend  for  determination  of  dynamic  rigidity  of  the 
fuselage  at  a  given  point  the  so-called  method  of  additional  mass. 
With  such  a  method  calculation  is  produced  of  natural  oscillations 
of  the  fuselage  with  additional  mass  Am,  strengthened  Ir.  that  point 
at  which  it  Is  necessary  to  calculate  the  dynamic  rigidity. 
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Calculati on  ir;  produced  at  different  values  in, 
a  I'/'uph  Am(p)  of  the  dependence  Arr.  on  frequency 
of  different  tones  is  constructed. 


and  fro:::  its  results 
of  r.at  ura  I  os  oil  i  at  l  o 


Figure  2.16  shows  an  example  of  such  a  graph  for  a  single-rotor 
helicopter.  Plotted  on  this  graph  along  the  axis  of  the  ordinates 
,,are  values  of  the  weight  of  additional  load  AG  *  gAm. 


AC  W 


wi 

r— 

““ 

■  1 

Ml 

m 

n 

Kt 

— 

1 

Kji 

v~n 

■  1 

Ml 

IK 

K 

KV 

3; 

— 

9000 

«n 

m 

r 

■  1 

[Ml 

IK 

K 

Kl 

Ml 

tj 

ZL 

in 

TZ 

ZT] 

ZJ 

1 

■ 

■  ! 

rr 

:ii 

IK 

Kl 

IK 

r— 

L 

■1 

mi 

IK 

K 

KI 

’ 

Kll 

zr 

111 

IK 

P 

Kl 

Kll 

mm 

q 

■1 

mi 

IK 

r- 

Kl 

- 

Kll 

11  !K 

L 

n 

■1 

in 

IK 

Kl 

IK 

K 

K 

mi 

UK 

■ 

■  IV 

11 

■1 

1* 

IK 

Kl 

■5 

K 

K 

3i 

119 

K~2 

fii 

zafwma* a 

Si 

jj 

A 

□ 

kl 

in 

Kl 

IK 

IK 

Kl 

1 

■1 

Kit 

IK 

IIK 

■1 

1 

■1 

Kl 

IK 

tlK 

■1 

M 

1 

KluRdl 

flK 

5 

■m 

LL 

I 

m 

IK 

■ 

Kl 

IK 

H? 

IK 

■ 

4» 

Kl 

1 

m 

IK 

■ 

IK 

IKI 

_L 

ol 

& 

*3i 

IM 

mm 

mm 

NH. 

_ 

IK 

_ 

J  r 

SHi 

HZ 

Fig.  2.16.  Typical  dependence  of 
additional  mass  of  an  elastic  fuselage 
(or  dynamic  rigidity)  at  the  point  of 
rotor  attachment  on  the  frequency  of 
excitation. 

It  is  not  difficult  to  show  that  such  a  graph  can  in  a  certain 
sense  completely  replace  the  graph  D(p)  shown  on  Fig.  2.1J.  Really, 
with  natural  oscillations  of  the  beam  with  additional  mass  Am  with 
frequency  p  this  beam  is  loaded  by  the  corresponding  additional 
force  of  Inertia  whose  amplitude  is 

(2.39) 

where  yQ  is  the  amplitude  of  oscillations  at  the  attaching  point  of 
the  additional  mass. 


The  force  of  inertia  FQ  at  the  time  of  the  greatest  deviation 
from  the  position  of  equilibrium  is  directed  in  that  same  side  as 
that  of  deviation  yQ.  Negative  values  of  Am  physically  correspond 
to  the  spring  fastened  to  beam  with  rigidity  |c|=  |Awp*|,  giving  a 
force  proportional  to  deviation  y^  and  directed  opposite  to  the 
deviation. 

it  is  natural  that  it  is  possible  to  obtain  precisely  the  same 
oscillations  cf  the  beam  without  the  additional  mass  but  forced 
from  the  action  of  harmonic  force  with  the  same  amplitude  FQ 
changing  with  the  same  frequency  p. 

Dynamic  rigidity  of  the  beam  is  determined  by  the  formula 

D{p 

JAi 

Comparing  this  expression  with  expression  (2.39),  we  find 

D(p)-^n(p).  (2.40) 


Using  this  formula,  it  is  easy  to  construct  a  graph  of  the 
dependence  i)  ( p ) ,  disposing  by  dependence  Am(p).  However,  this 
cannot  be  done,  but  we  can  use  directly  graph  Am(p)  or  AG(p).  Thus, 
for  example,  for  detecting  frequencies  of  natural  oscillations  of  the 
fuselage  of  transverse  configuration  it  Is  possible  instead  of  points 
~f  intersection  on  graphs  D^(p)  and  -D0(p)  (see  Fig.  2.13)  to  detect 
the  point  of  Intersection  of  graphs  AC,(p)  and  -AG^(p)  • 


iiffect  of  Damping  Forces.  Oscillations 
with  Resonance 


The  above-slated  theory  and  methods  of  calculation  resulting 
from  it,  are  based  on  the  assumption  that  the  bean  is  ideally  elastic 
and  damping  forces  are  absent.  As  for  any  other  oscillatory  system, 
in  examining  oscillations  cf  the  beam  far  from  resonances ,  damping 


forces  caii  be  disregarded,  and  this 


not  lead  to  great  errors. 


does 


However,  in  examining  oscillationa  of  the  beam  near  resonance 
or  directly  in  resonance,  it  is  necessary  to  take  into  account  forcer, 
of  damping,  since  the  amplitude  of  oscillations  with  resonance 
is  determined  exclusively  by  the  presence  of  damping  and  assuming 
that  damping  is  absent,  the  amplitude  with  resonance  is  obtained 
unlimited. 


Damping  forces  with  oscillations  of  the  elastic  beam  appear 
mainly  due  to  the  friction  between  elements  of  construction  of  the 
beam  during  its  deformations  and  also  due  to  the  so-called  internal 
friction  in  the  material  of  the  beam,  which  for  a  beam  of  compound 
construction,  as  a  rule,  is  negligible  as  compared  to  the  friction 

between  elements  of  construction  [16]. 

* 

The  equation  cf  cs  „ii?ahio'ns  of  bending  of  the  beam  in  the 
presence  of  damping  can  he  derived,  assuming  that  the  tending  moment 
M  in  the  section  of  the  beam  is  proportional  to  its  curvature  £? 

(in  accordance  with  the  Hooke  law)  and  also  the  speed  of  change 
of  curvature  with  time,  so  that  it  is  possible  to  write 

(2. *11) 

where  n  is  a  certain  coefficient  characterizing  damping  properties  r-f 
the  beam  in  a  given  cross  section,  which  is  assumed  the  assigned 
function  of  coordinate  x. 


Using  further  the  well-known  relations 


where  q*(x,  t)  is  the  Intensity  of  the  transverse  load  applied  to 
the  bean,  and  considering  that  this  load  is  added  with  oscillations 
from  the  external  -erturbing  load  q(x,  t)  and  load  from  forces  cf 
inertia,  so  that 


«*  (*./)-«  £ f. 
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using  equation  (2.1*1),  we  obtain  the  following  partial  differential 
equation,  which  describes  lateral  oscillation  of  the  beam  with 
damping: 


dx* 


<*» 

dt  dxi 


0- 


(2.1*2) 


This  equation  differs  from  equation  (2.2)  only  by  the  presence 
of  the  term  with  factor  n  and  at  n  =  0  coincides  with  (2.2). 


In  the  case  if  q(x,  t)  =  0  there  is  obtained  an  equation 
describing  natural  oscillations  of  the  beam  with  damping: 


dxi 


& 

dtdxl 


(2.1*3) 


An  accurate  solution  of  this  equation  is  rather  complicated. 
However,  with  relatively  small  damping  it  is  possible  to  use  a  simple 
approximate  solution.  The  approximate  solution  of  this  equation 
corresponding  to  natural  oscillations  of  the  beam  with  respect  to  the 
k-th  tone  can  be  detected,  assuming 


jraa?*C*)«v.  (2.14K) 

where  y^(x)  is  form  of  natural  oscillations  of  the  k-th  tone  of  the 
beam  in  the  absence  of  damping. 


Substituting  this  solution  Into  equation  (2.43)  and  reducing 
the  factor  «V  ,  multiplying  bj,  yk(x)  and  Integrating  the  equation 
within  limits  from  0  to  A,  and  also  considering  formulas  (2.17)  and 
(2.18),  we  will  obtain  the  following  equation  for  determining  .  : 

(2.45) 

where 

i 

(2.46) 


Roots  of  this  equation  will  be 
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(2.47) 


■*>* 


where 


(2.48) 

Accordingly,  expression  (2.44)  can  be  written  in  the  form 

o>(s?+?).  (2.49) 

i.e.,  quantity  nR  constitutes  the  attenuation  factor  of  oscillations 
of  the  k-th  tone,  and  p*  is  the  frequency  of  natural  oscillations  of 
the  k-th  tone  in  the  presence  of  damping. 

It  Is  possible  to  show  that  the  less  such  an  approximate  solution 
of  equation  (2.43)  differs  from  exact,  the  less  as  compared  to  unity 
Is  the  dimensionless  attenuation  factor  of  the  k-th  tone,  determined 
by  formula 


(2.50) 

■nils  coefficient  is  the  most  important  characteristic  of 
oscillations  of  the  given  tone  and  can  be  determined  experimentally, 
either  by  analysis  of  the  oscillogram  of  attenuated  oscillations  of 
the  given  tone  or  according  to  the  results  of  measuring  the  amplitude 
of  forced  oscillations  of  the  beam  under  the  action  of  the  vibrator 
(this  will  be  discussed  later). 

For  a  fuselage  of  the  conventional  type  (riveted  fuselage  with 
Duralumin  sheathing)  attenuation  factors  n^  of  different  tones 
lie  within  limits  of  0.02  to  0.05.  These  are  minute  values  r.f 
attenuation  factor,  at  which  the  frequency  of  oscillations  of  the 
k-th  tone  can  be  considered  equal  to  the  frequency  calculated 
neglecting  damping,  since  p«  -  * I'l-*].  With  the  shown  values  of 
this  correction  is  insignificant. 
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With  the  calculation  of  forced  oscillations  of  the  bea~  Lth 
damping  described  by  equation  (2.42),  inasmuch  as  the  damping  is 
small  it  is  also  expedient  to  use  the  method  of  approximation  founded 
on  the  fact  that  far  from  the  resonances  the  damping,  in  general,  is 
not  considered,  and  near  the  resonances  there  is  the  approximate 
solution  obtained  on  the  assumption  that  the  form  of  forced  oscilla¬ 
tions  near  resonance  of  the  k-th  tone,  just  as  in  the  case  of  the 
absence  of  damping,  is  close  to  the  form  of  natural  oscillations 
of  given  tone. 


In  the  presence  of  damping  the  equation  of  forced  oscillations 
of  the  beam  under  the  action  of  the  harmonic  load 


g(x,  t)=g{x)cos  pt 


(2.51) 


is  conveniently  written  in  the  complex  form 


*L(f! 

dxA  dx->r^dx'-dt 


(2.52) 


Since  the  real  part  of  the  right-hand  side  of  this  equation 
coincides  with  expression  (2.51),  then  the  real  notion  of  the  beam 
will  be  described  in  virtue  of  the  linearity  of  the  equation  of 
the  real  part  of  the  complex  solution  of  equation  (2.52).  Near 
resonance  with  the  k-th  tone  of  natural  oscillations  it  is  expedient 
to  seek  the  solution  of  this  equation  in  accordance  with  the 
expounded  considerations  in  the  form 


y(xj)~ctyt(x)e'f,f  (2.53) 

where  y. (x)  as  before  is  the  form  of  the  k-th  tone  of  oscillations 
in  the  absence  of  damping. 

Let  us  substitute  this  expression  into  equation  (2.52).  Then 
we  will  multiply  both  parts  of  equation  (2.5 2  .}  yk(x)  and  integrate 

from  0  to  L  Transforming  the  obtained  integ.-ds  and  considering 
relations  (2.17)  and  (2.13),  and  also  (2.46),  we  will  obtain  the 
\  following  equation  for  determining  coefficient  c,, : 
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where  A^  and  are  determined  as  before  by  formulas  (2.20)  and 
(2.21).  Hence 


c  -  .  1  A, 

+  fotkP 


(2.5*1) 


The  modulus  of  the  complex  quantity  determines  the  amplitude 
of  oscillations 


w- 


and  the  argument  c^: 


J /(Pt—f3)1  +  injjp*  ' 


"**■-*“ 


(2.55) 


(2.56) 


-  the  phase  of  forced  oscillations  with  respect  to  the  exciting 
load  (2.51).  With  resona 
becomes  purely  imaginary: 


load  (2.51).  With  resonance  the  value  ck  [see  expression  (2.5*0] 


c  m*  —  i  -A*  . .  (when  p  =  p.  ) . 

2  npKk  " 


K 


This  means  that  with  resonance  the  phase  angle  between  the 
exciting  load  and  oscillations  of  the  beam  is  equal  to  n/2 .  As 
this  is  easy  to  check  by  direct  substitution  into  the  equation, 
oscillations  will  occur  according  to  the  law 


y(x,f)*=c,tft(x)slnpt. 


where 


(2.57) 

(2.58) 


Thus  the  amplitude  of  oscillations  with  resonance  is  completely 
determined  by  the  value  n^  of  the  dimensionless  attenuation  factor 
of  the  k-th  tone.  This  can  be  used  for  experimental  determination 
of  n^.  If  one  were  to  excite  oscillations  of  the  beam  with  the  help 
of  the  vibrator,  i.e.,  the  assigned  concentrated  force  F  =  Fq  cos  pt, 
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applied  at  the  fixed  point  x  =  x^,  and  with  resonance  (p  =  p^)  to 
measure  the  amplitude  y q  of  oscillations  at  the  point  of  application 
of  the  force,  then  it  is  easily  possible  to  find  quantity  n^.  With 
this  will  be  determined  by  formula  (2.27)  and  quantity  ;/q  by 
formu la 

b)- 

Therefore,  considering  expression  (2.58),  we  find 

,  2  Hfl*, 


or 


«*= 


1  ^0 
2  m»p\yo 


(2.59) 


where  quantity  im  >  which  can  be  called  the  mass  of  the  k-th  tone, 
reduced  to  point  x  =  xQ,  is  determined  by  formula 


Here 


(2.60) 


y * 


V*(*o)  ' 


(2.61) 


The  value  of  the  reduced  mass  rr.^  with  sufficient  accuracy 
is  determined  by  calculation,  but  it  can  also  be  determined 
experimentally  by  means  of  measurement  of  the  form  of  forced 
oscillations  of  the  beam  during  resonance  with  the  k-th  tone. 


In  those  cases  when  it  is  necessary  to  estimate  beforehand  the 
amplitude  during  resonance  of  the  fuselage,  which  is  in  the 
designing  stage  and  still  not  made,  it  is  possible  to  use  formula 
(2.58),  taking  values  of  n,  known  for  another  fuselage  of  similar 
design,  since^  values  of  n^  for  similar  designs  are  distinguished 
little. 
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§  3 •  Calculation  of  Vibrations  Taking  into  Account 
Peculiarities  of  the  Fuselage 


1.  Peculiarities  of  the  Fuselage.  Transverse  and 

Vertical  Vibrations 

In  the  preceding  paragraph  methods  were  discussed  of  the 
calculation  of  vibrations  of  a  fuselage  as  an  elastic  beam  (or 
system  of  two  cross  beams  for  a  helicopter  of  transverse  configuration), 
for  which  dimensions  of  cross  sections  are  small  as  compared  to  the 
length.  In  many  cases  such  a  method  of  calculation  gives  fully 
satisfactory  results.  However,  in  certain  cases  when  the  fuselage 
of  the  helicopter  possesses  peculiarities  greatly  distinguishing  it 
from  the  model  of  an  elastic  beam,  it  is  necessary  to  examine  more 
complex  calculation  diagrams.  Constructive  configurations  of  fuselages 
of  helicopters  of  different  types  (single-rotor,  transverse 
configuration,  longitudinal  (tandem-rotor)  configuration)  are  very 
diverse.  Therefore,  it  would  be  difficult  to  indicate  some  general 
method  of  calculation  which  in  all  cases  would  allow  quite  accurately 
calculating  vibrations  of  the  fuselage  from  assigned  forces. 

Every  new  constructive  configuration  of  a  fuselage  can  require 
considerable  changes  in  the  method  of  calculation  of  vibrations. 

This  problem  can  sometimes  appear  quite  complex.  However,  in  all 
cases  the  method  of  calculation  should  be  based  on  the  general 
principles  of  the  theory  of  oscillations  of  elastic  systems.  The 
engineer-designer  who  must  analyze  vibrations  of  a  future  helicopter 
of  new  design  should  possess  these  general  methods  so  as  to  be  able 
to  modify  the  calculation  diagram  in  reference  to  each  new  problem. 
Therefore,  the  account  of  the  material  of  this  chapter  is  put  together 
in  such  a  way  to  show  the  essence  of  the  most  important  procedures 
used  in  the  calculation  of  vibrations.  Thus  the  method  of  expansion 
with  respect  to  natural  forms,  the  method  of  dynamic  rigidity  and  the 
concept  of  resonance  and  antiresonance  can  be  applied  not  only  to  an 
elastic  beam  or  system  of  two  cross  beams,  but  also  to  any  other 
more  complex  oscillatory  system.  These  methods  were  discussed  in 
reference  to  the  beam,  since,  on  the  one  hand,  in  this  example  they 
can  be  most  easily  shown,  and,  on  the  other  hand,  by  itself  the 


method  of  calculation  of  oscillations  of  the  beam  can  in  many  cases 
be  used  for  the  calculation  of  vibrations  of  the  fuselage  without 
any  changes. 


For  an  illustration  of  certain  peculiarities  of  the  real 
fuselage  let  us  turn  to  Fig.  2.17,  on  which  there  is  schematically 


Fig.  2.17.  Reduction  of  the 
problem  of  vibrations  of  an 
elastic  fuselage  to  the  problem 
of  vibrations  of  an  elastic  beam. 


depicted  the  fuselage  of  a  single-rotor  helicopter.  The  peculiarity 
of  such  a  fuselage  consists  in  the  fact  that  its  axis  of  rigidity 
constitutes  a  broken  line,  the  centers  of  gravity  of  sections  of  the 
fuselage  do  not  lie  on  the  axis  of  rigidity,  and  each  section  of  the 
fuselage  is  a  body  for  which  all  measurements  are  of  one  order,  and 
with  calculation  of  oscillations  it  is  necessary  to  take  into  account 
not  only  the  mass  of  the  seciton  but  also  the  moments  of  Inertia 
of  it  relative  to  all  three  axes.  Calculations  show  that  with 
determination  of  the  lowest  tone  of  oscillations  of  bending  of  such 
a  fuselage,  both  in  plane  xOy  (vertical  oscillations)  and  in  plane 
xOz  (lateral  oscillation)  there  can  be  obtained  quite  satisfactory 
results,  calculating  the  fuselage  as  elastic  thin  beam  with  a 
rectilinear  axis. 

If  during  the  calculation  of  the  vibrations  it  is  possible  to 
be  limited  by  consideration  of  vibrations  of  the  fuselage  as  a 
solid  and  to  consider  only  lowest  elastic  tone  (first  three  forms  on 
Fig.  2.7),  then  the  calculation  of  vibrations  of  the  fuselage  as 
a  thin  beam  with  a  rectilinear  axis  will  lead  to  satisfactory  results. 
However,  if  the  second  elastic  tone  of  oscillations  has  a  frequency 
close  to  the  frequency  of  the  basic  harmonic  of  the  rotor  zu  (and 
this  frequently  happens),  then  sue n  a  calculation  can  lead  to  certain 
errors.  With  the  calculation  of  vibrations  in  the  cockpit  ''in  the 
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nose  part  of  the  fuselage)  the  error  can  be  insignificant,  but 
amplitudes  of  vibrations  in  the  region  of  tail  beam  can  very  greatly 
differ  from  the  real.  To  increase  the  accuracy  of  the  calculation 
It  is  required  to  determine  vibrations  taking  into  account  a  large 
number  of  elastic  tones  (second  and  third  tone).  But  already  the 
determination  of  the  second  elastic  tone  with  sufficient  accuracy  will 
require  complication  of  the  calculation  model. 

Considerable  refinement  in  the  results  of  the  calculation  can 
be  obtained  with  the  use  of  the  calculation  model  depicted  in 
Fig.  2.18.  The  fuselage  here  is  replaced  by  an  elastic  beam  with  a 
rectilinear  axis  to  which  are  fastened  separate  loads  1,  2,  3,  etc. 


Fig.  2.18.  Calculation  model  for 
the  calculation  of  vibrations  of 
an  elastic  fuselage. 


The  center  of  gravity  of  each  load  will  be  from  axis  of  the  beam 

at  a  certain  distance  hk*  For  each  load  there  is  assigned  its  mass 

mk  and  moments  of  inertia  Ix  and  I%  with  respect  to  axes  parallel, 

respectively,  to  axes  Ox  and  Oz  and  passing  through  the  center  of 

gravity  of  the  load.  For  each  section  of  the  elastic  beam  located 

between  loads  k  and  k  +  1  there  are  assigned  bending  rigidities  EIk 

and  EIy  in  both  planes  xOz  and  xOy  and  torsional  rigidity  GIk- 
k 

For  such  a  calculation  model  the  lateral  oscillations  (in  plane 
xOz)  are  joint  flexural-torsional  vibrations.  Frequencies  and  forms 
of  natural  flexural-torsional  vibrations  of  such  a  system  can  be 
calculated  with  the  help  of  the  method  expounded  In  §  6  of  Chapter  I 
(see  Fig.  1.19),  in  reference  to  the  blade  of  the  rotor.  Here  we 
must  assume  that  the  centrifugal  force  N  =  0,  rigidity  of  the  control 
link  eyt*-0,  £/y*(0)  =0  and  (Ely") '  |;V  This  corresponds  to  the  fact  that 
the  left  end  of  the  beam  is  not  secured.  Instead  of  value  In  the 

calculation  of  the  blade  one  should  substitute  values  of  staggers  h k* 
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With  the  calculation  of  furred  lateral  oscillations  of  such  a 
system  it  is  possible  to  use  the  method  of  expansion  with  respect 
to  natural  forms  (flexural-torsional).  Hr  re  it  is  possible  to  use 
^■ll  formulas  of  §  2  of  this  chapter,  in  which  by  quantity  A^  we  mean 
the  work  of  the  exciting  load  on  the  standardized  form  of  the  given 
tone  and  by  quantity  K^,  the  kinetic  energy  of  the  given  tone 
referred  to  the  square  of  its  frequency  p^.  Figure  2.19  shows  the 
characteristic  forms  of  natural  lateral  flexural-torsional,  vibrations 
of  a  single-rotor  helicopter. 


*  Y 


Fig.  2.19.  Forms  of  natural  oscillations  of 
an  elastic  fuselage  of  a  single-rotor  heli¬ 
copter  in  the  plane  of  symmetry. 

Absolutely  the  same  method  of  calculation  and  model  shown  on 
Fig.  2.18  can  be  used  for  the  calculation  of  vertical  flexural- 
torsional  vibrations  of  the  wing  of  a  helicopter  of  transverse 
configuration  with  pods  on  the  tips  (Fig.  2.20).  If  the  centers  of 
gravity  of  pods  have  large  extensions  h,  then  with  the  calculation 
of  vibrations  of  such  a  wing  it  is  impossible  to  examine  the  isolated 
oscillations  of  bending  in  a  vertical  plane,  but  it  is  necessary  to 
examine  the  joint  flexural-torsional  vibrations.  To  calculate  the 
joint  vibrations  of  the  fuselage-wing  system  in  this  case  it  is 
necessary  to  use  the  method  of  dynamic  rigidity. 

The  greatest  calculation  model  simulating  a  real  fuselage  of  a 
helicopter  should,  apparently,  be  considered  the  model  depicted  on 


Fig.  2.20.  Diagram  of  pod  with 
great  stagger. 


Fig.  2.21.  Calculation  model 
for  the  calculation  of  vibra¬ 
tions  of  an  elastic  fuselage 
with  a  broken  axis  of 
rigidity. 


Fig.  2.21.  Here  the  axis  of  rigidity  of  the  beam  is  given  as  a 
certain  broken  line.  The  angle  of  inclination  of  the  k-th  section 
of  the  broken  line  is  given  by  angle  a^.  Such  a  calculation  model 
reflects  well  the  properties  of  any  fuselage  which  has  the  plane  of 
symmetry  xOy.  For  a  fuselage  which  has  the  plane  of  symmetry  xOy, 
it  is  possible  to  calculate  separately  vertical  oscillations  of 
bending  (or  oscillations  in  the  plane  of  symmetry)  and  transverse 
flexural-torsional  vibrations. 

In  the  calculation  of  vertical  oscillations  for  every  load  it 
is  necessary  to  consider  three  degrees  of  freedom: 

-  displacement  of  the  center  of  gravity  of  the  load  along  axis 

Ox; 


-  displacement  of  the  center  of  gravity  of  load  along  axis  Oy; 

-  turn  of  load  with  respect  to  axis  Oz. 

In  the  calculation  of  transverse  f lexural-torsiorial  vibrations 
for  every  load  It  also  Is  necessary  to  consider  these  three  degrees 
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of  freedom: 


—  displacement  of  the  center  of  gravity  of  the  load  along  axis  Oz ; 

—  turn  around  axis  Ox; 

—  turn  around  axis  Oy . 

The  calculation  of  vertical  oscillations  of  such  a  system  is 
examined  in  the  following  point  of  this  paragraph.  Here  there  is 
illustrated  the  application  of  the  so-called  method  of  remainder  for 
the  calculation  of  oscillations,  which  often  appears  very  convenient. 

The  calculation  of  lateral  oscillations  of  such  a  system  in 
general  is  not  examined  here,  since  for  the  calculation  of  transverse 
flexural-torsional  vibrations  quite  good  results  are  given  by  using 
the  calculation  model  depicted  on  Fig.  2.18.  Let  us  only  note  that 
for  the  system  depicted  on  Fig.  2.21  the  calculation  of  transverse 
f lexural-torsional  vibrations  could  have  also  been  conducted  by  the 
remainder  method. 

2.  Calculation  of  Oscillations  of  the  Fuselage  in  the 
Plane  of  Symmetry  by  the  Remainder  Method 

Let  us  assume  that  the  plane  elastic  system  depicted  on  Fig.  2.21 
accomplishes  stabilized  forced  oscillations  in  its  plane  xoy  under 
the  action  of  a  harmonic  exciting  load  consisting  of  forces  and 
moments 


P* 

P» 

applied  to  each  load  (Fig.  2.22). 


—  cos  pt\ 

=  Ply  COS  pi; 

i  cos  pi. 


(3.1) 


With  steady-state  oscillations  all  points  of  the  system  will 
accomplish  harmonic  oscillations  with  a  frequency  of  excitation  p 
so  that  if  one  were  to  designate  by  x,  y  and  1 ,  respectively ,  t.-.e 
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Fig.  2.22.  Diagram  of  forces  acting 
on  a  section  of  elastic  model  of  the 
fuselage . 


displacements  of  the  center  of  gravity  c  load  along  axes  Cx  and  Oy 
and  angle  of  rotation  of  the  load  relative  to  its  center  of  gravity, 
then  for  the  k-th  load  it  is  possible  to  write 


x«-jr4co t  pi; 
y**~ykCos  pi; 

•  asftjCO %  pi. 


{k —  1,  2, 3, . . . 


(3-2) 


Let  us  establish  dependences  connecting  forces  applied  to  loads 
with  deformations  of  sections  of  the  beam.  We  v/ill  examine  forces 
and  deformation  only  for  the  position  of  the  system  corresponding 
to  the  greatest  deflection  from  the  position  of  equilibrium  (l.e., 
we  will  examine  only  the  amplitude  of  forces  and  deformations).  Lot 
us  formulate  the  equation  of  equilibrium  for  the  k-th  load  (’Fig.  ? . '1 ) . 
To  the  load  there  are  applied  the  following: 


-  external  forces  P^x>  p^y>  (applied  at  point  A); 

—  forces  of  inertia  of  the  load  /n*/*1//*;  f kP^»  (applied  at 

point  C); 
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Pig.  2.23.  Diagram  of  forces 
applied  to  the  k-th  element 
of  the  elastic  model  of  the 
fuselage . 


-  forces  acting  on  the  load  from  the  side  of  the  left  section 

of  the  beam  adjoining  to  it:  Yk-1’  ^k-1’ 

-  forces  acting  on  the  load  from  the  side  of  the  right  section 
of  the  beam  adjoining  to  it:  Y.y »  'iyt 

Equations  of  equilibrium  of  the  load  will  be  written  in  the 

form 


Xt  —  A'1_,  -f-  mkp-xk  ■  J- 

(3.3) 

*r  mkP1Vk  *f*  rtyl 

(3.k) 

-V  msJtP*  -  P\*ek  -  Ml 

(3.5) 

Positive  directions  of  forces  and  displacements 
Figs.  2.22;  2.23;  2.2k.  Quantity  constitutes  the 
the  point  of  application  of  external  exciting  forces 
of  attachment  of  the  load  to  the  elastic  beam. 

From  conditions  of  equilibrium  of  a  section  of  the  beam 
(Fig.  2.2k)  vie  have 

Afi = Af,  -f  YJk  cos  a,  -  Ay,  sin  at.  (2-5) 


are  shown  on 
distance  from 

to  the  point 


?/|  3 


Fig.  2.2*4.  Diagram  of  forces 
applied  to  the  section  of  the 
elastic  model  of  the  fuselage. 


For  an  examination  of  the  deformations  let  us  turn  to  Fig.  2.2*4, 
on  which  there  is  depicted  the  k-th  section  of  the  elastic  beam 
AkBk  in  the  Position  equilibrium  and  the  same  section  in  the 
displaced  position  A^B^..  Let  us  assume  that  quantities  xJ(,  y^,  x 
and  yk+1  are  displacements  of  points  Ak  and  Bk  -  ends  of  the  section, 
and  $k  and  $k+1  are  angles  of  rotation  of  the  tangent  to  the  elastic 
axis  on  the  left  and  right  ends.  Let  us  assume  that  further  6,  is  the 
sag  of  the  beam  on  the  k-th  section,  i.e.,  the  displacement  of  the 
right  end  of  the  beam  —  point  Bk  ir.  a  direction  perpendicualr  to  AkB^ 
relative  to  the  tangent  to  the  elastic  axis  on  the  left  and  -  at  point 
Ak •  Then  it  is  possible  to  write 


**+i  “•*»-(*»  4  V»)sinct;  1 

Vt+\ = y*  4  (*»  4  V»)cos  at,  j  } 

where  £k  and  ak  are  the  length  and  angle  of  inclination,  respectively, 
of  the  k-th  section  of  the  beam  (Fig.  2.2*4). 


Using  the  usual  procedures  of  the  strength  of  materials,  lev 
us  find  the  following  equations  connecting  forces  and  deformations 


Vn~®*4  A**; 


A*,-— * 


2  E/„ 


( 3  •  ft  ) 
(2.9) 
(3.30) 


.Displacements  of  points  of  the  beam  x.  and  y  are  connected 

K 

with  displacements  of  centers  of  gravity  of  loads  by  evident  '’f-mulas : 


Xg  =Jfj 


(3-11) 


Recurrence  formulas  (3. 3),  (3**0,  (3.5)  and  (3-7)  together  with 
expressions  (3*8),  (3.9),  (3*10)  and  (3.11)  allow,  by  knowing  forces 
and  displacements  of  the  k-th  load,  to  determine  forces  and  displace¬ 
ments  of  the  (k  +  l)-th  load.  Using  these  formulas,  it  is  possible 
to  solve  the  problem  by  the  "chain  method,"  namely:  assigning 
amplitudes  xgyQ  and  on  the  left  end  of  the  beam,  it  is  possible, 
consecutively,  passing  from  section  to  section,  to  determine 
amplitudes  and  forces  on  the  extreme  right  end  of  the  beam,  expressing 
them  by  quantities  xQ,  yQ  and  .  If  the  beam  has  n  loads,  then  it 
is  thus  possible  to  determine  quantities  Xn>  Yn  and  M  on  the  right 
end  or  "remainder . "  But  since  the  right  end  of  the  beam  is  free,  then 
the  "remainder"  should  be  equal  to  zero,  i.e.,  on  the  right  end  of 
the  beam  there  should  be  fulfilled  these  conditions: 


X.-Y.-Mn- 0. 


These  conditions  constitute  a  system  of  three  equations  for  the 
determination  of  unknowns  xQ,  yQ,  and  In  terms  of  which 
amplitudes  of  oscillations  and  forces  on  all  loads  of  the  beam  are 
already  expressed. 

Uuch  a  method  of  calculation  of  forced  oscillations  of  the 
system  (Rig.  2.21)  is  absolutely  analogous  to  the  ’well-known 
"remainder"  method  —  the  Tolle  method,  used  for  the  calculation  of 
torsional  vibrations  of  a  multiple-disk  system  [20].  An  analogous 
method  is  used  for  the  calculation  of  oscillations  of  bending  of 
elastic  balls.  In  American  and  English  works  such  a  method  is  called 
the  Mcllstead  method  [33],  [3^3-  It  permits  finding  the  curve  of 
dynamic  rigidity  (Fig.  2.11)  of  the  system  at  any  point  and  in  any 
direction  by  means  of  calculation  of  oscillations  at  different 
values  of  p,  and  also,  of  the  frequency  and  form  of  natural  oscillation 
of  the  system  from  an  examination  of  forced  oscillations  of  the  system 
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near  resonances  when  amplitudes  of  forced  oscillations  increase 
without  limit. 


This  method  is  especially  convenient  when  using  electronic 
computers,  without  which  at  present  the  carrying  out  in  necessary 
quantity  of  all  dynamic  calculations  is  imoossible. 


For  a  practical  application  of  this  method  it  is  convenient  to 
express  magnitudes  of  forces  and  displacements  on  the  k-th  section  in 
terms  of  values  xQ,  yQ  and  in  the  form 


Xt=A*  +  B*x0  +  C*y o + D** 0; 
'y^Al+BlXo+Cryo+Dr.^, 
**-Af+B*x>+Cfy+Dfr. 

where  A*,  B*,  etc.,  are  certain  coefficients. 


(3.12) 


With  calculation  by  the  "chain"  method  according  to  values  of  these 
coefficients  for  the  k-th  section  it  follows  to  determine  their 
values  for  the  (k  +  l)-th  section.  Using  recurrence  formulas  for 
forces  and  movements,  it  is  easy  to  formulate  recurrence  formulas 
for  appropriate  coefficients.  With  this  the  following  formulas  are 
obtained. 


For  coefficients 


Ak’ 


°k 


and 

k 


At  __  At  t  JfcL 

'  *-|T  £/*_, 


(3.13) 


o  a  fl 

For  quantities  B£,  and  analogous  formulas  are  obtained  by 
replacement  of  quantity  A  respectively  by  B,  C  and  D.  The  same 
pertains  to  subsequent  formulas  (3.1*0  and  (3.15). 


For  coefficients  A*,  B*,  C*  and  D*: 


3*)6 


A*  ?J»lna»coia» 

^ — *r+ 


6£y* 


,  /«sii>}a» 

+  -J£r> . 


For  coefficients  A^,  and  : 


*♦»  +  <JP/.  +  6£/ 


2E/t 
l\  cos  n»  sin  a* 

isi^ 


^+/4cosa4^5. 
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For  coefficients  A^,  3^,  C  and  D^: 


(3.1*0 


(3.15) 


(3.16) 

(3.17) 

Y  Y  Y  Y 

For  coefficients  A^,  r>^ ,  C^.  and  : 


Ai -  ^1, + -I* 

Cf=Cf_1  +  /n^C{-/n^4C*; 

Df^DLt^PDl-mJW- 


c*=cLi+m*^cf; 

M  M  M  M 

And,  .finally,  for  coefficients  A,  ,  B,  ,  C  and  D,  : 

K  K  K  K 


(3.18) 

(3.15) 


A**=  ^f-i+ cos  °*-i  ~  Af-vl*-i sin  “*-»  +  WA P7A»  ~ 

-P*(«A+  ;*)  ^s-^+^V*;  (3.20  .) 

cos  at_,  —  £*_,/*_ j  sin  a,.,  -f 

+  mthtp'B*  -  p'  {mji\  +  /*)  5*.  (  3 . 2  i ) 


M  M 

Formulas  for  C.  and  D,  are  obtained  from  the  last  replacement 

K  K 

of  quantities  B  respectively  by  quantities  C  and  D. 


)‘rf 


The  formulas  given  permit  determining  the  values  of  coefficients 
on  the  following  section  according  to  their  known  values  on  the 
preceding  section.  Thus*  moving  from  section  to  section  from  left  to 
right,  we  will  determine  values  of  coefficients  on  the  right  end  of 
the  beam.  On  right  free  end  (k  =  n)  there  should  be  fulfilled  these 
conditions : 

4  C*y0 + D?»0 = 0; 

Ym~A*+B'mxt+ C'lfo+Z^.-O;  (3>?2: 

M'~A*+B*Xo+C«y0+D»*0=0. 

Solving  this  system,  let  us  find  the  values  interesting  us  xQ , 


where  A  is  the  determinant  of  the  system  (3.22);  4x„  i,t,  are 
determinants  obtained  from  the  determinant  A  by  means  of  replacement 
cf  the  corresponding  column  by  free  terms  of  the  equations. 

Knowledge  of  quantities  xQ,  yQ  and  $0  permits  by  formulas  (3.12) 
finding  the  movement  and  forces  acting  in  every  section  of  the  beam. 

Figure  2.25  shows  the  form  of  forced  oscillations  of  a  single¬ 
rotor  helicopter  determined  by  the  indicated  method.  The  form  of 
oscillations  in  this  case  should  be  represented  by  the  three  graphs: 
xk(x),  y^(x)  and  <M*). 

Table  2.1  gives  initial  data  for  the  calculation  conducted. 

Forced  oscillations  were  calculated  from  the  following  forces 
applied  to  the  rotor  hub  (load  No.  3) 

/*,«0,05G;  /*,=0,03G;  0, 

where  G  is  the  weight  of  the  helicopter. 
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Fig.  2.25.  Form  of  forced 
oscillations  of  an  elastic 
fuselage  of  a  single-rotor 
helicopter  obtained  by  the 
remainder  method. 


Table  2.1. 


Numbers  of 
sections 


0  1  3  3  4  5  6  7  8  t  10 


Xk(M)  J  0  1.7  3.45  5.1  7,3  8,1  13.4  13,7  15.1  16.7  |  18.3 

Ok  (jsti)  30  1471  1683  3564  3588  358  34  34  33  93  I  153 


/»( kg/n«s2)  0,10  37,65  63,0  260,5  286,7  4,62  0,I#  0,10  0,05  0,077  0,185 


**  <•■)  I  -0.15  -0.031  -0,025  0.778  0,316  -0,15  0  0  I  0  0  J  0 


/» (*•)  0,00155 j  0.0064  0,0068  0,307  0,0015  0,00042  0,00i:8  0.00u17  0,00013  1.9  - 

I  I 


0  0  0  0  31  0  0  0  0  43  - 


One  of  the  merits  of  such  a  method  of  calculation  consists  in 

the  fact  that  for  the  calculation  of  forced  oscillations  it  is  not 

required  to  conduct  a  preliminary  calculation  of  frequencies  and  forms 

of  natural  oscillations  of  the  system.  Furthermore,  in  conducting 

such  a  calculation  for  different  values  of  frequencies  p,  it  is 

possible  to  construct  a  graph  of  the  dynamic  rigidity  of  system  L»(p) 

at  any  point  and  also  to  find  all  frequencies  and  forms  of  natural 

oscillations.  Figure  2.26  gives  results  of  the  calculation  of  the 

graph  of  dynamic  rigidity  for  the  same  system  assignee  by  Table  2.1 

for  force  .  Values  of  p.  at  which  D(p)  =  0  give  frequencies 
k  y  k 

of  natural  oscillations  of  the  system,  and  the  form  of  forced 
os  cl  nations  at  value  p ,  close  to  any  of  freq  jer.cie.- 


Pr  0*  *  1»  2,  3,  ...)  of  natural  oscillations,  gives  with  any  degree 
of  accuracy  the  form  of  natural  oscillations  of  this  tone.  Forms 

of  the  first  three  tones  for  the  examined  system,  obtained  in  such 

/ 

a  way,  are  shown  on  Fig.  2.27. 


Fig.  2.26.  Curve  of  dynamic 
rigidity  of  the  fuselage  obtained 
by  the  remainder  method. 


Fig.  2.27.  Forms  of 
natural  oscillations  of 
the  three  lowest  tones  of 
the  fuselage  of  a  single- 
rotor  helicopter  obtained 
by  the  remainder  method. 


Let  us  note  in  conclusion  that  the  "remainder"  method  given  here 
requires  fulfillment  of  the  calculation  with  very  great  accuracy  (not 
loss  than  four-five  significant  dig!ts).  This  makes  the  indicated 
method  practically  unfit  for  manual  calculation.  However,  as  was 
already  Indicated,  calculations  of  oscillations  in  the  necessary 
volume.  In  general,  can  be  conducted  only  with  the  application  of  high¬ 
speed  computing  machines,  for  which  the  indicated  accuracy  is  usual. 


3 •  Calculation  of  Influence  cf  Shearing  Strains 

All  the  examined  methods  of  the  calculation  of  oscillations  of 
the  fuselage  were  based  on  the  use  of  the  usual  re latlonsM.n*  of 
strength  of  materials  for  bending  of  a  thin  beam.  These  relationships 
are  considered  only  tensile  strains  and  compressions  of  fibers  of 
material  of  the  beam  and  do  not  consider  shearing  strains.  Meanwhile 
the  calculation  of  these  deformations  introduces  certain  corrections 
into  results  of  the  calculation,  and  these  corrections  are  obtained 
very  insignificant  for  the  first  tone  of  oscillations  (lowering  of 
the  frequency  by  5-7%)  >  foe  the  second  tone  of  correction  they  are 
obtained  somewhat  more  (lowering  of  the  frequency  by  10-15%),  for 
the  third  tone  even  more  (20-30%),  etc.  Therefore,  if  with  the 
calculation  of  vibrations  it  is  necessary  to  consider  high  tones  of 
the  oscillations,  the  oscillations  should  be  calculated  taking  into 
account  shearing  strains  caused  by  tangential  stresses  in  the 
sheathing  of  the  fuselage.  This  can  be  fulfilled  in  the  following  way. 
If  calculation  is  produced  for  the  model  depicted  on  Fig.  2.21,  then 
it  is  possible  to  use  all  formulas  of  the  "remainder"  method,  with 
the  exception  of  formula  (3.8),  which  in  this  case  should  be  written 
In  the  form 


(3.2*0 


v/here  6/  is  the  additional  sag  of  the  k-th  section  from  shear  force 
k 

‘V 


Qk*=Xt  sin  a„  —  Y„ cos  a,. 


25) 


The  additional, 
''or  e  x  amp  le  [  2 1 J ) 


sag  6j \  can  be  determined  by  the  formula  (see,. 


8 


GFt  ' 


!  O 


3.25, 


whore  F, 
* 

section, 


is  the  area  of  the  crons  section 
and  <  is  a  certain  dimensionless 


of  the  fuselage  on  uho 
coefficient  ce  te rmi r.e ci 


formula 
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ft 


(3.27) 


r s* 

lif  2»(#)  * 

where  1^  io  the  moment  of  inertia  of  the  cross  section  with  respect 
to  the  neutral  line;  S^z)  is  the  static  moment  with  respect  to  the 
neutral  line  of  the  part  of  the  cross  section  located  higher  than 
the  straight  line  parallel  to  the  neutral  line  and  remote  from  it  at 
distance  z;  6(z)  -  thickness  of  the  sheathing  of  the  fuselage  at 
distance  z  from  the  neutral  line. 

The  integral  in  formula  (3.27)  is  taken  over  the  whole  cross 
section  F  of  the  fuselage. 

In  conformity  with  the  correction  in  formula  (3.8)  it  is  necessary 
to  introduce  corrections  into  recurrence  formulas  for  coefficients 


S  4 .  Joint  Oscillations  of  the  Fuselage-Rotor  System 

1.  Oscillations  of  the  Fuselage-Rotor  System 

Methods  of  calculation  of  oscillations  of  elastic  blades,  which 
were  discussed  in  Chapter  I,  assume  that  the  blade  is  hinged  fastened 
to  the  hub,  which  is  attached  to  a  fixed  support.  In  fact  the  hub 
is  attached  to  the  elastic  fuselage  and  with  oscillations  of  the 
blades  there  are  forces  causing  its  movement  so  that  in  reality  during 
oscillations  of  the  blade  a  sag  in  the  hinge  of  the  hub  is  equal 
not  to  zero  but  to  a  corresponding  sag  in  the  fuselage. 

Results  of  flight  tests  in  many  cases  showed  that  calculations 
of  frequencies  of  natural  oscillations  of  blades,  carried  out 
neglecting  the  elasticity  of  the  fuselage,  can  lead  to  considerable 
errors.  In  connection  with  this  M.  L.  Mil'  formulated  arid  stated 
the  problem  of  the  calculation  of  Joint  vibrations  of  the  fusel^e- 
rotor  system  as  a  single  vibrational  system.  Basic  results  of 
investigations  which  were  conducted  in  this  direction  are  giver,  oelow. 


Frequencies  and  forms  of  natural  joint  oscillations  of  the 
fuselage-rotor  system  can  be  found  with  the  help  of  the  method  of 
dynamic  rigidity,  the  essence  of  which  is  discussed  in  Nos.  2,  3,  and 
4  of  §  2. 

However,  the  carrying  out  of  such  calculations  is  connected  w' th 
a  great  quantity  of  calculating  work.  This  especially  pertains  to 
the  determination  of  frequencies  of  transverse  natural  oscillations 
of  the  fuselage-rotor  system  when  it  is  necessary  to  determine  dynamic 
rigidity  of  the  rotor  in  the  plane  of  rotation.  Furthermore,  the 
calculations  conducted  show  that  the  connection  of  vibrations  of  the 
fuselage  and  blades  is,  as  a  rule,  weak,  and  frequencies  of  natural 
oscillations  of  the  fuselage-rotor  system  can  always  be  divided  into 
two  such  groups  which  frequencies  of  the  first  group  are  very 
close  to  frequencies  of  natural  oscillations  of  the  isolated  fuselage,’ 
during  the  calculation  of  which  the  mass  of  the  blades  is  considered 
concentrated  in  the  center  of  the  rotor,  and  frequencies  of  the 
second  group  are  quite  close  to  frequencies  of  natural  oscillations 
of  blades  calculated  on  the  assumption  that  the  blades  are  mounted 
on  an  absolutely  rigid  and  infinitely  heavy  fuselage. 

In  those  cases  when  attachment  of  the  hub  to  the  fuselage  is 
not  rigid  enough  (elastic  shaft  of  the  rotor,  elastic  sub-reduction 
gear  frame,  crankcase  of  reduction  gear),  it  can  appear  that  some 
of  the  frequencies  of  oscillations  of  the  second  group  noticeably 
change  as  compared  to  frequencies  of  blades  calculated  by  the  usual 
method. 


Therefore,  as  a  rule,  frequencies  of  natural  oscillations  of 
the  first  group  can  be  determined  with  the  help  of  methods  discussed 
ir.  this  chapter  as  frequencies  of  the  fuselage,  not  taking  into 
account  elasticity  of  the  blades.  The  exception  can  be  special 
cases  when,  for  example,  rotors  are  attached  to  light  and  elastic 
wings  on  a  helicopter  of  transverse  configuration.  In  these  cases  it 
is  necessary  to  calculate  frequencies  of  Joint  oscillations  of  the 
fuselage-rotor  system  by  the  mentioned  method  of  dynamic  rigidity. 

/ 
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Regarding,  however,  frequencies  of  natural  oscillations  cf 
blades,  it  is  apparently  necessary  always  to  estimate  the  possible 
change  of  some  of  these  frequencies  conditioned  by  local  elasticity 
of  attachment  of  the  rotor  to  the  fuselage. 

Thus,  to  account  for  the  connection  between  vibrations  of  the 
fuselage  and  blades  it  is  practically  enough  to  estimate  only  the 
change  in  frequencies  of  natural  oscillations  of  blades,  which  is 
conditioned  by  the  local  elasticity  of  the  blade  attachment. 

In  the  following  point  of  this  paragraph  there  is  discussed  the 
method  of  sucn  calculation  for  determining  frequencies  of  natural 
oscillations  of  blades  in  the  plane  of  rotation  taking  into  account 
bending  elasticity  of  the  rotor  shaft.  This  case  is  practically  the 
most  important. 

The  elasticity  of  other  elements  of  rotor  fastening  (reduction 
gear  frame,  housings  of  the  reduction  gear  frame,  etc.)  can  always  be 
joined  to  the  elasticity  of  the  rotor  shaft.  Let  us  indicate  here 
certain  important  fundamental  considerations  from  which  it  becomes 
clear  that  only  certain  of  the  frequencies  of  natural  oscillations  of 
the  blades  can  be  changed  as  a  result  of  the  effect  of  the  rotor's 
fastening  elasticity. 

In  5  1  of  this  chapter  It  was  shown  that  not  all  harmonic 
components  of  forces  from  vibrating  blades  "pass"  to  the  fuselage, 
since  many  of  their  components  are  balanced  on  the  body  of  the  rotor 
hub . 


Thus,  for  example,  with  vibrations  of  the  fciade3  of  a  five-blade 
rotor  in  the  flapping  plane,  the  first  four  harmonic  component..  of 
forces  applied  to  the  hub  from  the  blades  (u,  3<*>,  are  balanced 

on  the  hub,  and  only  the  fifth  harmonic  component  is  transferrer  to 
the  fuselage. 

Hence  it  is  clear  when  calculating  forced  oscillations  of  blades 
from  forces  corresponding  to  harmonics  u»,  2w,  3«»  and  it  is 
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necessary  to  examine  forms  and  frequencies  of  natural  oscillations  of 
the  blades  (with  the  method  of  expansion  with  respect  to  natural  forms) 
calculated  for  the  usual  boundary  conditions  when  the  blade  is  assumed 
to  be  hinged  supported  on  the  fixed  hub . 

As  regards  the  forced  oscillations  with  respect  to  the  fifth 
harmonic,  it  is  necessary  here  to  take  into  consideration  the 
presence  of  joint  vibrations  of  the  blade  and  fuselage. 


The  physical  essence  of  this  phenomenon  is  that  the  forms  of 
natural  oscillations  of  the  rotor  with  elastic  blades  can  be 
divided  into  two  groups: 


1)  forms  of  oscillations  of  the  rotor  at  which  forces  from 
separate  blades  are  balanced  on  the  housing  of  the  hub; 

2)  forms  of  oscillations  of  the  rotor  at  which  forces  from 
separate  blades  are  summed  on  the  housing  of  the  hub  and  are 
transmitted  to  the  fuselage. 


'figure  2.28,  for  example,  shows  two  such  forms  of  oscillations 
for  a  rotor  with  four  blades,  since  for  such  a  rotor  the  clearest 
picture  is  obtained.  Both  forms  of  oscillations  A  and  E  correspond 
to  the  frequency  p,  of  oscillations  of  a  mononodal  tone  of  an 
isolated  blade  in  the  flapping  plane  and  differ  from  one  another 
only  in  the  distribution  of  the  phase  of  oscillations  with  respect 
to  separate  blades.  The  form  of  oscillations  A  corresponds  to  a 
situation  when  pairs  of  opposite  blades  vibrate  in  opposite  phases, 
ilere  forces  P^,  Pg,  P^  and  acting  on  the  rotor  hub,  are  mutually 
balanced  at  every  instant  and  are  not  transmitted  to  the  fuselage. 
The  form  of  oscillations  B  corresponds  to  a  situation  when  all  four 
blades  vibrate  in  one  phase.  Here  forces  P^,  P0 ,  ?0  and  are 
summed  on  the  hub  and  give  a  certain  force  acting  on  the  fuselage 
and  changing  in  time  with  frequency  p^. 


If  the  rotor  hub  is  mounted  on  an  absolutely 
f'r.’.l i n •  n « •  j  of  bi’t.h  forms  of  oscillations  A  and  3 


rigid  support,  the 
of  the  rotor  are 
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Fig.  2.28.  Forms  of  oscillations 
of  a  rotor  with  elastic  blades. 


Identical  and  equal  to  frequency  of  natural  osci nations  of  the 
first  tone  of  one  isolated  blade  with  a  hinged  attached  shank  end. 

If,  however,  the  hub  is  mounted  on  a  certain  elastic  support  with 
vertical  rigidity  c,  the  frequency  of  the  form  of  oscillations  A  will 
not  be  changed  and  will  remain  equal  to  p^»  and  tne  frequency  of  form 
b  will  drop  more,  the  less  the  rigidity  c. 


It  is  possible  to  show  that  forms  of  the  two  indicated  typer, 
exist  for  a  rotor  with  any  number  of  blades  z.  These  forms  of 
oscillations  can  be  characterized  by  a  certain  formula.  Thus,  for 
example,  all  forir.3  of  oscillations  of  a  z-blade  rotor,  which  correspond 
to  the  k-th  tone  of  oscillations  of  the  isolated  blade,  are  character¬ 
ised  by  the  following  law  of  oscillations  of  the  c lades: 

*(x.  0-M*)  «***»«*  **•  (•*.:) 

where  yn(x,  t)  - the  deflection  of  the  point  with  coordinate  x 
belong  to  the  n-u>  Hade;  cos  s  *n  -  characterizes  the  law  f 
distribution  of  phases  of  oscillations  with  respect  to  separav 
blades,  l.e.,  characterizes  the  form  of  oscillations  of  the  rotor 
as  a  whole;  s  -  »~s?  Integer  which  car.  be  called  the  order  of  the 
given  form  of  oscillations  of  the  rotor  (s  ■  1,  2,  z) . 


Quantities  v  arc  determined  by  the  formula 


<* 

It  can  be  easily  shown  by  using  formulas  (1.13)  of  §  1  that 
forms  of  oscillations  of  the  order  s  =  1,  2 ,  3,  . . .  ,  z  -  1 
correspond  to  the  situation  at  which  forces  from  separate  blades  are 
balanced  on  the  hub,  and  only  the  form  of  the  order  s  =  z  corresponds 
to  the  situation  when  forces  from  separate  blades  are  summed  and 
transmitted  to  the  fuselage. 

Forms  A  and  B,  shown  in  Fig.  2.28,  are  forms,  of  the  second  and 
fourth  orders  for  a  four-blade  rotor.  From  what  has  been  said  it 
is  clear  that  frequencies  of  natural  oscillations  of  the  rotor, 
which  correspond  to  forms  of  oscillations  of  all  orders  with  the 
exception  of  s  =  z,  do  not  depend  on  the  elasticity  of  attachment  of 
the  hub,  and  only  frequencies  corresponding  to  the  form  of  oscillations 
of  the  rotor  of  the  order  of  s  =  z  depend  on  the  elasticity  of 
attachment  of  the  hub. 

It  is  possible  to  show  further  that  all  harmonics  of  forces 
exciting  oscillations  of  blades  in  the  flapping. plane  with  the 
exception  of  "passage"  harmonics  zu>,  2z u>,  3zo>,  etc.,  excite  only  those 
forms  of  oscillations  of  the  rotor  at  which  forces  from  blades  are 
balanced  on  the  hub,  and  only  harmonic  components  of  exciting  forces 
corresponding  to  "passage"  harmonics  excite  forms  of  oscillations  of 
the  rotor  with  which  forces  from  the  blades  are  summed  and  transmitted 
to  the  hub. 

* 

Hence  a  useful  practical  conclusion  can  be  made.  If  there  is 
constructed  the  standard  resonance  diagram  of  the  blade  (see  Fig.  1.6, 
Chapter  I)  In  the  flapping  plane  calculated  neglecting  the  elasticity 
of  attaching  the  rotor  to  the  fuselage,  then  resonances  with  ail 
harmonics  except  for  resonances  with  harmonics  zw,  2zw,  etc., 
correspond  to  actuality.  Resonances  with  harmonics  zu,  2zw,  etc., 
must  be  additionally  examined  by  taking  into  account  the  elasticity  of 
attaching  the  rotor  hub  and  refining  values  of  corresponding  natural 
frequencies . 
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It  is  necessary,  however,  to  note  that  in  examining  vibrations 
of  blades  in  the  flapping  plane  usually  for  these  narmonics  it  is 
possible  not  to  consider  the  elasticity  of  the  hub  attachment,  since 
the  rigidity  of  the  hub  attachment  in  a  vertical  direction,  as  a 
rule,  is  great  and  has  little  effect  on  frequencies  of  natural 
oscillations  of  the  blades  (an  exception  is  the  case  of  rotor  attach¬ 
ment  of  a  helicopter  of  transverse  configuration  having  xighu  and 
flexible  wings) , 

In  examining  the  resonance  diagram  of  ohe  blade  in  the  flapping 
plane,  it  is  certainly  necessary  tc  take  into  account  the  influence 
of  elasticity  of  attachment  of  the  rotor  hub  to  the  fuselage. 

With  respect  to  oscillations  of  blades  in  the  flapping  plane  all 
the  above-stated  considerations  are  also  correct  with  the  only 
difference  being  that  in  this  case  the  "passage"  harmonics  are 
( z  -  l)oj,  (z  +  l)uj,  (2z  -  i)w,  (2?  +  1  )ui,  etc.  Furthermore,  at 
resonance  with  harmonics  zu>,  2zm,  etc.,  in  the  plane  of  rotation 
one  should  consider  joint  vibrations  of  the  rotor  witn  torsional 
vibrations  in  the  system  of  transmission  (appropriate  calculations 
can  be  also  carried  out  on  the  basis  of  the  method  of  dynamic  rigidity). 
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|  2.  Calculation  of  Frequencies  of  Natural  Oscillations 

|  of  Blades  of  the  Rotor  in  the  Flapping  Plane  Taking 

I  into  Account  Elasticity  of  the  Shaft  of  the 

I  Rotor  and  Its  Attachment  to  the  Fuselage 

|  {  ;  *  - 

i  Let  us  consider  the  problem  of  natural  oscillations  of  blades 

|  of  the  rotor  attached  to  the  elastic  flexural  shaft  (Fig.  2.29). 


Fig.  2.29.  Diagram 
of  a  rotor  on  an 
elastic  shaft. 


Let  us  assume  that  the  rigidity  of  the  shaft  with  respect  to  force 
P,  applied  to  the  shaft  in  the  center  of  the  hub  and  lying  in  the 
plane  of  the  rotor  rotation,  is  equal  to  cQ.  Consequently,  force 
P  and  displacement  6  of  the  end  of  the  shaft  which  It  causes,  are 
connected  by  the  relation 

P-c ofi.  (4.2) 

It  docs  not  matter  whether  displacement  6  occurs  from  bending  of 
the  shaft  itself  or  is  due  to  the  elasticity  of  its  attachment  to 
the  fuselage. 


Let  us  consider  only  the  case  when  the  indicated  rigidity  is 
identical  in  all  directions  in  plane  xOz,  i.e.,  when  the  elastic 
base  to  which  the  rotor  is  fastened  is  isotropic.  In  reality  this 
is  not  so,  but  usually  rigidities  of  attachment  in  directions  of 
axes  Ox  and  Oz  are  little  distinguished,  and  it  is  possible  to  con¬ 
sider  the  base  to  be  isotropic,  understanding  by  quantity  cQ  to  be 
the  arithmetic  mean  of  rigidities  cy  and  c^: 

e _  +  (4.3) 

0  2  • 
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Fig.  2.30.  Diagram 
of  the  calculation  of 
forced  oscillations  of 
the  blade  for  the 
determination  of  dynamic 
rigidity  of  the  rotor. 


The  calculation  of  natural  oscillations  of  the  rotor  on  the 
elastic  base  can  be  conducted  on  the  basis  of  the  method  of  dynamic 
rigidity. 

First  of  all  let  us  introduce  the  concept  of  dynamic  rigidity 
of  the  blade  in  the  plane  of  rotation.  Let  us  assume  that  elastic 
bending  blade,  which  is  found  in  the  central  field  of  centrifugal 
forces,  is  fastened  in  the  shank  part  by  a  hinge  in  such  a  way  that 
the  hinge  is  able  to  move  freely  in  a  direction  perpendicular  to 
the  axis  of  undeformed  blade  (see  Fig.  2.30). 

Let  us  assume  further  that  the  blade  accomplishes  steady-state 
forced  oscillations  under  the  action  of  a  transverse  exciting  harmonic 
force 

F— focosp/.f 

applied  in  hinge  A.  Here  point  A  of  the  application  of  force  will 
also  accomplish  oscillations  according  to  the  law 

KsUoCOSpf. 

We  will  call  dynamic  rigidity  of  blade  the  quantity 

It  is  possible  to  determine  dynamic  rigidity  of  the  blade  either 
with  the  help  of  the  method  expounded  in  No.  2  of  §  2  or  by  the 
method  of  additional  mass  (§  2,  No.  4).  It  is  necessary  to  consider 
that  the  blade  is  in  the  field  of  centrifugal  forces  and  to  solve 
not  the  equation  of  the  (2.2)  type,  as  was  done  during  calculation 
of  the  fuselage,  but  the  equation  of  oscillations  of  the  blade  in 


the  plane  of  rotation  (see  Chapter  I,  §  1,  No.  11),  which  has  the 
form: 


^ 'u=4(r,t).  (4.5) 

Here  N  is  the  centrifugal  force  in  the  section  of  the  blade  on 
radius  r. 

With  application  of  the  method  of  additional  mass  one  should 
calculate  the  frequencies  and  forms  of  natural  oscillations  of  the 
blade  in  the  plane  of  rotation  with  fastening  with  respect  to  the 
scheme  depicted  in  Fig.  2.30  with  a  different  value  of  the  additional 
mass  Am.,  at  point  A  with  the  help  of  the  method  expounded  in  Chapter 
I,  §  2,  No.  5. 

According  to  the-  results  of  such  a  calculation  it  is  possible 
to  construct  a  graph  Am.-,=/(p).  An  example  of  such  a  graph  is  shown 
in  Fig.  2.32.  Points  of  infinite  discontinuities  of  function  f(p) 
give  values  of  frequencies  of  natural  oscillations  of  the  blade  with 
a  fixed  hinge  at  point  A,  i.e.,  frequencies  of  natural  oscillations 
of  the  blade  for  the  case  when  the  rigidity  of  the  rotor  shaft  is 
infinitely  great.  Points  at  which  A/na=0  give  frequencies  of 
natural  oscillations  of  the  blade,  freely  fastened  according  to  the 
scheme  depicted  on  Fig.  2.30. 

The  value  of  dynamic  rigidity  of  the  blade  corresponding  to 
the  given  value  p  can  be  determined  by  formula 

( p )  =*  {p1 + «>*)  (p).  ( 4 . 3 ) 

The  additional  term  or  Ama (p)  appears  in  this  formula  from  the 
component  centrifugal  force  of  mass  A;n-,t  directed  along  the  normal 
to  the  blade. 

Let  us  show  further  that  the  dynamic  rigidity  of  the  rotor  on 
the  whole  can  be  found  if  the  dynamic  rlg.iui,.7  of  the  blade  is 
Known.  Let  us  turn  to  Fig.  2.31  on  which  the  form  in  the  plan  of 
tno  hub  of  the  rotor  with  vertical  hinges  and  the  k-tn  elastic  blade 


Pig.  2.51.  Calculation  of  dynamic 
rigidity  of  a  rotor  with  elastic 
blades . 


is  depicted.  Let  us  assume  that  xOy  is  the  system  of  coordinates 
rotating  together  with  the  rotor  with  angular  velocity  id.  Let  us 
assume  that  further  the  center  of  the  rotor  hub  accomplishes  the 
prescribed  harmonic  oscillations  in  the  plane  of  rotation  according 
to  the  law 


JC=JCjeos  pt;  \ 
y*=y9s\npi.  ) 


(*.6) 


Such  oscillations  of  the  hub  create  oscillations  of  elastic 
blades  in  the  plane  of  rotation,  and  the  problem  is  to  find  the 
forces  by  which  the  vibrating  blades  load  the  hub  with  its 
movement . 


Let  us  select  an  additional  rectangular  system  of  coordinates 
nOr,  rotating  together  with  the  rotor,  for  which  the  axis  Or  is 
parallel  to  a  straight  line  passing  through  tne  center  of  the  hub 
and  vertical  hinge  A  of  the  k-th  blade.  Axis  Or  forms  with  axis 
Ox  a  certain  angle  'ie  .  Let  us  designate  by  u_  and  v  tne  coordinate 

K.  1  j  W 

of  the  center  of  the  hub  in  the  system  nOr.  Then,  obviously: 

«,  ■=  -  x  sin  \  -f  y  c<* 
ysln-Y 


.  .JW.fr1  JT'pJf  FJJTW  :■  fl*»  . «  i|»- 


V.'ith  oscillations  of  the  hub,  according  to  the  law  (4.6) 
coordinates  u0  and  vQ  will  change  with  time  according  to  the  law: 

°o~ C  *0  sin '!**)  COS  pi 4-  (y0  cos iA) sin  p/n 

vo — (*o cos  h)  cos  pi  -f  (t/0  sin  ^4)  sin  pt.  J  (^*T) 

Let  us  designate  further  by  u  the  deviation  of  the  point  of 
elastic  axis  of  the  blade  on  radius  r  from  a  straight  line  passing 
through  the  vertical  hinge  A  of  the  blade  and  parallel  to  axis  Or. 

With  oscillations  of  the  blade  quantity  u  is  a  function  of  radius 
r  and  time  t  so  that  u  =  u(r,  t). 

Lot  us  assume  that  w  is  the  vector  of  full  acceleration  of  the 
point  with  radius  r  of  elastic  axis  of  the  blade.  Then 

+«W 

where  «F0tu  is  the  vector  with  respect  to  acceleration  of  the  point 
from  motion  in  the  moving  coordinate  system  nOr;  u5n«p  —  vector  of 
translational  acceleration  from  motion  of  the  point  together  with 
the  system  of  coordinates  nOr;  wHap  —  vector  of  Coriolis  acceleration. 

Let  us  introduce  unit  vectors  T  and  J  directed  along  axes  r 
and  n  respectively.  Then  it  is  possible  to  write: 

«’.t.=;7(«o)+7(tto  4«); 

®.«P  =n  ~  <*{r  4  t’o)!  -r7l  -  («0  -!-  #)1; 

w,.p  =7(  -  2*  («„  +  u)]  -1-  j  [(2-ot-o). 

If  we  designate  projections  of  the  vector  of  full  acceleration 
on  axes  On  and  Or  by  w  and  wr>  then  for  them  these  expressions 
are  obtained: 

W« = («o  ~  ^o)  +  (« -f?u)  -f  2wv0-,  J  ( t  8  ) 

w,—  (yQ  —  u?v0)  —  u?r  —  2u>  u0  —  2u >u 

The  equation  of  equilibrium  of  the  beam  in  the  field  of 
centrifugal  forces  has  the  form: 

(£Iuy-(Nu'Y  =  q,  (4.9) 
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where  q  is  the  intensity  of  the  transverse  load  applied  to  the  beam. 

With  oscillations  of  the  blade  the  transverse  load  from  forces 
of  inertia  can  be  written  in  the  form: 

<7(r,  /)=  —mwm—  — m  [(«„  —  <u*x/0) -f  (k  —  uPu) -f  2u>v0] , 

where  m  is  the  linear  mass  of  the  blade  [m  =  m(r)]. 


Substituting  this  expression  into  equation  (4.9),  we  will 
obtain  the  following  partial  differential  equation  for  determina¬ 
tion  of  function  u(r,  t): 

4 

(Elay  -  (Nu'Y -j- mil  -  u>’u  -  q*  (r,  t) ,  (4.10) 

where 

?*(r  ./)=-«  (4.11) 


If  the  motion  of  the  hub  center  is  assigned  by  expressions 
(4.7),  then  load  q*(r,  t)  is' the  well-known  time  function. 

Unknown  function  u(r,  t)  should  satisfy  equation  (4.10)  and 
also  boundary  conditions: 

«  (0.  /)=-«'(0.  0  =  0;  \ 

<r</?./)»(£/aw)V*  “ 0.  j  '  * 


Differentiating  the  expressions  (4.7)  and  substituting  them 
into  (4.11),  we  will  find 

?*(r,  i)=*mAtcospt  'rmBts\npt,  (4 .19) 

where  constants  and  are  determined  by  the  formulas: 

- 1  (AJ + “'*)  *o -f  2 »py<>\  s«n 7,:  \  (h  ik) 

B» = I(P!  4-  ^  t/o  -r  ~u,Pxo]  cos  V  j  \  •  J 

The  solution  to  equation  (4.10),  which  corresponds  to  steady- 
state  forced  oscillations  from  the  load  [see  expression  (4.19)], 
is  sought  in  the  form: 

u{r,  f)^u{r)[AMcos pt -\- pi].  (4 .19) 
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Bubctituting  this  expression  into  (4.10)  with  the  right  sice 
for  n*  from  (4.13)  v/e  v;ill  find  that  function  u(r)  should  satisfy 
the  ordinary  differential  equation 


(Elay  -  (Nu'Y  -  (p* + «>*)  mu = m . 

and  also  boundary  conditions 

«  (0)  —  «*  (0) — 0;  J 

a”  (R)=(ETdy\;.*  =0.  / 

Let  us  note  further  that  in  the  calculation  of  oscillations  of 
the  blade,  ’which  are  excited  by  the  oscillation  of  hinge  A  according 
to  the  scheme  depicted  in  Fig.  2.30,  it  is  necessary  to  solve  the 
equation  of  the  form: 


(4.16) 

(4.17) 


(Elay-  {Nuy-mu-*?u**Q, 

where  u  is  the  total  displacement  of  the  point  of  elastic  axis  of 
the  blade  v/ith  radius  r.  Here  function  u(r,  t)  should  satisfy 
conditions : 

a(0,  0  *=*tf0  cos  pi;  \ 
u"(0,t)=*Q.  ] 

«'(*.'>= 0;  | 

(£/«7M=0.J 

Searching  for  the  solution  of  this  equation  in  the  form: 

“  =  (“o  -f  «('■)]  COS  pi, 

v/e  arrive  at  the  conclusion  that  function  u(r)  should  satisfy 
equation 

(Elay  —  (Mu')'  —  (p**f  w*)  /nu  =  (p*-fu’I)ffluo' 


which  differs  from  equation  (4.16)  only  by  the  constant  factor 
uo(p--¥^).  Boundary  conditions  for  function  u(r)  in  this  case 
completely  coincide  v/ith  expressions  (4.17). 

Thus  during  oscillations  of  the  blade  according  to  the  scheme 
shown  in  Fig.  2.30,  function  u\r)  is  obtained  in  the  same  way  as 


'}  f.  I 
JTj  J 


in  the  problem  interesting  us  [see  expressions  (4.16)  and  (4.17)], 
if  the  amplitude  u^  is  selected  in  such  a  manner  that  there  is 
fulfilled  the  condition 

(4.18) 

Physically  this  means  that  the  form  of  forced  oscillations  of 
the  blade  in  the  problem  interesting  us  coincides  with  the  form  of 
oscillations  of  the  blade  excited  according  to  scheme  shown  in 
Pig.  2.30.  Using  this  result,  v/e  will  obtain  one  important  formula. 
For  this  let  us  note  that  during  oscillations  of  the  blade  fastened 
according  to  the  scheme  shown  in  Fig.  2.30,  which  are  excited  by 
force  F  =  FQcos  pt,  the  sum  of  projections  of  all  transverse  inertial 
forces  applied  to  the  blade  should  be  balanced  by  force  F.  Hence 
we  will  find : 

K  __ 

F0—bmt{p)  {p1  -|- to5)  «0  —  ~  (/>5  -f  <"’)  f  m  («0  •  I  «)  dr  — 

‘L 

a 

—  —{p‘l-\-'J)  u0mJ  —  (p5  -|-  to5)  f  mu  dr, 

r 

■•B 

where  m*  —  the  mass  of  the  blade  up  to  the  vertical  hinge 

a 

J  mdr 
S.B 

With  fulfillment  of  condition  (4.18)  we  hence  obtain  formula: 

f  mudr^-  ,  (4.19) 

J  pl  +  m J 

fB.B 

i.c.,  the  integral  with  respect  to  the  blade  from  function  mu  [where 
u  is  the  solution  of  equation  (4.16)]  is  expressed  in  terms  of  dynamic 
rigidity  of  the  blade  or  which  is  the  same,  in  terms  of  additional 
mass  Am*(p). 

It  is  now  easy  to  obtain  expressions  for  forces  acting  on  the 
hub  from  the  side  of  vibrating  blades.  Let  us  designate  by  Q^and  Kj, 
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respectively,  projections  on  axes  On  and  Or  of  the  force  applied 
fro;.-:  the  side  of  the  k-th  blade  to  the  vertical  hinge  of  the  hub. 
Then : 


(?,=•—  J  mwM dr~  —  f  m(u  —  u?u)dr  — 

—  («o  —  <*5«0  -f  2ow0)  mM; 

* 

Nt—  —  f  mwr dr=  —mM (v0 — —  2ua<t>) -f 

V- 

*  * 

-j-«a*  J  m/"rfr-{-2u>  J  mudr. 


(4.20) 


Substituting  here  expressions  (4.15),  (4.7),  (4.14),  and  con¬ 
sidering  formula  (4.19),  we  will  find: 


{ ((gs  —  <d»)  jr0  -f  2<«/>r0]  sin  f-t  cos  pt  — 
—  [(/»*+ »*)i'o  +  2u.^0]  cos  d*  sin /g}; 


(4.21) 


Ar, — A^0  -}-  f/n,  (/?J  4-  <u5)  x0  —  Amt2pu>i!0  —  4  1  cos  cos  pt  -f- 

L  </>3  +  »*)  J 

*r  [«,  (P1  -{-  <»*)  t/0  -  bmt2p»xa  -  4 pVj,  j  sin  •!»,  sin  pt,  (4.22) 


K 

where  AV-*5  f  mrdr  iS  the  centrifugal  force  of  the  blade  on  the 
vertical  hinge  of  the  hub. 


Designating  by  X  and  Y  forces  applied  to  the  hub  from  the  side 
of  the  vibrating  blades,  we  obtain  formulas: 

f 

x  a  y  ( ~  Q*  s|n  ■?»  +  Nk  COS  i4); 

Y~  2  (Q*  cos  -v,  -f  sin  •»>,) . 

*-i 

Substituting  here  expressions  (4.21)  and  (4.22)  and  considering 
properties  of  the  trigonometric  sums,  which  were  described  in 
No.  2  of  §  1  of  this  chapter  [formula  (1.13)],  we  arrive  at  the 
following  expressions: 
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-A*.^^rt-^±J.4pVj^])co»/rf;  (4  .?>) 

r"{“fA"*.,<^+**),k+2*^+ 

+Y[*^+^fc-A*2^Mi-~^5*-4^#JJ*lnp/.  (4  .?*  ) 

On  the  other  hand,  it  is  possible  to  formulate  equations  of 
motion  of  the  rotor  hub  on  an  elastic  shaft  which  have  the  form: 

*mG-'*1+2*x)+e,y—y, 

where  *»,  is  the  mass  of  the  housing  of  the  hub;  cQ  —  rigidity  of 
the  shaft. 

If  motion  of  the  hub  occurs  according  to  the  law  (4.6),  then 
the  last  equations  will  yield: 

<**•)  COS*; 

If  one  were  to  equate  these  esprecsicn.;  to  (4.23)  and  (^.24), 
then  we  will  obtain  the  system  of  two  linear  homogeneous  equation; 
for  the  determination  of  amplitudes  and  yQ: 

***  +  *m»-0;  \  (;;.r-  ) 

**+**-o.  } 

where 

Equating  the  determinant  of  this  system  to  zero,  we  will  obtain 
the  character  1st Jo  equation  for  the  determination  of  natural  fre¬ 
quencies  p: 
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whence 


=  A’-&=~  0, 


(4.28) 


I  A  B 
I  B  A 

=  -4-  B. 

In  the  case  A  =  -B  [as  can  be  seen  from  (4.25)]  xQ  =  y  This 
corresponds  to  the  rotation  of  the  center  of  the  hub  in  the  direction 
of  rotation  of  the  rotor  [see  formula  (4.6)]. 

In  the  case  A  =  B  there  is  obtained  xQ  =  -yQ,  which  corresponds 
to  the  rotation  of  the  center  of  the  rotor  opposite  the  rotation  of 
the  rotor. 


It  is  possible  to  solve  characteristic  equation  (4.28)  with 
respect  to  value  Ama(p).  Thus  is  obtained  the  following  equation: 


Amt(p) 


+  -Co-  T  2 lu/vn. 


(4.29) 


This  equation  can  be  solved  graphically  by  superimposing  on 
the  curve  of  additional  mass  of  the  blade  A m3~Ama(p)  two  curves, 
which  correspond  to  the  right  side  of  this  expression,  in  which 
there  are  taken  either  the  upper  signs  (minus  sign  in  the  numerator 
and  plus  sign  in  the  denominator)  or  lower  signs.  Let  us  designate 
the  first  of  these  quantities  Am^(p)  and  the  second,  Arn2(p). 


Abscissas  of  points  of  intersection  of  curve  Am^(p)  with  the 
graph  of  additional  mass  Am^p)  of  the  blade  will  give  frequencies 
of  natural  oscillations  of  the  rotor  on  an  elastic  shaft,  which 
correspond  to  such  forms  of  oscillations  at  which  the  center  of  the 
hub  rotates  in  the  direction  of  rotation  of  the  rotor  with  angular 
velocity  p  with  respect  to  the  system  of  coordinates  xOy  connected 
with  the  rotor,  and,  consequently,  with  angular  velocity  p  +  o> 
relative  to  the  fixed  system  of  coordinates  (housing  of  the  heli¬ 
copter)  .  Such  forms  obviously  can  be  excited  only  by  harmonics 
(z  -  l)u>,  (2z  -  l)o>,  etc.  Abscissas  of  points  of  intersection  of 
curves  An2(p)  and  Am^p)  will  give  frequencies  of  natural  oscillations 
of  the  rotor  on  the  elastic  shaft  at  which  the  center  of  the  hub 
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Fig.  2.32.  Determination  of  frequencies 
of  oscillations  of  the  rotor  on  the 
elastic  shaft  by  the  method  of  dynamic 
rigidity. 


rotates  in  a  direction  opposite  the  direction  of  rotation  of  the 
rotor.  Such  forms  of  oscillations  can  be  excited  only  by  harmonics 
(z  +  1)'ju,  (2z  +  1)05,  etc. 

Figure  2.32  gives  graphs  of  curves  Am,(p)  and  Am2(p), 

plotted  for  the  following  initial  data:  Cq  =  500  kG/mm;  ">»t  =  38 
kG-s2/m;  =  15  kG-s2/m;  a)Q  =  190  r/min;  z  =  5.  The  given  graphs 
show  considerable  distinctions  in  frequencies  of  natural  oscillations 
of  the  rotor  on  the  elastic  shaft  from  frequencies  of  natural  oscilla¬ 
tions  of  the  isolated  blade.  Thus,  for  example,  the  frequency  of 
mononodal  tone  cf  natural  oscillations  of  the  isolated  blade  of  this 
rotor  (with  a  fixed  bushing)  corresponds  to  point  H  of  infinite 
discontinuity  of  curve  Ama{p).  With  this  p  =  p-^  =  640  os  c/m 
Figure  2.33  gives  the  form  of  oscillations  of  this  tone. 


Fig.  2.33.  Forms  of 
oscillations  of  the 
blade:  a)  form  of 
oscillations  of  the 
blade  neglecting 
elasticity  of  the  shaft; 
b)  form  of  oscillations 
of  blade  taking  into 
account  elasticity  of 
the  shaft. 
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rote *'  on  fin  eia.'.ti i:  a  P  ,  kn.  i'..;  tni..,  frequency  of 

nal'.un  i  >  i  on.; ,  them  a  re  also  frequencies  of  oseiljat ions 
corrn.;pon  i irifr.  to  point:.;  A,  :•!,  C,  an  i  D  of  tiie  crossing  of  curves 
/mu ^ ( P )  arid  Am^(p)  witii  curve  Airij, ( p ) .  Oscillations  with  forms 
corresponding  to  points  A  and  D  can  be  excited  only  by  harmonics 
(z  -  1  )'x>,  (2z  -  l)o,  etc.,  (in  this  case  4ru  and  etc.).  Oscilla¬ 
tions  corresponding  to  points  C  and  B  can  be  excited  only  by 
harmonics  (x  +  l)u>,  (2z  +  l)o),  etc.,  (in  this  case  6o>,  lloi,  etc.). 


These  resonance  curves  are  plotted  for  a  helicopter  which  in 
the  beginning  had  a  four-blade  rotor,  but  then  because  of  great 
resonance  of  the  blade  with  the  harmonic  Z>'s>  in  the  flapping  plane 
(point  A)  the  hub  had  to  be  altered  and  the  rotor  made  five-bladed. 

Figure  2.33  gives  forms  of  natural  oscillations  of  the  blade 
in  the  plane  of  rotation  taking  into  account  elasticity  of  the  shaft, 
which  correspond  to  points  A  (p|  -  560  csc/min)  and  B  (p^  =  761 
ose/min) . 

In  conclusion  let  us  indicate  that  the  method  given  here  for 
finding  frequencies  of  natural  oscillations  of  the  rotor  in  the  plane 
of  rotation,  taking  into  account  elasticity  of  the  shaft,  is  one  of 
the  most  complex  examples  of  the  application  of  the  method  of  dynamic 
rigidity,  and  therefore  it  was  considered  expedient  to  discuss  it 
here.  Regarding,  however,  the  finding  of  frequencies  of  charac¬ 
teristic  blades  In  the  flapping  plane  taking  into  account  elasticity 
of  the  hub  fastening  and  frequencies  of  osci 1 1  at ions  of  blades  in 
the  plane  of  rotation  taking  into  account  torsional  elasticity  of 
the  system  of  transmission  (which  are  excited  by  harmonics  zo), 

°za>,  3zo),  etc.),  then  these  calculations  arc  considerably  simpler 
end  can  be  completely  carried  out  on  the  basis  of  principles 
expounded  in  §  2. 
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CHAPTER  III 

GROUND  RESONANCE 

It  is  accepted  to  call  ground  resonance  spontaneously  generated 
oscillations  (swaying)  of  the  helicopter  on  land  with  growing  ampli¬ 
tude.  This  phenomenon  began  to  appear  after  the  construction  of  the 
hub  of  the  rotors  of  helicopters  had  a  vertical  hinge  introduced, 
allowing  the  blades  to  sway  in  the  plane  of  rotation  of  the  rotor. 

In  the  history  of  helicopter  cpnstruction  there  has  been  a  great 
deal  of  cases  when  the  helicopter  was  destroyed  from  the  formations  of 
such  type  of  oscillations.  Attempts  to  eliminate  ground  resonance  on 
a  fabricated  helicopter  sometimes  led  to  the  necessity  of  great 
alterations  In  the  construction  of  the  helicopter.  These  circumstances 
forced  engineers  to  work  on  the  creation  of  a  theory  of  ground 
resonance  and  reliable  methods  of  its  calculation,  which  would  allow 
competently  to  select  characteristics  of  elements  of  construction 
determining  the  center  of  gravity  margin  of  the  helicopter  on  land. 

At  present  there  is  theory  of  ground  r  -sonance  which  explains 
all  the  most  Important  features  of  this  phenomenon  and  permits  calcu¬ 
lating  characteristics  of  construction  on  which  ground  resonance 
depends.  This  theory  appeared  as  a  result  of  numerous  theoretical 
and  experimental  investigations  of  ground  resonance,  which  were 
conducted  both  by  us  in  the  Soviet  Union  and  abroad.  According  to  the 
theory  of  ground  resonance  from  Soviet  works  one  should  note  in  the 
first  place  the  works  of  B.  Ya.  Zherebtsov  and  A.  I.  Pozhalostin. 

Investigations  of  ground  resonance  shewed  that  the  physical 
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essence  of  this  phenomenon  consists  in  the  following.  With  natural 
oscillations  of  blades  of  the  rotor  in  the  plane  of  rotation 
(with  reference  to  vertical  (drag)  hinges),  which  can  appear  from  any 
shock  (gust  of  wind,  rough  landing  and  so  forth),  inertial  forces  in 
the  plane  of  rotation  of  the  rotor  appear.  Being  transmitted  to  the 
fuselage  of  the  helicopter,  they  create  its  oscillations  on  the  elastic 
chassis.  Forces  swaying  helicopter  change  with  a  definite  frequency 
dependent  on  the  frequency  of  natural  oscillations  of  the  blade  in 
the  plane  of  rotation  and  angular  velocity  of  the  rotor's  rotation. 

A  helicopter  sways  most  easily  when  the  frequency  of  the  change  in 
exciting  forces  is  close  to  the  frequency  of  natural  oscillations  of 
the  helicopter  on  an  elastic  chassis.  Simultaneously  with  oscillations 
cf  the  helicopter  body  forces  appear  which  sway  the  blade  in  the  plane 
of  rotation.  The  presence  of  such  two-way  connection  between 
oscillations  of  the  helicopter  and  blades  leads  to  the  fact  that  at  a 
certain  angular  velocity  of  the  rotor's  roatation  the  helicopter  can 
become  unstable,  i.e.,  the  oscillations  of  the  helicopter  which  once 
started  (due  to  some  shock)  can  appear  not  attenuated  but  growing. 

The  following  are  the  main  ways  of  combatting  ground  resonance: 

1.  Installation  of  special  dampers  on  vertical  hinges  of  the 
blades  of  the  rotor  which  damp  oscillations  of  blades  in  the  plane 
of  rotation. 

2.  Introduction  of  special  damping  elements  into  the  construction 
of  shock  absoroers  of  the  chassis  or  tne  correct  selection  of  character¬ 
istics  of  hydraulic  drag  of  shock  absorbers  on  the  forward  and  recovery 
stroke,  and  also  characteristics  of  rigidity  of  shock  absorbers  and 
tires . 


The  main  purpose  of  calculation  of  the  helicopter  for  ground 
resonance  is  a  correct  selection  of  characteristics  of  dampers  of 
blades  and  characteristics  of  rigidity  and  damping  of  the  chassis. 

The  theory  of  ground  resonance,  which  will  be  discussed  later  is 
only  for  rotors  with  the  number  of  blades  n  >  3* 


The  theory  of  ground  resonance  of  a  two-blade  rotor  possesses 
a  number  of  peculiarities  and  is  considerably  more  complicated  [36]. 


§  1. 


t 


Stability  of  the  Rotor  on  an  Elastic  Base 


1.  Formulation  of  the  Problem  and  Equations  of  Motion 

All  the  most  important  features  of  ground  resonance  of  a  helicopter 
can  be  obtained  from  consideration  of  the  motion  of  a  certain  idealized 
mechanical  system,  which  we  will  call  the  "rotor  on  an  elastic  base." 
Such  a  system  is  depicted  schematically  on  Fig.  3.1.  The  shaft  of 
the  rotor  with  heavy  and  absolutely  rigid  blades  3,  joined  with  the 
rotor  hub  by  means  of  vertical  hinges  4,  rotates  in  supports  rigidly 
Joined  with  a  certain  heavy  housing  (body)  1,  which  is  elastically 
fastened  to  the  fixed  base  2  and  has  only  one  degree  of  freedom  — 
forward  displacement  along  axis  Ox  parallel  to  the  plane  of  rotation 
of  the  rotor.  With  displacement  of  body  1  along  axis  Ox  there  appears 
an  elastic  restoring  force  from  spring  c  and  damping  force  from  damper 
p.  We  will  consider  the  elastic  and  damping  characteristics  of  the 
base  linear,  i.e.,  we  will  assume  that  force  X,  acting  on  oody  1  with 
its  displacement  x(t),  is  expressed  by  the  formula: 

X=-cx-Kdfr  (1.1) 

where  c  is  the  stiffness  coefficient  of  the  spring;  k  -  damping  factor. 


Fig.  3.1.  Diagram  of  a  rotor 
on  an  elastic  support:  1  - 
body;  2  -  base;  3  -  blade; 

4  -  hinge . 


We  will  call  quantities  c  and  K  coefficients  of  rigidity  and 
damping  of  the  elastic  support.  If  mQ  is  the  mass  of  body  1,  and  Px 
is  the  projection  on  axis  Ox  of  a  force  acting  on  the  body  from  the 

rotor,  then  the  equation  of  motion  of  the  body  can  be  recorded  in  the 
form: 
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(1.2) 


KtffX  -f  KX  •  CX  --  Pr 

Here  and  subsequently  the  dots  denote  differentiation  with  respect 
to  time. 

We  will  consider  further  that  the  rotor  revolves  evenly  at  angular 
velocity  u>  in  a  vacuum,  i.e.,  we  will  not  take  into  account  aerodynamic 
forces.  The  theory  of  ground  resonance,  not  considering  aerodynamic 
forces,  will  quite  well  agree  with  the  experiment.  Thus  only 
inertial  forces  appearing  during  vibrations  of  blades  in  the  plane  of 
rotation  are  taken  into  account. 

To  formulate  equations  of  motion  of  the  blade  let  us  turn  to 
Figs.  3-1  and  3*2. 

Let  us  select  a  fixed  rectangular  system  of  coordinates  Oxyz.  We 
will  direct  axis  Oy  along  the  axis  of  the  rotor  shaft  with  the  position 
of  the  body  1  corresponding  to  the  static  equilibrium.  The  direction 
of  axis  Ox  will  be  selected  so  that  the  uniquely  virtual  displacement 
of  the  body  is  directed  along  axis  Ox. 


Fig.  3.2.  Derivation  of 
equations  of  motion. 


Let  us  assume  that  as  before  x  is  the  displacement  of  the  axis  of 
the  rotor  shaft  together  with  the  body  along  axis  Ox  (Fig.  3*2).  Let 
u  assume  that  further  ^  is  the  azimuthal  angle  of  the  k-th  blade 
of  'he  rotor  reckoned  from  the  positive  direction  of  axis  Ox. 


An>r  I 

t'i'Hnu  1  a : 


tj<k  of  different  blade.;  of  the  rotor  are  determined  by  the 


t.  2*  *  ■  -  x 

r»  **  T - *, 

* 

where  n  is  the  number  of  blades  of  the  rotor;  k  -  1,  2,  ...»  n.  ( 

Let  us  designate  by  l  the  distance  AB  (Pig.  3.2)  from  the  axis 

B«ni 

of  rotation  A  up  to  the  axis  of  the  drag  hinge  B  and  by  the  angle 
of  deviation  of  the  k-th  blade  with  a  turn  of  it  relative  to  the  drag 
hinge,  considering  ?k  positive  with  deflection  of  the  blade  in  direction 
of  rotation  of  the  rotor. 

Then  coordinates  xk  and  zk  of  the  element  of  the  k-th  blade  with 
mass  dm,  which  is  at  distance  p  from  the  axis  of  the  drag  hinge,  will 
be  expressed  by  the  following  formulas: 

co#(fr  4-U:  1  ( 1 1  u ) 

Differentiating  these  expressions  twice  with  respect  to  time,  we 
will  oDtain  formula  for  determining  components  of  acceleration  of  the 
element  of  the  blade: 

+‘W,ita(^+ W +U«»(^+g.> 

With  the  formulation  -'f  “quations  of  small  oscillations  of  the 
blade  relative  to  the  drag  hinge  it  follows,  as  usual,  to  be  limited 
by  smalls  of  the  first  order.  Therefore,  it  is  possible  to  consider 

Thus  with  an  accuracy  of  smalls  of  the  second  order,  formulas  for 
accelerations  2k  and  can  be  written  in  the  form: 

i*— i— +  +  g  +  WBdnfo+V;  |  (1.5) 

f 
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rtith  motion  of  the  system  in  vacuum  tne 
instant  t  are  loaded  only  by  inertial  forces, 
forces,  which  act  on  the  element  of  the  blade, 
f  ormulas : 


rotor  blades  at  each 
Elementary  inertial 
are  expressed  by 


dXk=-dmjck:\  (1.6) 

dZk  —  —  dmkzk.  ' 


Let  us  assume  that  in  drag  hinges  of  the  rotor  hub  there  are 
linear  elastic  and  damping  devices,  which  wit n  rotation  of  the  blade 
relative  to  the  drag  hinge  load  by  its  moment 


.11-  -cMtk-Kjk,  (1.7) 

directed  to  the  side  opposite  the  positive  direction  We  will  call 

and  ,  respectively,  coefficients  of  elasticity  and  damping  of  the 
blade . 


At  every  instant  the  moment  from  forces  of  inertia  applied  to  the 
blade  relative  to  the  drag  hinge  should  be  balanced  by  moment  M. 
Therefore,  it  is  possible  to  write: 

j  tac  sis  (7*  ~  **)  »*P  cos  (y*  •;  •  ;*)!  dm  ■=  ck.k  -f*  Kk\k , 

where  integration  is  conducted  alone  the  length  of  the  blade-  l. 

From  the  last  expression  and  formulas  (1.5),  after  simple  trans¬ 
formations,  the  equation  of  motion  of  the  k-th  blade  is  obtained. 

Since  we  are  interested  in  equations  of  small  oscillations  of  the 
blade,  we  can  be  limited  to  only  terms  of  the  first  order  of  smallness 
with  respect  to  quantities  x,  x,  and  6^,  rejecting  terms  containing 
squares  and  products  of  these  quantities.  Then  it  is  possible  to 
assume : 

cosE,=sl; 

sin 

sin  (*,  -j-  lk)  as  sin  %  -f  lk  cos 
cos  ft*  -f  *>»)  =  cos  -  lk  sin  </k. 


After  3uch  simplifications  the  equation  of  snail  oscillations  of 
the  k-th  blade  will  take  the  following  form: 


xsiofc. 


(1.9) 


Here  the  following  designations  are  used: 
MammSi —  relative  damping  factor  of  the  blade; 


frequency 


of  natural  oscillations  of  irrotational  blade  (at  w  ■  0)  relative  to 
the  drag  hinge;  vQ  -  dimensionless  parameter  of  the  blade  determined 
by  formula 


(1.9) 


where  S^—jQdm  I3  the  static  moment  of  the  blade  relative  to  the  drag 
hinge;  Is  the  moment  of  inertia  of  the  blade  relative  to  the 

drag  hinge. 

The  right-hand  side  of  equation  (1.8)  constitutes  the  moment  from 
inertial  forces  acting  on  the  blade  from  displacement  of  the  rotor 
shaft  (x).  With  a  fixed  shaft,  when  if  •  0,  equation  (1.8)  describes 
the  natural  oscillations  of  the  blade  of  an  evenly  rotating  rotor  in 
the  plane  of  rotation. 


The  general  solution  of  equation  (1.8)  without  the  right  side 
has  the  form: 

.  W-^.***' «»(*/****»>• 


where  and  ♦«,  are  arbitrary  constants,  and  quantity  p  is  determined 
“0  *  * 

by  formula 

and  constitutes  the  angular  frequency  of  natu-al  oscillations  of  the 
blade  in  the  plane  of  rotation. 
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|  further-  it  is  necessary  tc  determine  force  Px  acting  on  the  body 

I  from  the  side  of  t he  rotor.  Force  1  constitutes  resultant  forces 

I  (  -  • 

|  of  inertia  of  vibrating  blades  of  the  rotor,  on  the  basis  of  the  well- 

|  known  theorem  of  the  motion  of  the  center  of  mass  (center  of.  gravity) 

1  of  a  mechanical  system  can  be  determined  as  the  product  of  the  mass 

<,f  the  system  of  blades  by  the  component  of  acceleration  of  the  common 

center  of  gravity  of  the  system  of  the  blades  along  axis  ox. 

Let  us  formulate  formulas  for  the  determination  of  coordinates 
of  the  common  center  of  gravity  of  the  system  of  blades. 


> 

I 

I 


Let  us  assume  that  x.  and  zR  are  coordinates  of  the  center  of 

c  c 

gravity  of  the  k-th  blade.  Then  coordinates  x  and  zc  of  the  center 
of  gravity  of  the  system  of  blades  can  be  calculated  with  the  help 
of  expressions: 


i«i 


(1.10) 


Let  us  assume  that  further  pQ  is  the  distance  of  the  center  of 
gravity  of  the  blade  from  the  axis  of  the  drag  hinge.  Then,  in 
accordance  with  formulas  (1.^0  >  coordinates  x,-  and  zc  can  be  thu3 
determined : 


X»t  xSS*-W».« cos -|-e* cos  (fe+Sj); 
ztf  lu.m  sin  '\k  -f  e,  sin  ft* -f *»)• 


Substituting  these  expressions  (1.10)  ar.d  considering  that  at 
n  >  3  [see  Chapter  II,  53,  No.  ?,  formulas  (1.13)3 

5 


»-* 

) 
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(1.11) 


we  will  obtain  the  following  simple  expressions  for  coordinates  of 
the  common  center  of  gravity  of  the  system  of  blades: 


xcam  --k 

»-t 

V^cos** 

*-» 


(1.12) 


Force  Px,  acting  on  the  elastic  support,  can  be  determined  by 
formula 


Pj,—  —nm^,. 


Differentiating  the  first  of  expressions  (1.12)  twice,  we  will 
obtain: 


Pjt—  v  [(\k  - sin ^4-2.4*  cos *,]. 


»-i 


Substituting  this  expression  into  equation  (1.2),  we  will  finally 
obtain  the  following  equation  of  motion  of  the  body: 

(*o  J  /tm,)  jc  +  k’x  1-  cx = S,  „  V  [(*,  -  *?■„)  sin  y,  -f  2*\k  cos  •>*] . 

»-i 


It  is  convenient  to  write  this  equation  in  the  form: 

4 

i+2vc+/£c- -  *5-  2  (&“  sin'V-  cos  *,] , 


where  quantity 


(1.13) 


constitutes  the  general  mass  of  the  system,  Mq  is  the  relative  damping 
factor  of  the  elastic  support  determined  by  formula 


*o- 


* 


2M ' 


(1.1*0 
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and  quantity  constitutes  the  angular  frequency  of  natural  oscilla¬ 
tions  of  a  rigid  rotor  (without  drag  hinges)  on  the  elastic  support 
and  is  determined  by  the  formula 


(1.15) 


Let  us  copy  now  together  equations  of  motion  of  the  rotor  on  an 
clastic  support,  which  consist  of  equations  of  motion  of  blades  (1.8) 
and  equations  of  motion  of  the  housing  of  the  base: 


*0 


xsln-i. 


•*  +  2  *o*T/£*: 


M 


■  ( ('*  -  *&»)  sln^-f  2«£,  cos  o*] , 


t-i 


where  k  = 


n . 


(1.16) 


Thus  equations  of  small  oscillations  of  the  rotor  on  an  elastic 
support  constitute  a  uniform  system  (n  +  1)  linear  differential 
equations  with  periodic  coefficients  for  determination  (n  +  1)  of 
unknown  functions  x(t),  ( t )  (where  k  =  1,  2,  ...  n). 

2.  Analysis  of  Stability  and  Basic  Results 

Investigations  conducted  Coleman  [35]  ar.d  B.  Ya.  Zherebtsov 
showed  that  for  a  rotor  with  the  number  of  blades  n  a  3  this  system 
of  equations  can  be  reduced  to  a  system  of  linear  equations  with 
constant  coefficients,  if  Instead  of  £.  (t)  there  are  introduced  new 
variables  x^( t)  and  zc(t),  which  are  coordinates  of  the  center  of 
gravity  of  the  system  of  blades.  In  the  case  of  a  two-blade  rotor 
equations  (1.16)  cannot  be  reduced  to  equations  with  constant 
coefficient  s,  The  analysis  of  the  stability  cf  motion  of  a  two-blade 
rotor  oti  an  clastic  support  is  very  complicated.  An  account  of  It  can 
bo  found  in  work  [36].  B.  Ya.  Zherebtsov  also  investigated  the  case 
of  a  two-blade  rotor  on  an  isotropic  elastic  support  when  the  housing 
of  base  has  two  degrees  of  freedom  -  In  the  direction  of  axes  Ox  and 
Ox  (see  Pig.  3*2),  -  and  rigidity  of  the  base  in  both  these  directions 
is  identical.  In  this  exceptional  case  the  problem  is  also  easily 
reduced  to  a  system  of  equations  with  constant  coefficients. 


Here  there  will  be  examined  the  analysis  of  the  stability  of 
the  rotor  with  the  number  of  blades  n  k.  3  having  the  greatest  practical 

importance. 

In  order  to  obtain  equations  of  motion  with  constant  coefficients, 
let  us  transform  equations  (1.16)  to  new  variables  x(t),  n(t),  c(t) 
cor.i  )cted  with  the  former  formulas: 


*1“  2  s|”  4**: 


C=  v  5* cos 

»-i 


(1.17) 


New  quantities  n  and  c,  as  one  can  see  from  formulas  (1.12),  with 
an  accuracy  of  the  constant  factor  Pc/n  are  equal  to  coordinates  of 
the  center  of  gravity  of  the  system  of  blades  in  the  moving  coordinate 
system  x'Az',  the  axes  of  which  are  parallel  to  axes  Ox  and  Oz  of 
the  fixed  system,  and  the  origin  of  the  coordinates  A  coincides  with 
the  center  of  the  rotor  (see  Fig.  3-2)* 


To  formulate  equations  of  motion  in  new  variables  we  will  multiply 
all  equations  of  motion  of  blades  (the  first  of  equations  (1.16)  first 
by  coo  i i>k  and  add  their  left  and  right  sides  from  k  =  1  to  <  -  n  and 
then  by  sin  4»k  and  also  add.  With  this  let  us  note  that  for  a  rotor 
with  the  number  of  blades  n  i  3  in  virture  of  formulas  (1.13)  of 
Chapter  II: 


2  sfmkcosV— 0; 

*-« 


(1.18) 


Furthermore , 


2  l»sln^=Tj— 

t-t 
*  . 

2  ^cos^C-r-n; 

2  V*sln^«»|—  2"Z  —  "Arj; 

»- 1 

V  COS  'Jt  —  t  -J-  2 ".71  - 
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(1.16) 


The  last  formulas  are  obtained  by  means  of  consecutive  differen¬ 
tial  expressions  (1.17). 

As  a  result  we  will  obtain  the  following  system  of  equations: 


ti-{-  2nj\-  (uA(l  - . v*)-  p\ Jn  —  2<j.-2ny,— 

—  JL .  €isi=0- 

c  +  2*;c  -  K  ( 1  -  vp  -  /*y  c + 2.U  n  h-2^n=o. 


Thus  there  is  obtained  a  uniform  system  of  three  linear  differen¬ 
tial  second  order  equations  with  constant  coefficients  relative  to 
the  three  unknown  functions  x(t),  n(t)  and  c(t). 


How  the  analysis  of  stability  of  the  system  can  be  conducted  by 
the  usual  means. 


Let  us  assume  that: 


x=>xQek,\ 

>1=1/': 


where  xQ,  n0  and  are  certain  constants. 

Substituting  these  expressions  into  equations  (1.20),  we  will 
obtain  a  system  of  three  algebraic  linear  homogeneous  equations  for 
the  determination  of  quantities  Xq ,  Hq  and  Cq*  Equating  to  zero  the 
determinant  of  this  system,  we  will  obtain  the  characteristic  equation 
for  determination  of  X.  Developing  this  equation  in  powers  of  X,  we 
will  obtain: 


X*  +  al*  4-  bk*  -r  ck’  ^ek+f^-0. 


(1.21) 


Here  and  further  the  following  designations  are  introduced: 


/v  / 
^  fj 


Dimensionless  coefficient  e  is  determined  by  formula: 


i 


2  / U|M 


(1.26) 


It  is  easy  to  clarify  the  mechanical  meaning  of  this  important 
coefficient.  Quantities  S  and  I  can  be  written  in  the  form: 

13  •  Ui  B  »  III 
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r f — 

whence  c,=J/  ~  is  the  radius  of  gyration  of  the  blade  relative  to 

the  drag  hinge.  Therefore,  expression  (1.26)  can  be  copied  in  the 
form : 


J_  nma  /  Cr  \* 
2  m0  +  nm4  V  #/  /  ' 


(1.27) 


Quantity  oc/pj  depends  on  the  law  of  distribution  of  mass  along 
the  length  of  the  blade  and  lies  for  different  blades  in  the  narrow 
limits  :  p(j/p1  £  0.8-0. 9. 

Therefore,  it  is  possible  to  consider  approximately  that  quantity 
c  is  proportional  to  the  ratio  of  general  mass  of  the  blades  to  the 
mass  of  the  whole  system  (mass  of  the  body  of  the  elastic  support  +  mass 
of  the  blades)  and  can  be  called  the  relative  mass  of  the  rotor. 


A  detailed  analysis  of  the  characteristic  equation  shows  that  in 
the  system  only  oscillatory  instability  is  possible,  and  aperiodic 
instability  is  impossible  [35].  Borders  of  /.ones  of  oscillatory 
instability  (corresponding  values  of  w)  can  be  found  by  the  following 
method:  on  the  border  of  the  zone  of  instability  there  takes  place 
purely  harmonic  (not  attenuating  and  not  growing)  oscillations  which 
corresponds  purely  to  an  imaginary  value  of  one  of  the  roots  of  the 


5o;> 


characteristic  equation  (1.21).  Assuming  in  this  equation  A  =  ip 
(where  p  is  the  real  value)  and  equating  to  zero  the  real  and  imaginary 
parts,  we  obtain  the  following  equations: 


ap*-cp*-'ve= 0;  V 
p*-b~p*-{-dp'-f=Q.  J 


Since  coefficients  a,  b,  c,  d,  e,  and  f  are  well-known  functions 
of  u  [see  formulas  (1.23)  and  (1.2*0],  then  equation  (1.23)  can  be 
examined  as  a  system  of  two  equations  with  two  unknowns  p  and  <o. 

Values  oo  and  p,  being  the  solution  of  system  (1.28),  constitute  the 
dimensionless  angular  velocity  <o  of  rotation  of  the  rotor,  with  which 
harmonic  oscillations  of  the  system  are  possible,  and  a  corresponding 
dimensionless  angular  frequency  p  of  the  oscillations. 

It  is  possible  to  solve  system  (1.28)  using  the  fact  that  the 
first  of  equations  (1.28)  Is  biquadratic  with  respect  to  p.  Prescribing 
different  values  of  <o,  it  Is  possible  from  this  equation  to  determine 
p,  after  which  we  can  compute  the  value  of  certain  quantity  D(<o)  equal 
to  the  left  part  of  the  second  of  equations  (1.28)  with  this  value  of 
P: 

D  —  bp*  dp* — f .  (1.29) 

According  to  the  results  of  such  a  calculation  it  is  possible  to 
construct  a  curve  of  the  dependence  of  D  on  to.  Values  to  at  which  D 
turns  Into  zero  will  be  borders  of  the  zone  of  instability.  It  is 
possible  to  show  that  values  to  at  which  D  >  0  correspond  to  the  stable- 
motion  of  the  system  and  values  to  at  which  D  <  0  to  unstable  motion. 

Calculation  of  zones  of  instability  is  very  laborious,  and  it 
can  be  practically  carried  out  only  on  digital  computers.  Figures 
3.3-3*12  shows  certain  results  of  such  calculations  carried  out  on 
the  digital  computer  "Strela"  by  engineer  V.  G.  Pushkin.  The  graphs 
on  these  figures  permit  determining  the  stability  limits  and  damping 
margins . 
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Stability  of  the 
five  parameters:  vQ , 


system  is  determined  in  general  by  the  following 
e,  pjj  ,  nQ,  Hjj  .  The  graphs  are  plotted  for  the 


two  most  frequently  encountered  values  Vq  =  0.25  and  Vq  s  0.3*  The 
value  p  =0,  i.e.,  there  is  examined  a  rotor  on  whose  drag  hinges 

are  only  dampers.  The  elastic  elements  are  absent,  and  the  influence 

of  elastic  elements  will  be  clarified  below.  For  each  of  values  vQ 

there  yields  a  series  of  graphs  corresponding  to  different  values  e. 

Plotted  along  the  axis  of  the  abscissas  on  each  graph  are  values  of 

the  dimensionless  angular  velocity  w,  which  corresponds  to  limits  of 

the  zone  of  instability,  and  plotted  along  the  axis  of  the  ordinates 

is  the  dimensionless  coefficient  n  of  damping  of  the  blade  with 

JI 

which  the  given  zone  of  instability  is  obtained.  The  graphs  are 
plotted  for  different  values  nQ  of  the  dimensionless  damping  factor 
of  the  elastic  support. 


As  can  be  seen  from  these  graphs,  the  zone  width  of  instability 

essentially  depends  on  damping  factors  n^  and  nQ.  With  an  increase  in 

'’amping  n  (at  fixed  nQ)  the  zone  of  instability  narrows,  and  at  a 

certain  critical  value  n*  the  zone  contracts  into  a  point.  At  value 

JI  _ 

n  >  n*  the  zone  of  instability  is  absent  at  all  values  w.  Thus, 

for  example,  at  e  ■  0.02,  and  vQ  =  0.25  (see  Fig.  3-3),  if  nQ  =  0.06 

the  zone  of  Instability  contracts  into  a  point  at  n^  =  0.128,  and  at 

n  >  0.128  the  systems  is  stable  at  any  w  (in  this  case  n*  *  0.128). 

Ji  •  x 


Fig .  3-3*  Graphs  for 
determining  limits  of 


instability  (e  =  0.02; 
vQ  *  0.25). 


Kir..  3-8.  Graphs  for  deteriminp  limit 
instability  (e  =  0.02;  v~  =  0.30). 
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Fig .  3-12.  Graphs  for  determining  limits  of 
instability  (e  =  0.10;  =  0  30). 

It  is  convenient  to  call  the  ratio  t =  the  damping  margin  in 

nA 

the  case  when  it  is  larger  than  unity. 

The  value  ai  at  which  the  zone  of  instability  is  contracted  into 
a  point  is  called  critical  and  can  be  calculated  by  the  approximate 
formula: 


Below  we  will  give  a  physically  graphic  explanation  of  this  formula. 

It  is  necessary  to  note  that  an  increase  in  value  n  does  not 

Ji 

always  lead  to  an  Improvement  in  stability.  At  small  values  nQ  (this 

'■an  be  traced  on  the  graphs)  an  increase  in  n  can  lead  even  to  a 

ji 

small  movement  In  the  lower  limit  of  the  zone  of  instability  in  the 
direction  of  smaller  values  of  u.  This  can  Lead  to  the  appearance  of 
instability  at  values  w  for  which  at  smaller  n^  the  motion  v/as  stable. 

An  increase  in  damping  n~  of  the  elastic  support  at  mean  values 
of  n„  also  leads  to  an  improvement  in  stability;  however,  at  minute 

592 


values  of  an  increase  in  can  lead  to  a  emplacement  of  the 
upper  limit  of  the  zone  of  instability  to  the  right  and,  thereby, 
to  an  expansion  of  the  zone  of  instability. 

An  analysis  of  graphs  permits  making  the  following  important 
conclusion:  in  those  cases  when  ouantities  r.^  and  nA  are  of  one 
order  and  are  distinguished  to  a  certain  side  by  not  more  than  2-3 
times,  any  increase  in  damping  or  n^  leads  only  to  an  increase  in 

stability.  At  such  values  of  n  and  n^  the'  greatest  necessary  damping 
is  obtained  approximately  at 


*P 


For  this  case  very  important  for  practice  the  simple  approximate 
formula  of  B.  'fa.  Zherebtsov,1  which  shows  that  the  damping  margin  is 
proportional  to  the  product  of  quantities  n  and  nn  can  be  obtained. 
This  formula  gives  the  value  of  the  product  r^r.Q  at  which  the  zone  of 
Instability  is  contracted  into  the  point: 


(1.30) 


This  approximate  formula  is  true  only  when  p  =0;  its 

*0 

correctness  can  be  traced  by  the  graphs.  I:.  the  case  when  p  £  0 

^0 

it  is  possible  to  use  another  approximate  formula: 


--  i(l~v0)  . 


(1.3D 


where  the  dimensionless  quantity  A  is  determined  by  formula 


1+Vo 


(1.32) 


Figure'  3.13  shows  the  dependence  of  A  on  p  at  vn  ■  0.25.  From 

J!  0  u 

I  Me  graph  11,  is  clear  that  the  required  damping  can  be  considerably 
decreased  by  the  introduction  of  an  elastic  element  in  the  drag  hinge 
o‘'  the  hub.  An  improvement  in  stability-  of  tne  system  with  an  increase 


Pig.  3.13.  Effect  of  elasticity 
in  the  drag  hinge  on  required 
damping. 


in  p  'Is  illustrated  also  by  a  series  of  graons  on  Pig.  3*1*1. 

However,  with  the  introduction  of  an  elastic  element  into  the 

construction  of  the  drag  hinge  or  the  introduction  of  so-called  elastic 

Interblade  connections,  it  is  necessary  to  remember  that  the  bending 

moment,  acting  on  the  shank  part  of  the  blade  in  flight,  is  conditioned 

both  by  a  damper  and  elastic  element  on  the  drag  hinge.  Therefore, 

with  an  increase  in  rigidity  of  the  elastic  element  (with  an  increase 

in  p_  )  simultaneously  with  a  decrease  in  the  necessary  damping  moment 
"0 

there  will  be  increased  the  moment  acting  on  the  blade  from  the  side 
of  the  elastic  element  (or  interblade  connection).  The  optimum  value 
p  should  be  considered  such  that  with  the  bending  moment,  acting 

on  the  blades  in  flight,  will  be  least  at  the  constant  damping  margin 
with  respect  to  ground  resonance.  This  optimum  value  p  depends  on 


Fig.  3.1*1.  Graphs  illus¬ 
trating  the  effect  of 
elasticity  in  a  drag  hinge 

( e  =  0 .0*1 ;  Vq  =  0 . 366) . 


n0  and  should  be  specially  selected  for  each  helicopter.  For  a  more 
detailed  description  of  this  see  §  6. 

3.  Physical  Pattern  of  Behavior  of  the  Rotor 
with  Ground  Resonance 

For  a  clarification  of  the  physical  pattern  of  the  behavior  of 
the  rotor  with  ground  resonance  let  us  examine  the  following  problem. 

Let  us  assume  that  the  body  of  the  elastic  support  (Fig.  3.1) 
accomplishes  harmonic  oscillations  with  respect  to  the  assigned  law: 

x=x9sinpt,  (1.33) 

where  xQ  and  p  are  the  amplitude  and  frequency  of  oscillations  of  the 
body . 


We  will  examine  forced  oscillations  of  blades  with  such  motion 
of  the  body.  Equation  (1.8)  of  the  motion  of  the  k-th  rotor  blade 
here  will  take  the  following  form: 

- - pltosinp/sirujy  (1.3^) 

A. 

Considering  that  —k  (*  =  1,2 . n)  and  presenting  the  right- 

H 

hand  side  of  this  equation  in  the  form  of  two  harmonics,  it  is  possible 
to  write  the  equation  in  the  form: 


5.+2  «;Vr(/>VWV~ 

—  —  p**0  {cos  [^-/>)'  1 *]-  COS  [(,  ;  P)t  +  Y  *  jj . 


n.ih) 


This.  is  the  conventional  equation  of  in rood  o::cl  I  iahlons  of  the 
system  with  one  degree  of  freedom. 


The  right-hand 
force  which,  in  thin 

a  load  cnanglr..'  with 


side  of 
case , 

re::  pec 


equation 

consists 


( 1 • 35) 

of  two 

simple 


jon.tltutos  an  exciting 
arts.  Each  part  constitutes 


.  a  fr  ecu  err::. 


trie 


rmor.  ..s 


respectively  equal  to  (ui  -  p)  or  (to  +  p).  I r.  virture  of  the  linearity 
of  equation  (1.35)  oscillations  of  the  blade  from  each  of  these 
loads  can  be  examined  independently.  Forced  (stabilized)  oscillations 
of  the  blade  will  occur  according  to  the  law: 

?*(/)  COS  ((<»  +  />)  *  -f  ri]-f  W  cos  ((“  T  P)t  +  ?il>  (1.36) 

where  {lt  <plt  ^  are  certain  constants  which  can  easily  be  determined 
from  equation  (1.35). 

Thus  with  oscillations  of  the  body  of  the  elastic  support 
according  to  the  simple  harmonic  law  with  frequency  p  of  the  rotor 
blade,  forced  oscillations  with  two  combination  frequencies  (w  +  p) 
and  (w  -  p)  dependent  on  the  angular  velocity  uj  of  rotation  of  the 
rotor  will  be  accomplished. 

The  most  intense  oscillations  of  the  blades  will  be  obtained 
with  resonance  when  one  of  the  frequencies  of  excitation  (p  +  w) 
or  (p  -  w)  will  be  close  to  the  frequency  of  natural  oscillations 
of  the  blade 

Let  us  examine  first  the  case  of  resonance  when 


(1.37) 

In  this  case  the  quantity  in  expression  (1.36)  will  be 
considerably  larger  than  quantity  and  therefore  the  second  term  in 
formula  (1.16)  can  be  disregarded.  With  such  simplification  and 
under  condition  (t.37),  the  law  of  motion  of  the  blade  will  have  the 
form: 


where 


U-Ib .In  [(/»-• 


11  I** 


(1.3*1) 


(1.39) 


Let  us  calculate  further  the  force  P  acting  on  the  body  of  the 

A 

elastic  support  from  the  inertia  of  thus  vibrating  rotor  blades.  For 
this  we  will  find  the  motion  of  the  center  of  gravity  of  the  system 
ot'  blades  by  the  formulas  (1.12).  Substituting  into  these  formulas 
the  expression  (1.38)  for  and  considering  that 


a 


and 


a 


after  simple  transformations  we  will  obtain  the  following  law  of  motion 
of  the  center  of  gravity  of  the  system  of  blades: 


cos  p/; 
**=  Y*oSin/?h 


(1.1*0) 


If  one  were  to  consider  that  coordinates  of  the  center  of  gravity 
in  the  coordinate  system  x'Az*  connected  with  the  body  are  expressed 
by  formulas  =  xc  -  x  and  z'c  =  zc,  then  the  center  of  gravity  of  the 
system  of  blades  in  this  system  of  coordinates  moves  according  to  the 
1  aw : 


(1.41) 


Thus,  with  resonance,  when  equality  (1.J7)  is  fulfilled,  the 
center  of  gravity  of  the  system  of  blades  describes  in  the  system  of 
coordinates  connected  with  the  body  a  circle  with  a  radius  ^tOcCq» 
Here  the  angular  velocity  of  its  rotation  aoaut  this  i3  equal  to 
frequency  p  of  the  assigned  oscillations  of  the  body. 


We  will  determine  now 


rm 


force  r  f ,  actir.t  on  the  bod./, 
*  re  f  ivwir.g  expression  w!  .  i 


from  the 
obtained: 


PJ'~+nmjP\x9+&*>y<*pt- 

Substituting  here  the  expression  for  f;Q  from  (1.39),  we  will 
obtain: 

(1. 42) 

Thus  with  oscillations  of  the  body  according  to  the  harmonic 
law  (1.33)  and  under  the  condition  of  resonance  of  the  blade  (1.37), 
the  force  acting  on  the  body  from  the  side  of  vibrating  blades  is 
changed  with  time  also  according  to  the  harmonic  law  with  the  same 
frequency  p,  with  the  phase  of  oscillations  m/2  (with  respect  to 
oscillations  of  the  body),  and  is  proportional  to  the  amplitude  Xq 
of  oscillations  of  the  body. 

Expression  (1.42)  can  also  be  .presented  in  the  form: 

P, - * .  -^r—  x,a*pl. 

If  one  were  to  formulate  the  equation  of  oscillations  of  the 
body  (1.2)  under  the  action  of  force  Px  assigned  by  such  an  expression, 
then  the  following  will  be  obtained: 


«#» 
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Using  the  designations  already  accepteo  by  un  earlier,  this 
equation  can  be  written  in  the  form: 


i+2rt^r+4x- 


«*+■*# 


Jt*CD»  ft. 


(1.43) 


If  there  can  be  found  parameters  of  system  at  which  the  law  of 
motion  of  the  body  (1.33)  satisfies  this  equation,  then  this  means 
that  with  such  parameters  of  the  system  a  purely  harmonic  motion 
(sustained  oscillations)  with  frequency  p  Is  possible.  Substituting 


expression  (1.33)  into  equation  (1.43),  it  is  easy  to  see  that  this 
is  obtained  with  the  fulfillment  of  the  following  two  conditions: 


P-P» 


¥. 


(1.44) 


Furthermore,  it  is  necessary  to  remember  that  equation  (1.43) 
was  obtained  under  the  condition  of  resonance  of  the  blade,  i.e., 
under  condition  (1.37),  which,  considering  that  Pq  “  p,  can  be  written 
in  the  form: 


g>TFP-lA-4  (1.15) 


From  this  equation  one  can  determine  the  value  of  the  critical 
angular  velocltv  w  of  rotation  of  the  rotor  at  which  sustained 

Hp 

oscillations  In  the  system  are  possible. 

i 

Formula  (1.44)  gives  the  value  of  the  product  n^n^,  at  which 
sustained  oscillations  are  possible,  and,  as  we  will  now  see,  from 
this  formula  and  condition  (1.45)  there  is  obtained  approximate 
formula  (1.31). 

Thus  sustained  oscillations  are  possible  only  at  such  value  of 
ut  when  two  resonances  simultaneously  take  place:  resonance  of  the 
blade  [condition  (1.45)]  and  resonance  of  the  elastic  support  p  »  p^. 
At  such  value  of  u  and  with  fulfillment  of  condition  (1.44),  natural 
oscillation  of  the  rotor  on  the  elastic  support  can  be  sustained  by 
a  variable  excitin':  force  appearing  from  vibrating  blades,  which 
her**  are  in  a  state  of  resonance. 


In  examining  equation  (1.3^),  we  .aw  tn  t  resonance  of  blade  in 
possible  in  two  cases,  namely:  when  one  of  the  combination  frequencies 
(p  ♦  w)  or  (p-  w)  coincides  with  the  natural  frequency  of  oscillations 
of  the  blade,  i.e.. 


and 


Of  these  two  cases  we  examined  only  the  first.  In  the  second 
case  all  the  derived  formulas  will  be  obtainec  by  the  same  means,  but 
In  all  expressions  instead  of  quantity  w  there  will  be  quantity  -w, 
including  in  formulas  (1.4*0.  From  this  formula  it  is  clear  that  at 
Pjj  =»  |p  +  to j  sustained  oscillations  are  possible  only  under  the 
condition  no^*jr  <  this  case  one  of  the  quantities  nQ  or  n 

should  be  negative.  This  means  that  ground  resonance  is  possible 
only  when  p  =  |  p  -  to  |  and  is  Impossible  when  p  =  |  p  +  to  |  . 

Let  us  consider  further  the  resonance  diagram  (Fig.  3*15).  On 

this  figure  there  is  depicted  the  curve  of  the  dependence  of  frequency 

of  natural  oscillations  of  the  blade  p^  on  angular  velocity  to,  and 

straight  lines  p  =  pQ  +  to  and  p  =  |pQ  -  to |  are  plotted.  The  diagram 

is  depicted  for  the  case  when  p  <  p n. 

a  0  u 

As  can  be  seen  from  the  diagram,  there  are  two  values  of  w  at 
which  the  condition  p^  *=  |  pQ  -  to  |  corresponding  to  points  A  and  B 
is  fulfilled.  For  point  A  conditon  p^  =  pQ  -  w  takes  place  and  for 
point  B,  condition  p^  =  u  -  pQ . 


Thus  in  the  first  case  to  <  pQ,  and  in  the  second  to  >  pQ.  Turning 
to  the  second  of  conditions  (1.44),  we  see  that  it  can  be  satisfied 
(with  positive  values  of  nQ  and  n^  )  only  if  u  >  pQ.  Consequently, 
from  the  two  possible  values  of  to  at  which  there  can  be  resonance  of 
the  blade  only  one  (to  >  pQ)  can  correspond  to  sustained  oscillations 
of  the  system. 

Wo  will  define  this  value  to  and  call  it  (to  )  critical.  Solving 

Ay 

equation  (1.45)  with  respect  to  w  and  rejecting  one  of  the  obtained 
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values  (to  <  Pq),  we  find 


*9 


■Po- 


14/T+^.O  -*) 


(1 


} 


V/ hen  Pi.— 0  there  is  obtained  the  formula 


(1.47) 


Substituting  value  u>  from  expression  (1.46)  into  the  second 
condition  0.44),  we  will  ?ind : 


«(1  —  »o) 
8v0 


A, 


where 


These  formulas  accurately  coincide  with  the  approximate  formulas 
(1.31)  and  (1.3?). 

The  arguments,  given  here,  together  with  the  analysis  of  stability 
given  in  S  2,  permit  making  the  following  conclusion:  condition 

A  always  provides  stability  with  critical  angular  velocity 

8v0 

of  rotor  rotation  determined  by  formula  (1.46).  However ,  as  war. 
indicated  during  the  analysis  of  graphs  on  Rigs .  3. 3-3.1?,  this  condi¬ 
tion  is  true  only  v/hen  quantities  rT^  and  n^  are  of  one  order.  This 
means  that  the  provision  of  stability  at  w=«c)t,p  still  noes  not 
certainly  provide  stability  at  any  u>. 


4.  Rotor  on  an  Isotropic  Elastic  3ase 


The  theory  of  s 
in  this  paragraph  is 
blades  of  the  rotor 
degree  of  freedom  -- 


tabllity  of  the  rotor  on  an  elastic  base  discussed 
correct  only  for  the  case  when  the  number  of 
is  n  >  3  and  when  the  elastic  support  has  only 
movement  along  the  axis  ;/.  (rig. 
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However,  an  analogous  theory  of  stabilit;/  can  be  constructed 
for  a  more  general  case  when  the  elastic  support  has  two  degrees  of 
freedom:  displacement  along  axes  Ox  and  Oz.  Calculations  of  stability 
for  more  complex  system  are  very  bulky.  On  the  other  hand,  in 
practice  almost  in  all  cases  it  is  possible  to  use  formulas  for  the 
case  of  an  elastic  support  with  one  degree  of  freedom.  Thus  this  can 
always  be  done  when  frequencies  of  natural  longitudinal  and  lateral 
oscillations  of  the  helicopter  on  an  elastic  chassis  (see  §  5)  are 
far  from  each  other. 

It  is  of  interest  to  indicate  certain  simple  results  which  are 
obtained  in  the  theory  of  stability  of  the  rotor  on  an  elastic 
support  with  two  degrees  of  freedom  in  the  special  case  of  the  so- 
called  isotropic  elastic  support  when  rigidity  and  damping  of  elastic 
bracing  of  the  body  of  the  base  are  Identical  in  both  directions 
(Ox  and  Oz).  In  this  case  the  elastic  and  damping  properties  of  the 
base  are  identical  in  all  directions  parallel  to  the  plane  xOz. 
Therefore  such  a  base  is  called  isotropic. 


Let  us  assume  that  the  rigidity  and  damping  of  the  isotropic 
base,  identical  in  directions  of  axes  Ox  and  Oz,  are  characterized 
respectively  by  coefficients  c  and  K  so  that  forces  ?y,  and  ?z> 
applied  to  the  base,  are  connected  with  corresponding  movements  x  and 
z  by  formulas: 


P^-ex-K—', 


(l.'(8) 


It  appears  that  in  this  case  instability  of  the  rotor  on  the 
clastic  support  can  also  take  place.  Here  the  zone  of  instability  is 
obtained  near  the  same  value  of  as  earlier: 


\  +  Y 


(l.'i9) 


In  the  case  Just  as  earlier,  there  is  obtained  a  simpler 


h02 


i.  o  r*rn  u  1  3,  i 


•p  1-V 


(1.50) 


Here  quantities  p0,  p.-,,  and  are  determined  as  before  by 
formulas : 


*-/■ 

*•-/  rl-= 

v  _ 1  /  ^i-oi 

0  V  i,*  ■ 


(1.5D 


Analogous  formulas  for  the  determination  of  required  damping 
also  are  obtained,  but  required  damping  in  this  case  is  twice  greater. 


The  formula  for  required  damping,  at  which  the  zone  of  instability 
contracted  into  a  point,  has  the  form: 


1,-  ■ _ r  f  J  -  vo)  . 

- 4v,“  ' 


(1.52) 


Quantities  t  and  A  are  determined  as  before  by  formulas  (1.26) 
and  (1.3 2)-, 

§  ?. .  Transverse  Vibrations  of  a  Single-Rotor  Helecopter 

1.  Preliminary  Remarks 

In  the  calculation  of  oscillations  of  a  helicopter  on  an  elastic 
undercarriage  it  is  possible  to  examine  the  fuselage  as  a  rigid  body 
fastened  to  a  fixed  base  (ground)  with  the  help  of  a  system  of  elastic 
elements . 


The  calculation  of  ground  resonance  of  u  helicopter,  as  will  be 
shown  below,  can  be  reduced  to  the  calculation  of  a  rotor  on  an 
elastic  base  which  is  examined  in  5  1.  Initial  data  for  such  a 
calculation  (characteristics  of  an  elastic  base)  are  obtained  from 
a  certain  preliminary  calculation  of  natural  oscillations 


of  a  rigio 


fuselage  on  an  elastic  undercarriage. 

The  helicopter,  examined  as  a  solid  body  on  an  elastic  under¬ 
carriage,  has  3ix  degrees  of  freedom.  However,  since  the  fuselage 
has,  an  a  rule,  a  plane  of  symmetry,  then  longitudinal  and  lateral 
natural  oscillations  of  the  helicopter  can  be  examined  independently 
of  each  other. 

For  a  single-rotor  helicopter  having  an  extended  fuselage, 
calculations  from  the  point  of  view  of  ground  resonance  are,  as  a 
rule,  lateral  oscillations.  With  longitudinal  oscillations  the 
damping  margin  for  eliminating  ground  resonance  is  obtained  consid¬ 
erably  larger.  Therefore,  to  calculate  ground  resonance  of  a  single- 
rotor  nelicopter  it  is  sufficient-  to  examine  only  lateral  oscillations 
(see  also  §  5) . 

In  examining  transverse  vibrations  it  follows  to  consider  three 
degrees  of  freedom: 

1)  lateral  displacement  of  the  center  of  gravity  of  the 
helicopter; 

2)  turn  of  the  helicopter  around  the  longitudinal  axis (rolling)  ; 

3 )  turn  of  the  helicopter  around  the  vertical  axis  (yawing). 

Oscillations  of  a  helicopter  corresponding  to  these  three 
degrees  of  freedom,  in  general,  cannot  be  examined  as  independent 
oscillations.  Thus,  for  example,  with  latere. I  displacement  of  the 
center  of  gravity  of  the  helicopter  there  appear  forces  causing 
rolling,  etc. 

However,  for  a  single-rotor  helicopter,  for  wnich  the  Longitudinal 
dimension  of  the  fuselage  is  relatively  great  as  compared  to  its 
lateral  dimensions  (this  is  not  possible,  for  example,  for  helicopters 
of  tandem  and  transverse  configuration),  oscillations  of  yawing  appear 
weakly  connected  with  transverse  oscillations  of  the  helicopter  and 
its  rotation  around  the  longitudinal  axis.  Therefore,  In  the  first 
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approximation  oscillations  of  yawing  for  a  single-rotor  helicopter 
can  be  examined  as  independent.  Furthermore,  with  oscillations  of 
yawing  of  the  helicopter  movements  of  the  center  of  th*  rotor  in  ^ 
the  plane  of  rotation  are  relatively  small  (as  compared  to  lateral 
-  oscillations) ,  and  therefore  oscillations  of  yawing  for  a  single¬ 
rotor  helicopter,  as  a  rule,  present  no  danger  in  the  part  of  ground 
resonance.  As  we  will  farther  see  (§  5)»  such  oscillations  are 
dangerous  for  helicopters  of  longitudinal  and  transverse  configuration. 

Thus  in  examining  lateral  oscillations  of  a  single-rotor 
helicopter  it  is  sufficient  in  the  first  approximation  to  examine  the 
fuselage  as  a  body  having  two  degrees  of  freedom:  .. 

1)  lateral  displacement  of  the  center  of  gravity  of  the 
helicopter; 

2)  turn  of  the  helicopter  around  the  longitudinal  axis  (rolling). 

With  such  simplifications  the  problem  of  natural  lateral  oscilla¬ 
tions  of  the  helicopter  can  be  reduced  to  the  problem  of  natural 
oscillations  of  a  flat  solid  body  elastically  fastened  in  its  plane 
(Fig.  3.16). 

2.  Lateral  and  Angular  Rigidity  of  the  Undercarrage . 

Center  of  Rigidity 

Let  us  assume  that  a  rigid  body  A,  simulating  the  fuselage  of 
nelicopter ,  is  fastened  to  a  fixed  base  with  the  help  of  a  system  of 
springs  (Fig.  3.16).  Let  us  select  the  fixes  system  of  coordinates 
vCqS,  directing  axis  o.Qy  along  the  axis  of  symmetry  of  the  body  and 
axis  Cq-z  -  along  the  axis  of  the  horizontal  ..prings  c^. 

If  to  body  A  there  is  applied  force  P  ,  parallel  to  axis  cnz  at 
distance1  y  from  point  c^,  then  owing  to  the  deformation  of  the  springs 
the  body  A  will  move  in  its  plane  so  that  its  axis  of  symmetry  will 
occupy  a  certain  position  c^y ' .  Let  us  designate  by  $  the  angle  of 
rotation  of  the  ax's  of  symmetry  of  the  body  (angle  of  bank)  and 
by  ■/.  the  displacement  of  point  (segment  c  )  . 


Air. 


Fig.  3-16.  Diagram  of  elastic 
bracing  of  a  helicopter. 


Let  us  assume  that  the  springs  have  linear  characteristics.  Then, 
as  is  known,  there  is  always  found  such  a  point  of  the  application 
of  force  on  axis  c^y  (or  such  value  y)  for  which  the  angular  dis¬ 
placement  $  of  the  body  will  be  equal  to  zero,  i.e.,  with  the  applica¬ 
tion  of  force  P  at  this  point  the  body  will  obtain  a  purely  forward 
z 

displacement  (<fr  =  0).  Let  us  call  such  a  point  the  center  of  rigidity 
of  the  shock  absorption  system. 

'Tf -to  body  A  there  is  applied  a  pair  of  forces  with  moment  M, 
then  the  body  will  obtain  only  an  angular  displacement  -  turn  around 
the  center  of  rigidity. 

It  is  not  difficult  to  see  that  for  the  simplest  system  of  shock 
absorption,  depicted  in  Fig.  3.16,  the  center  of  rigidity  will  be  at 
point  Cq.  It  Is  convenient  to  characterize  the  position  of  the  center 
of  rigidity  of  the  shock  absorption  system  by  the  magnitude  of  distance 
e  from  the  center  of  gravity  c  body  to  the  center  of  rigidity  Cq. 

If  to  the  body  there  is  applied  force  ?,,,  directed  along  the  axis 

j 

of  symmetry  CqV,  the  body  will  obtain  only  forward  displacement  y 
along  axis  cQy.  Since  characteristics  of  al '  elastic  elements  of  the 
shock  absorption  system  are  linear,  then  forces  ?z  and  and  pair 
moment  M  are  linearly  connected  with  corresponding  displacements  y, 
z,  and  ^  of  body  A. 
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Let  us  assume  that  this  dependence  is  expressed  by  formulas: 


(2.1) 

Pa~cf\  (2.2) 

Af****?.  (2.3) 

V/e  will  call  quantities  c  ,  cg  and  c^  respectively  coefficients 
of  vertical,  lateral  and  angular  rigidity  of  the  shock  absorption 
system. 

Elastic  properties  of  the  shock  absorption  system  are  completely 

determined  by  these  parameters:  the  position  of  the  center  of  rigidity 

(e)  and  coefficients  of  rigidity  c  ,  c  and  c.. 

y  z  9 

For  the  simplest  system  of  shock  absorption  depicted  on  Fig.  3.16, 
stiffness  coefficients  of  shock  absorption  can  be  determined  by 
formulas : 


(2.4) 


where  c'  and  c'  are  stiffness  coefficients  of  vertical  and  horizontal 

y  z 

springs ; 


2a  is  uhe  distance  between  axes  of  the  vertical  springs  (wheel 
track) . 

Undercarriage  designs  of  helicopters  are  basically  two  types: 

])  pyramidal  undercarriages; 

2)  undercarriage  with  vertical  struts. 

Diagrams  of  elastic  shock  absorption  corresponding  to  these  two 
types  of  landing  gear  are  depicted  in  Fig.  '-.17a  and  b. 


f 


a)  b) 


Pig.  3*17.  Different  undercarriage 
configurations:  a)  pyramidal;  b)  with 
vertical  struts. 


The  tires  in  such  a  diagram  can  be  considered  absolutely  rigid, 

and  their  elasticity  can  be  simulated  by  special  springs  with  rigidity 

nH  nH 

c  and  c  ,  which  are  respectively  equal  to  the  vertical  and  lateral 
y  z 

rigidity  of  the  pneumatic  tire. 

The  coefficient  of  vertical  rigidity  of  the  tire  can  be  determined 
by  diagram  of  static  tire  pressing,  which  is  always  in  the  wheel 
catalog  and  constitutes  the  ratio  of  the  magnitude  of  force  pressing 
the  tire  to  the  support  surface  to  the  magnitude  of  the  corresponding 
tire  pressing.  Lateral  rigidity  of  the  tire,  if  there  are  no  values 
of  it,  can  be  determined  experimentally.  Tne  value  of  lateral 
rigidity  of  the  tire  must  also  be  known  for  carrying  out  shimmy 
calculation.  Therefore,  if  for  a  given  wheel  calculation  of  shimmy 
was  conducted,  the  value  of  lateral  rigidity  is  known.  For  a  tentative 
determination  of  lateral  rigidity  of  a  tire  it  is  possible  to  use 
Table  3.1  also. 


The  shock-absorber  strut  in  Fig.  3.17a  and  b  is  also  replaced  by 


a  certain  spring  with  rigidity  c  .  In  reality  the  shock-absorber 

Q-H 

strut  is  a  nonlinear  elastic  element,  and  its  characteristic  is 


determined  by  the  diagram  of  static  prorsi:. 


which 


j 
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Table  3.1. 


Type  of  pneu¬ 
matic  tire 

hh  nw 

c  /c 

Z  y 

Arch 

0.7-0. 9 

Medium- 

pressure 

0.4-0.64 

Higb- 

pressure 

0.3-0. 4 

the  dependence  of  force  P  acting  on  the  strut  on  movement  s  of  the 
strut. 


With  the  calculation  of  small  oscillations  the  strut  can  be 
replaced  by  an  equivalent  linear  elastic  element  (spring)  whose 
rigidity  is  determined  by  the  formula: 


_  dP 
*“  dt 


(2.5) 


where  s  is  the  strut  pressing  of  the  shock  absorber. 

C  T 

In  a  landing  gear  system  with  vertical  struts  (Fig.  3.17b)  the 
center  of  rigidity  of  the  shock  absorption  is  always  at  point  Cq 
lying  on  the  ground  surface.  Stiffness  coefficients  of  such  a  landing 
gear  are  determined  by  formulas  (2.4),  in  which  c^  and  c^  are 
respectively  equal  to 


e't=cY-; 

c.  -  *--«T 


(2.6) 


For  a  pyramidal  undercarriage  (Fig.  3. ‘’la)  the  center  of  rigidity 
is  always  higher  than  the  ground  surface,  and  its  position  must  be 
calculated  by  special  formulas,  which  we  will  give  below. 


A  pyramidal  undercarriage  Is  a  sped 
complex  undercarriage  system  developed  by 
[391  arid  depicted  (schematically)  in  Fig. 
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system  differs  from  the  pyramidal  landing  gear  by  the  presence  of  a 
rocker  AB  and  special  horizontal  spring  with  rigidity  cnp.  In  such 
a  system  there  is  the  possibility  of  changing  the  height  of  the 
position  of  the  center  of  rigidity  cQ  (i.e.,  quantity  e)  by  means  of 
selection  of  definite  rigidity  of  the  spring  c  .  In  particular,  by 
selecting  a  certain  value  c^  it  is  possible  to  achieve  a  position 
at  which  the  center  of  rigidity  of  the  shock  absorption  system 
coincides  with  the  center  of  gravity  of  the  helicopter.  As  it  will 
subsequently  be  seen,  the  connection  between  oscillations  of  rolling 
and  transverse  oscillations  of  the  helicopter  is  absent,  which  permits 
obtaining  good  characteristics  of  the  helicopter  with  respect  to 
ground  resonance  (see  §  ^ ,  No.  3)- 

For  a  landing  gear  system  depicted  on  Fig.  3.13>  it  is  possible 
to  write  the  following  formulas,  which  can  easily  be  derived  by  the 
usual  methods  of  structural  mechanics: 
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(2.7) 


(2.8) 


(2.9) 


2  ^  .  f a?) 


(2.10) 


where  hQ  is  the  distance  from  the  ground  surface  to  point  F  of  the 
crossing  of  axes  of  the  shock-absorbing  struts  (see  Fig.  3.18); 
l  -  distance  from  the  axis  of  the  shock  absorber  to  point  A;  - 

distance  between  points  F  and  A;  —  distance  from  point  F  to  the 
center  of  gravity  of  the  helicopter. 


The  given  formulas  contain  as  a  special  case  formulas  for  oaloul 
ting  the  pyramidal  landing  gear  (see  Fig.  3.17a).  To  obtain  formulas 
of  a  pyramidal  landing  gear  it  follows  in  formulas  (2.7)  and  (2.8)  to 

take  c^.-  ». 

'*10 


Fig.  3-13.  Undercarriage 
diagram  of  the  "Bristol  192" 
helicopter. 


3.  Natural  Transverse  Oscillations  of  the  Helicopter 

Let  us  turn  to  Fig.  3.16.  During  the  study  of  lateral  oscillations 
v.'.'  will  examine  for  body  A  two  degrees  of  freedom  corresponding  to 
coordinates  <J>  and  z.  Let  us  put  an  additional  limitation  on  the 
motion  of  body  A,  namely,  let  us  require  that  point  0^ ,  belonging  to 
body  A  and  at  distance  a,K  from  the  center  of  gravity  of  the  body, 
would  remain  fixed.  Then  body  A  will  have  one  degree  of  freedom  - 
turn  around  point  Oj.  •  The  equation  of  natural  oscillations  of  body 
A,  thus  fastened  will  have  the  form: 


+  «0P 


(2.11) 


where 


is  the  moment  of  inertia  of  the  body  with  respect  to  point 


(2.12) 


J  is  the  moment  of  inertia  of  the  body  with  respect  to  the  center 
of  gravity;  rn  is  the  mass  of  the  body. 


Coefficient  o  is  the 
;ihsorr>'i,ion  with  the  turn  of 


angular  rigidity  of 
bod;/  A  w.itn  recy  c  t 


the 


to 


system  of 
acini;  0 

K 


shock 


'ill 


Quantity  cr.  is  easily  determined  if  the  position  of  the  center  of 
k 

rigidity  c0  of  the  shock  absorption  system  ana  also  its  angular  c 
and  lateral  cz  rigidities  are  known. 

With  turn  of  the  body  at  angle'  $  with  respect  to  point  0k  the 
center  of  rigidity  will  be  displaced  by  the  magnitude 

z-V(ak-e).  (2.13) 

Then  to  the  body  in  the  center  of  rigidity  there  will  be  applied 

force  P  =  c  z,  directed  to  the  left,  and  a  pair  of  forces  with 

moment  M  =  directed  counterclockwise.  The  moment  of  these 

<P 

forces  with  respect  to  point  0^  is 

M = Pt  (at — e)  -f  c , ■}  =  [ef  -j-  ct  (a  k  —  e)7)  ?. 

Whence  there  is  obtained  following  formula  for  angular  rigidity 


cot=c,+c,{ak-e)>. 

The  frequency  of  natural  oscillations  of  the  body  with  the 
secured  point  0k  is 


or 


P»m 


Pk  =• 


It  +  ma\ 


(2.1b) 


During  oscillations  of  the  system  at  point  Ok  there  wJ  .1 3  appear 
a  reaction  R,  depending  on  the  position  of  point  0k.  If  it  were 
possible  for  us  to  select  such  a  point  of  fastening  0.  (such  value  a,  ) 
for  which  R  »  0,  then  this  would  mean  that  such  a  point  0k  is  the  node 
of  natural  oscillations  of  a  free  system  with  unfastened  point  0k, 
and  the  corresponding  frequency  pk  would  be  the  frequency  of  natural 
oscillations  of  the  free  system. 


The  reaction  R  can  be  easily  determined.  With  oscillations  body 

A  Is  loaded  by  the  force  of  inertia  F  ,  applied  in  the  center  of 

A 

gravity  and  purr a i  lei  to  the  0 


><  12 


Fu=  —mzt  =  —  rwfat 


and  also  by  the  pair  of  forces  of  Inertia.  Forces  from  shock 
absorption,  applied  to  body,  also  lead  to  the  horizontal  force 

Pt-c,z-ct< p(a»— «) 


and  pair  of  forces.  Therefore,  by  projecting  all  forces  applied  to 
the  body  on  axis  c^z,  we  obtain 


If 


then 


?  =  r0COS  pj. 


(r,  (at  -e)-  mp\ak\  9o  cos  pj. 


Equating  this  expression  to  zero,  we  get 


ct{at—e)~mp\at*=  0. 


Hence  there  is  obtained  the  following  formula,  which  connects 
the  frequency  of  natural  oscillations  of  the  system  with  position  ak 
of  the  node  of  oscillations: 


(2.16) 


where 


(2.17) 


Excluding  value  p^  from  equations  (2.1a) 
obtain  the  quadratic  equation  for  determining 
quadratic  equation  always  has  two  real  root.: 
correspond  to  two  tones  of  natural  oscillatio 
'•och  tone  there  j  :>  obtained  a  definite  free  ue 
oscillation::,  which  at  the  known  a  can  be  e 

'•  1 ; 


and  (2.16),  we  will 
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(2.16)  or  (2.15). 


To  determine  frequencies  p^  of  natural  oscillations  and  corres¬ 
ponding  values  ak  it  is  convenient  to  reduce  all  formuZas  to  a 
dimensionless  form,  introducing  the  notations 


(2.18) 

(2.19) 

(2.20) 

(2.21) 

In  such  designations  the  final  formulas  for  determination  of 
ak  (k  =  1,  2)  and  pk  (k  =  1,  2)  can  be  written  in  the  form 

(2.22) 

where 

i 

(2.23) 

|  1-3;  (at  *-1,2).  (2.24) 


For  the  convenience  of  calculation  of  positions  of  nodes  of 
natural  oscillations  of  the  first  and  second  tone  and  corresponding 
frequencies  of  oscillations,  Figs.  3.19  and  3.20  give  graphs  computed 
by  the  formulas  (2.22),  (2.23)  and  (2.24). 

The  smaller  of  the  frequencies  p^  and  p2  will  be  called  the 
frequency  of  the  first  tone  of  oscillations  and  the  larger  -  the 
frequency  of  the  second  tone.  The  node  of  oscillations  of  the  first 
tone  is  always  lower  than  the  center  of  gravity  of  the  helicopter 
(a^  >  0)  and  the  node  of  oscillations  of  the  second  tone  —  higher 
than  the  center  of  gravity  (a2  <  0). 
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Fig.  3.19.  Graphs  for  determining  frequencies  of  natural 
oscillations  of  the  helicopter. 

Fig.  3.20.  Graphs  for  determining  the  position  of  nodes 
of  oscillations. 


Fig.  3*21.  Characteristic  forms  of 
oscillations  of  the  first  and  second  tone. 


Figure  •i.21  shows  characteristic  forms  of  oscillations  of  the 
first  and  second  tones,  for  a  single-rotor  helicopter  with  a  pyramidal 
landing  fear. 


4.  Determining  Damping  Factors 

Oscillation  damping  (i.e.t  the  absorption  of  energy  during  f 

oscillatiqns)  is,  as  a  rule,  small  and  for  determination  of  frequencies 
of  natural  oscillations  and  positions  of  nodes  it  can  be  disregarded 
(as  this  is  done  in  No.  3)* 

Oscillation  damping  occurs,  mainly,  in  shock-absorber  struts  of 
the  landing  gear.  Damping  in  tires  in  the  first  approximation  cannot 
be  taken  into  account. 


Fig.  3.22.  Diagram  of  the 
linear  elastic  element  with 
damping. 


Let  us  examine  the  system  depicted  in  Fig.  3.16.  Let  us  assume 
that  instead  of  springs  certain  linear  elastic  elements  with  damping 
are  furnished.  Such  an  element  is  schematically  depicted  in  Fig.  3.22. 

Let  us  assume  that  force  P,  acting  on  this  element,  and  its  displacement  f 
s  (movement  of  the  element)  are  connected  by  the  relation 


P^cs+k^L,  (2.25) 

We  will  call  quantities  c  and  k  coefficients  of  rigidity  and 
damping,  respectively,  of  the  elastic  element. 


We  will  designate  the  stiffness  coefficient  and  damping  factors 
of  elastic  elements  in  the  system  depicted  in  Fig.  3.16,  respectively, 
c',  cv»  The  equation  of  oscillations  of  body  A  with  respect 

to  the  node  can  be  written  analogous  to  expression  (2.11)  in  the  form: 


r  ■  -x 
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/o*?  +  *ot?  +  c0i>9«  0, 


(2.26) 


where  quantities  In  and  cn  are  determined  by  formulas  (2.12)  and 

k  k 

(2.14)  and  quantity  kn  ,  by  formula 

uk 


k0^2k-a^2k-t{at-ef. 


(2.27) 


Wo  will  call  this  quantity  the  angular  damping  factor  of  the 
system  of  shock  absorption  with  rotation  of  the  body  with  respect  to 
the  node  of  oscillations  0^* 

Equation  (2.26)  can  be  written  in  the  form: 


(2.28) 


where  pk  (k  =  1,  2)  is  the  frequency  of  the  x-th  tone  of  oscillations, 
and  the  damping  factor  n^  is  determined  by  the  formula 


_V 


(2.29) 


Natural  oscillation  of  the  lj-th  tone  of  the  helicopter  can  be 
approximately  described  by  the  la w: 


?  =  ?0«"V  COS 


(2.30) 


where  4>^  is  the  initial  angle  of  deflection;  b  —  phase  angle. 

The  frequency  of  natural  oscillations  p-^  can  be  taken  approximately 
to  equal  the  frequence  of  natural  oscillations  of  the  k-th  tone,  which 
is  calculated  neglecting  damping. 


fu  uider  to  calculate  quantities  ana  k  for  a  cone  rote  system 
of  the  landing  gear  (see  Pig.  3.17a  and  b),  it  is  necessary  prelimi¬ 
narily  to  examine  the  action  of  the  so-called  shock-absorbing  strut- 
tire  system. 


5.  Joint  Action  of  the  Shock-Absorbing  Strut-Tire  System 

Let  us  examine  the  landing  gear  system  with  vertical  struts 

(see  Fig-  3*17b).  The  shock  absorber-tire  system  constitutes  two 

springs  with  rigidities  c„w  and  ejL  united  in  series . 

au  nH 

Let  us  consider  the  work  of  such  a  system  in  the  case  when  the 
shock  absorber  has  damping.  Such  a  system  is  depicted  in  Fig.  3.23. 
Let  us  assume  that  the  shock  absorber  has  a  linear  characteristic 
analogous  to  expression  (2,25): 

(2.31) 

Having  formulated  the  equation  of  motion  of  the  shock  absorber- 
tire  system*  it  is  easy  to  show  that  with  the  assigned  harmonic  law 
of  the  change  in  its  general  movement  s  with  frequency  p  of  the 
force  P,  acting  on  the  shock  absorber,  is  expressed  by  formula 

,s  >  />-<«»+*..■£.  <2-32) 

where  b  and  are  characteristic  of  a  certain  equivalent  linear 

9XB  »KB 

shock  absorber  of  the  standard  type  (Fig.  3.22)  and  can  be  defined 
by  formulas: 

(2.33) 


C**  t. jr  .  „  \3  .  ** 


(2.3*0 


Thus,  with  the  calculation  of  oscillations  the  undercarriage 
configuration  with  vertical  struts  (see  Fig.  3.17b)  can  be  replaced 
by  the  configuration,  depicted  in  Fig.  3,16,  in  which  characteristics 
of  elasticity  and  damping  of  vertical  springs  are  selected  by  the 
formulas  (2.33)  and  (2.3*0.  At  k  ■  0  formula  (2.33)  gives  the 

qM 

value  of  c  equal  to  the  value  of  c*  obtained  by  the  second  of 

9K3  * r  y 

formulas  (2.5).  Thus  in  the  presence  of  damping,  formula  (2.6), 
generally  speaking,  is  not  true.  However,  for  an  approximate 
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Pig.  3.23.  Schematic  represen' 
tation  of  the  shock-absorbing 
strut-tire  system. 


calculation  of  frequencies  of  natural  oscillations  it  is  possible  to 
use  formula  (2.6)  for  the  determination  of  o’,  since  value  ca  , 

y  9KB 

determined  by  formula  (2.33),  is  obtained  close  to  the  value  c*, 
found  by  formula  (2.6).  After  frequency  of  natural  oscillations  p  is 
found,  it  is  possible  to  refine  value  c*  with  help  of  formula  (2.3?) 

y 

and  then  refine  the  calculation  of  frequency  p. 


For  an  accurate  calculation  of  frequencies  of  natural  oscillations 
it  is  possible  to  use  the  method  of  successive  approximations  (in 
practice  the  above-mentioned  correction  equivalent  to  the  first 
approximation  is  sufficient)  or  to  use  the  following  procedure: 
assigning  values  of  c^  in  the  interval 


e*»  eSm 

*«»+c  u 


<c.«? 


find  frequencies  of  natural  oscillations,  and  then  from  formula  (2 . 33 ) 
according  to  the  assigned  c  =  c'  find  the  corresponding  value  of 

9  It  S  v* 

k  .  As  a  result  of  such  calculation  it  is  possible  to  construct  a 

ay  JL 

graph  of  the  dependence  of  frequencies  of  natural  oscillations  of  the 

system  on  k  .  The  calculations  show  that  freauencies  and  forms  of 
ay- 

natural  oscillations  depend  slightly  on  quantity  k  .  Therefore,  it 

8M 

is  practically  sufficient  to  make  the  above-oescribed  approximate 
calculation  with  subsequent  single  refinement  of  the  frequencies. 

For  calculation  of  the  damping  factor  n  (2. 29)  it  is  possible, 
by  disregarding  damping  of  the  tire,  to  assume  in  formula  (2.27)  that: 


*;=o 

In  case  of  a  pyramidal  landing  gear  it  is  possible  approximately 
to  calculate  oscillation  damping  by  the  same  method,  but  with  calcula¬ 
tion  of  k  into  formulas  (2.3*0  instead  or  quantities  c  and  k 

dhb  aw  8.M 

there  are  substituted  values  of  the  so-cail . i  rigidities  reduced  to 


'jm'memcm!!***:*. 


?  ?  «trjfT*rrp*W>'i  «• 


the  tire  and  dampings  of  the  shock  absorber  cJJ  and  A;g  determined 
by  formulas: 


*2-*( 


(2.35) 


the  axis  of  the  shock  absorber  to  point 
of  the  crossing  of  axes  of  the  lower 


where  i  is  the  distance  from 
A  (see  Pigs,  3.18  and  3* 17a) 
struts. 


Fig.  3.24.  Dependence  of 
equivalent  damping  on  damping 
of  the  shock  absorber. 


Let  us  examine  in  greater  detail  the  dependence  of  the  equivalent 

damping  factor  kgKB  of  the  shock  absorber-tire  system  on  value  k^. 

Figure  3*24  shows  the  graph  of  this  dependence.  As  can  be  seen  from 

this  graph,  quantity  k  is  increased  with  an  increase  in  k  only 

3KB  ,  ,  .  au 

up  to  a  certain  definite  value  at  which  the  greatest  damping 

*5*  is  attained.  With  a  further  increase  in  k  damping  of  the  shock 

cLM 

absorber-tire  system  decreases. 


From  formula  (2.34)  it  is  easy  to  obtain  the  expression  for  the 
optimum  value  *jj*: 


(2.36) 


Here  values  of  kaj|  of  formula  (2.53  ana  (2.34)  give  corresponding 
values  of  0^  and  A**: 


•■i 


(2.37) 
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1 


(2,38) 


f 


i 


£■11 

M 


From  the  last  formula  It  Is  clear  that  the  more  the  greatest 
value  of  k y*‘  which  can  be  obtained  the  less  the  ratio  -f  and  the  more 
cJK  .  Therefore,  from  the  point  of  view  of  damping  of  lateral  oscilla¬ 
tions  of  the  helicopter  it  follows  to  have  as  rigid  a  tire  as  possible 
and  less  rigid  a  shock  absorber  as  possible.  With  an  incorrect 
selection  of  characteristics  of  the  landing  gear  greater  relative 

C  gjg 

rigidity  of  the  shock  absorber  ~j  it  can  occur  that  by  no  increase 

*0« 

in  damping  in  the  shock  absorber  it  is  possible  to  eliminate  ground 

resonance . 


6.  Reduction  of  the  Problem  to  the  Calculation  j 

of  a  Rotor  on  an  Elastic  Base  j 

After  calculation  is  carried  out  of  natural  oscillations  of  the  j 

helicopter  on  the  ground:  (there  are  determined  frequencies,  positions  j 

of  nodes  of  oscillations  and  attenuation  factors  for  both  tones  of 
natural  oscillations),  it  is  possible  to  produce  an  approximate  calcu¬ 
lation  of  ground  resonance,  reducing  the  problem  to  the  calculation 
of  the  rotor  on  an  elastic  support. 


It  v/ould  have  been  possible  to  produce  an  accurate  calculation 
of  ground  resonance  by  formulating  the  equation  of  motion  of  blades 
of  the  rotor  and  body  of  the  helicopter  similar  to  that  as  was  done 
in  5  1  for  the  rotor  on  an  elastic  support.  In  this  case  the  order 
of  the  characteristic  equation  would  oe  higher,  the  greater  the  degrees 
of  freedom  of'  the  helicopter  on  the  elastic  landing  gear  are  taken 
into  account.  For  each  case  it  would  hove  b>  on  necessary  to  produce 
a  very  cumbersome  calculation. 

The  approximate  calculation,  founded  cr.  the  reduction  of  the 
problem  to  the  rotor  on  an  elastic  support,  'ermits  using  prepared 
results  obtained  for  the  rotor  on  an  elastic  support.  The  accuracy 
of  such  a  calculation  is  quite  sufficient  for  practical  use. 


The  essence  of  the  approximate 


a  i  eu 


cons  a  s' 


the 


following:  a  separate  calculation  of  ground  resonance  for  each  tone 
of  natural  oscillations  of  the  helicopter  on  the  ground  is  produced; 
then  the  body  of  the  helicopter  is  examined  as  a  body  having  one 
degree  of  freedom  -  turn  around  the  corresponding  node  of  oscillations. 

The  equation  of  motion  of  the  helicopter  with  an  attached  node 
of  oscillations  has  the  form: 

/e»f*Me*?+*e4f«/>(A+eJ.  (2.39) 

The  right-hand  side  of  this  equation  constitutes  the  moment  of 
force  P  from  vibrating  blades  of  the  rotor  with  respect  to  the  node 
of  oscillations  of  the  examined  tone.  Quantity  h  is  the  distance 
from  the  rotor  plane  to  the  center  of  gravity  of  the  helicopter. 

Let  us  introduce  the  new  variable  x  «  <>(h  +  a=  ) ,  which  Is  the 
magnitude  of  displacement  of  the  center  of  the  rotor.  Then  equation 
(2.39)  can  be  rewritten  in  the  form  similar  to  equation  (1.2)  .of 
motion  ©r  the  elastic  support: 


where  quantities  «»£••  Km*  are  the  mass,  damping  and  rigidity  of 
the  equivalent  elastic  support  and  are  calculated  by  formulas: 


J‘+m* 


(2.111) 

(2.4?) 

(2.03) 


Thus  the  problem  is  reduced  to  the  calculation  of  the  rotor  on  the 
equivalent  elastic  support  whose  characteristic  is  determined  by 
formulas  (2. 01),  (2.02)  and  (2.03). 


It  is  easy  to  be  convinced  that  for  calculation  of  ground 
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rosonan ce  by  formulas  of  §  1  there  are  required  only  three  character¬ 
istics  of  the  elastic  support  /io=n*  [see  (2.29)]  and  pQ  *  p 

which  are  obtained  from  the  calculatiorf  of  natural  transverse  oscilla¬ 
tions  of  the  helicopter. 

Thus  for  every  tone  of  natural  oscillations  of  the  helicopter 
on  elastic  landing  gear  an  approximate  calculation  of  ground  resonance 
is  produced  by  the  formulas  derived  for  the  rotor  on  an  elastic 
support  (§  1).  With  such  a  calculation  there  can  be  determined  limits 
of  zones  of  instability  and  values  of  damping  factors  of  the  blade 
and  landing  gear  necessary  for  eliminating  instability  with  respect 
to  each  tone  of  the  oscillations. 

7.  Analysis  of  Results  of  the  Calculation 
of  Ground  Resonance 

Results  of  the  calculation  of  ground  resonance  are  conveniently 
represented  in  the  form  of  a  diagram  of  safe  revolutions.  Figure  3.25 
snows  such  a  diagram  for  the  Mi-4  helicopter.  Plotted  along  the  axis 
of  the  abscissas  on  the  diagram  are  the  number  of  tu^ns  per  minute  of 
the  rotor  and  along  the  axis  of  the  ordinates  -  tractive  force  T  of 
the  rotor. 

Frequencies  of  oscillations  of  the  helicopter  on  the  ground  are 
calculated  in  two  variants: 

1)  shock-absorbers  struts  operate; 

2)  shock-absorber  struts  do  not  operate. 


This  must  be  done  because  landing  gear  shock-absorber  struts 
operate  only  when  the  compressing  force  on  the  strut  is  larger  than 
the  so-called  force  of  preliminary  tightening  of  the  shock  obsorber. 
Therefore,  at  a  certain  (critical)  value  of  thrust  T  =  T„.,  of  the 
rotor  the  force  compressing  the  strut  becomes  less  than  the  force  of 
the  preliminary  tightening  of  the  shock  absorber,  and  the  strut 


ceases  to  operate, 
rigid  rods,  and  the 


For  T  >  T  the  shock-absorber  struts  behave  as 

Kp 

helicopter*  can  rock  only  due  to  the  elasticity  of 


t  i  r<'s  ,  wh  i 


practically  deprived  damping.  Zones  of 


i 


Pig.  3.25.  Diagram  of  safe  revolutions  for 
the  Mi-4  helicopter:  ^  -  frequency  of  the 

first  type  of  oscillations  with  nonoperating 
struts;  Vj  -  frequency  of  the  second  tone  of 

oscillations  with  nonoperating  struts;  v*  and 

v*  -  frequencies  of  the  first  and  second  tone 

with  operating  struts. 

KEY:  (a)  Thrust  with  extreme  left  correction; 

(b)  Region  of  thrusts  and  revolutions  allowed 
by  the  pitch-throttle  control  system;  (c)  Thrust 
with  extreme  right  correction. 

instability  of  the  helicopter  with  nonoperating  struts  are  usually 
impossible  to  eliminate,  and  they  are  always  on  the  diagram  of  safe 
revolutions  (in  Fig.  3-25  these  zones  are  shaded). 

Plotted  on  the  diagram  of  safe  revolution  are  limits  of  zones 
of  instability  and  also  the  region  of  possible  values  of  thrust  T 
and  revolutions  n  of  the  rotor  allowed  by  the  control  system  of  the 
rotor  and  engine  (pitch-throttle  system).  If  not  one  of  the  possible 
combinations  of  values  T  and  n  falls  beyond  the  limits  of  the  zone 
of  instability,  this  means  that  the  stability  of  the  helicopter  is 
ensured.  It  is  always  desirable  (see  §  6  for  more  detail)  to  have 
a  certain  stability  margin,  i.e.,  sufficient  distances  on  the  diagram 
between  limits  of  zones  of  instability  and  limits  of  possible  values 
T  and  n. 

For  a  single-rotor  helicopter  with  conventional  design  of  the 
undercarriage  (pyramidal  landing  gear  one  with  vertical  struts,  see 
Fig.  3.17a  and  b),  the  frequency  of  the  first  tone  of  oscillations. 
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as  a  rule,  is  lower  than  the  rotor's  operating  revolutions  (Pig.  3.25), 
and  the  frequency  of  the  second  tone  is  higher  than  the  operating 
revolutions.  Therefore,  selection  of  the  damping  factors  of 
oscillations  should  guarantee  the  absence  of  the  zone  of  instability 
of  the  first  tone  of  oscillations  with  operating  struts.  Here  it  is 
necessary  to  have  a  reliable  damping  margin.  The  stability  margin 
with  respect  to  the  second  tone  of  oscillations  can  be  provided 
practically  only  "by  revolutions  of  the  rotor,"  and  it  can  be 
characterized  by  a  certain  quantity  n: 


(2.46) 


where  is  the  highest  possible  number  of  rotor  revolutions;  n^  - 

revolutions  corresponding  to  the  lower  limit  of  the  zone  of  instability 
of  the  second  tone. 


I  3.  Charact.rlat^ct^of  Daaplng^of^tnt  Undercarriage 
on  Around  H.aonance 


1.  Determining  the  Daaplng  Factor  of  the 
Undercarriage  Shock  Absoroer 

Vlth  the  calculation  of  natural  oscillations  of  the  helicopter 
we  assumed  that  shock  absorbers  of  the  undercarriage  have  linear 
characteristics.  In  reality,  characteristics  of  the  shock-absorber 
strut,  as  a  rule,  are  nonlinear.  However,  for  the  calculation  of 
saall  oscillations  of  the  helicopter  It  Is  possible  (as  Is  usually 
done  In  the  theory  of  nonlinear  oscillations/  to  replace  the  nonit  ^ar 
shock  absorber  by  a  certain  equivalent  linear  shock  absorber,  for 
which  coefficients  of  stiffness  and  daaplng  depend  on  the  frequency 
and  amplitude  of  the  oscillations.  Por  an  approximate  determination 
rigidity  of  the  equivalent  linear  shock  absorber  formula  (2.5) 
was  proposed.  To  determine  the  coefficient  k  of  damping  of  the 
equivalent  linear  shock  absorber  it  Is  possible  also  to  propose  a 
al*>le  formula.  This  formula  can  be  derived  in  considering  equivalent 
such  a  linear  shock  absorber  which  absorbs  for  one  period  of  osc liba¬ 
tions  the  same  energy  as  that  of  a  real  shock  absorber  with  identical 
frequency  and  amplitude  of  oscillations. 


The  most  widespread  designs  of  undercarriage  shock-absorber  struts 
absorb  energy  due  to  friction  in  the  seal  and  flow  friction  with  the 
flow  of  hydraulic  fluid  through  saall  holes. 

If  one  were  to  consider  the  force  of  flow  friction  In  such  a 
shock-absorber  strut  proportional  to  the  square  of  the  speed,  then 


W?5 


dependence  of  the  resisting;  force  ?  of  the  strut  on  speed  —  its 

rf/ 

pressing  can  be  thus  expressed 

When  £>0; 

-[/>*+">(S-J]  "hen  7i<0-  <3’15 

where  PQ  is  the  frictional  force  in  the  seals,  and  and  a ^  are 
coefficients  of  flow  friction  of  the  strut  cr.  the  forward  and  back 
strokes . 

Let  us  assume  that  the  rod  of  the  shock  absorber  accomplishes 
oscillations  according  to  the  lav/  s  =  sQ  sin  pt  and,  consequently, 

s^-i~ps0  cos  pt. 

dt 

Let  us  calculate  the  energy  which  is  absorbed  under  these 
conditions  by  the  shock  absorber  for  one  period  of  oscillations. 
This  energy  is  determined  by  the  formula 


(3.2) 


Calculating  this  integral  for  the  case  when  function  P(t)  is 
assigned  by  equations  (3«1)>  we  will  obtain: 


where 


/=4P050-|--|-9/>?j3. 


(3.3) 


The  damper  with  linear  damping  ( P—k  -~j  absorbs  the  energy 
Ax  —  nkpso  under  those  same  conditions  for  one  period  of  oscillations. 


Comparing  expression  for  A  and  A,,  we  will  obtain  the  following 
formula  for  determining  the  coefficient  of  the  equivalent  linear 
damper : 

*  _  4  [?o  .  2  ' 

W'Y^8)’ 


Thus  in  a  real  undercarriage  shock-absorber  strut  quantity 
depends  on  the  amplitude  *o  and  frequency  p  of  oscillations, 
and  with  this  circumstance  it  is  necessary  to  consider  the  calculation 
of  oscillations  of  the  helicopter. 

Figure  3.26  gives  the  dependence  of  quantity  on  the  amplitude 
Sq  of  oscillations.  With  an  increase  in  amplitude  of  oscillations 
quantity  km  decreases,  attains  the  least  value  at  certain 
amplitude  si  and  increases  with  further  increase  In  amplitude. 


Fig.  3.26.  Dependence  of  the 
equivalent  damping  for  a  shock 
absorber  with  dry  friction  and 
quadratic  hydraulic  drag  on 
the  amplitude  of  oscillations. 


Analyzing  expression  (3.4),  it  is  easy  zo  obtain  the  following 
formulas  for  determination  of  the  minimum  value  and  corresponding 
amplitude  s9c  of  oscillations  of  the  rod: 

(3.5) 

(3.6) 

From  formula  (3*5)  it  is  clear  that  the  least  damping  of  the 
shock  absorber  does  not  depend  on  the  frequency  and  amplitude  of  the 
oscillations.  Therefore,  with  a  rough  estimate  of  damping  ability 
of  sh'-ck  absorption  of  the  undercarriage  it  is  very  convenient  to  use 
formula  (3.5)  and  assume  with  calculation  of  the  shock  absorber-tire 
system  It  is  also  useful  to  determine  quantity  sj  by  the 

formula  (3.6). 

In  those  cases  when  there  is  the  possibility  of  conducting 
tests  of  prepared  shock-absorber  struts  for  damping,  such  tests  should 
certainly  be  conducted,  since  the  proposed  formulas  give  only 
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approximate  characteristics  of  damping. 


Tests  for  damping  can  be  conducted  by  one  of  two  methods: 

1)  determination  of  the  dependence  of  the  force  of  hydraulic 
drag  on  the  speed  of  the  rod; 

~  2)  determination  of  the  energy  absorbed  by  the  shock  absorber 
with  harmonic  oscillations  of  the  rod. 

In  the  carrying  out  of  tests  by  any  of  these  methods,  air  (or 
nitrogen)  should  be  purged  from  the  shock-absorber  strut,  since  in 
the  tests  one  should  determine  only  the  damping  forces. 

Tests  by  the  first  method  can  be  conducted  by  measuring  the 
steady  speed  of  the  shock-absorber  rod  under  the  impact  of  constant 
load  at  different  values  of  it. 


With  the  second  method  of  tests  harmonic  oscillations  on  a 
special  test  stand  with  a  revolving  eccentric  are  imported  to  the 
rod  of  the  shock  absorber.  At  different  values  of  amplitude  and 
frequency  (revolutions  of  the  eccentric)  of  oscillations  of  the  rod 
variable  axial  stress  in  the  shock  absorber  is  measured. 


for  an  undercarriage  with  vertical  struts  ( fig .  3.17b)  one 


should  conduct  direct  tests  of  the  shock  ah. 
It  is  desirable  to  conduct  such  tests  for  a 
(see  fig.  3.17a).  It  is  possible  to  test  a 
conducts  5  'with  the  tire  according  to  the  sa:.. 
case  of  the  undercarriage  with  vertical  str~ 
tests  a  special  tire  monotypic  with  that  use 
rigidity  is  higher  than  the  rigidity  of  the 
pyramidal  landing  gear  n  times.  Number  n  is 


>roer-tire  system, 
oy  'un.idal  ianuing  gear 
s nock  absorber  series- 
?  configuration  as  in  the 
ts  but  to  select  for 
d  on  a  helicopter  whose 
tire  corresponding  to  the 
calculated  by  the 


formula : 


where  P$ *  is  the  stress  in  the  shock  absorber  at  vertical  stress 
Pg,  on  the  tire. 

2.  Effect  of  Cutoff  of  the  Shock  Absorber  Due 
to  Friction  in  the  Seals  and  Natural 
Oscillation  of  the  Helicopter 

Frictional  force  PQ  in  seals  (collars)  of  the  shock  absorber 
practically  does  not  depend  on  the  speed  of  the  rod  (3.1).  Therefore, 
the  effect  of  friction  in  the  seals  is  analogous  to  the  effect  of 
the  so-called  dry  (or  Codlomb)  friction. 

This  effect  consists  in  that  at  small  oscillations,  when  the 
variable  force  P<P«,  the  shock  absorber  does  not  operate  and  behaves 
as  a  rigid  rod.  Therefore,  at  quite  small  amplitude  of  oscillations 
of  the  helicopter  the  shock  absorbers  do  not  operate,  and  the  elastic 
elements  in  the  undercarriage  system  appear  to  be  only  the  tires 
practically  deprived  of  damping. 

If  the  angular  velocity  of  rotor  rotation  lies  inside  the  zone 
of  instability  of  the  helicopter  with  nonoperating  shock  absorbers, 
then  the  position  of  equilibrium  of  the  helicopter,  in  general, 
is  always  unstable,  and  small  oscillations  of  the  helicopter  with 
growing  amplitude  centainly  appear.  With  an  increase  in  amplitude 
of  oscillations  the  variable  force  in  the  shock  absorber  increases. 

At  a  certain  amplitude  of  oscillations  a*  the  force  in  the  shock 
absorber  P  becomes  equal  to  Pq.  At  large  amplitudes  of  oscillations 
a>a*  the  force  />>/>, ,  and  (if  T<T, ip  )  the  shock  absorbers  start  to 
operate. 

If  damping  of  the  shock  absorption  is  selected  correctly,  in 
the  system  natural  oscillations  with  a  certain  constant  small 
amplitude  a  greater  than  «•  are  established. 

Thus,  for  any  helicopter  Inside  the  zone  of  instability  with 
nonoperating  struts  natural  oscillations,  caused  by  the  effect  of 
dry  friction  in  shock  absorbers  of  the  undercarriage  certainly  take 
place. 


Such  natural  oscillations  should  in  no  way  be  confused  with 
ground  resonance  in  the  usual  understanding  of  this  term.  Natural 
oscillations  are  safe  and  occur  even  when  the  ground  resonance 
margin  (in  movements)  is  sufficiently  great. 

In  the  most  widespread  designs  of  shock  absorbers  (in  pneumatic 
hydraulic  shock  absorbers)  friction  in  the  seals  is  relatively  great, 
and  it  appears  that  with  calculation  of  the  amplitude  of  such  natural 
oscillations  it  is  possible  to  consider  only  damping  caused  by 
this  friction  and  not  to  consider  the  force  of  hydraulic  drag  in  the 
shock  absorber.  With  such  approximate  calculation  the  amplitude  of 
natural  oscillations  can  be  only  larger  than  she  actual. 

To  evaluate  the  amplitude  of  natural  oscillations  there  can  be 
obtained  certain  simple  formulas. 

Let  us  consider  a  system  consisting  of  two  series-connected 
springs  1  and  2,  one  of  which  with  rigidity  simulates  the  tire  and 
the  other  with  rigidity  ,  the  shock  absorber  (Fig.  3.27). 

Connected  in  parallel  with  spring  2  is  a  certain  element  (piston  3) 
with  dry  friction,  characterized  by  force  P^. 


Pig.  j. 27.  Diagram  of 
series  connection  cf  a  tire 
and  shock  absorber  with  dry 
friction:  1  and  2  —  springs; 
3  -  piston. 


Let  us  assume  that  under  the  action  of  force  P(l)  ,  changing  with 
time  by  a  certain  law,  the  system  accomplishes  oscillations  so  that 
point  A,  whose  displacement  we  will  designate  by  s,  accomplishes 
harmonic  osc  i  Hat  I  ons 


S-SoCOSP?. 


(3-7) 


If  amplitude  sQ  is  small,  then  spring  2  .does  not  operate,  and 
spring  1  has  deformation  ■  s,  which  changes  according  to  the 
harmonic  law  ( 3 • 7 ) •  Here  force  P  also  changes  according  to  the 
harmonic  law 

-I,  COS  pt. 

But  such  operation  of  the  system  will  occur  only  under  the  condition 
pm**<pi  and»  consequently,  under  condition  Sq<-^.  At  4o>~9-  spring  2 

operates.  There  are  certain  time  intervals  when  spring  2  operates 
(slipping  in  element  3),  and  there  are  time  intervals  when  the  spring 
does  not  operate. 


Let  us  assume  that  Sj  is  the  deformation  of  spring  2,  which 
we  will  consider  positive  if  spring  2  is  compressed.  Then  the  depen¬ 
dence  of  the  compressing  force  P  on  quantity  6  can  be  recorded  in 
form: 


pa  if  fc>0; 

if  $<o. 


(3.8) 


With  oscillatory  motion  the  dependence  p=*P(6)  has  the  form  of 
a  hysteresis  loop  (Fig.  3.28). 


Fig.  3.28.  Hysteresis  loop 
for  a  shock  absorber  with 
dry  friction. 


When  quantity  6  reaches  the  greatest  value  a  and  remains  after 
that  constant  <6  a),  force  P  can  take  any  value  in  the  interval 
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The  dependence  6(0  for  intervals  of  time  corresponding  to 
slipping  (6=^0),  can  be  determined  from  the  equation 

c',(SoCosp/-l)~c„t±P0. 

which  expresses  the  equality  of  forces  on  both  elements  1  and  2. 
Prom  this  equation  we  find  6(0  for  sections  of  slipping: 

l(0=J“5L-cos  pt± 

*•*  cu  +  Cm 

For  sections  where  slipping  is  absent  6=+a. 

Figure  3.29  gives  graphs  which  show  how  quantities  s(t),  6(0  and 
Pit)  change  with  time  for  the  case  ct3t~c^H  ana  s0—  2~.  The  quantity 


Fig.  3.29.  Law  of  the  change 
with  time  of  forces  and  dis¬ 
placements  in  a  shock- 
absorber  . 


of  amplitude  a  of  oscillations  of  the  rod  of  the  shock  absorber  can 
be  found  from  the  expression  for  6(0  ,  if  in  it  we  assume  cn$pj„j 
Then  there  will  be  obtained 


ctn  *0  ~  P0 
cu  +{i« 


(3.9) 


The  work  which  is  produced  during  osci . _atlonn  by  the  frictional 
force  can  be  determined  by  the  formula 

Apt-4  PjL. 


I 


We  will  compare  the  system  depicted  on  Pig.  3.27  with  a 

certain  equivalent  linear  shock  absorber,  which  with  that  same 

amplitude  of  the  rod  8q  absorbs  the  same  work  and  has  the  same  value 

of  the  greatest  force  p„. 

% ,  max 

Equating  the  expression  of  work  of  the  linear  shock  absorber 
( 4)  to  the  work  of  frictional  force  Ap ,  ,  we  will  obtain  the 
following  expression  for  damping  factor  of  the  equivalent  linear 
shock  absorber: 

k'“~  m  7(«L  +  e*)  %  (3‘10) 

where  n  -  certain  dimensionless  coefficient,  depending  from 
amplitude  of  oscillations  sQ  and  determined  by  formula 


— 4-  (when 

% 


(3.11) 

(3.12) 


We  will  obtain  the  expression  for  rigidity  cw,  of  the  equivalent 
linear  shock  absorber,  comparing  values  of  the  greatest  force  for 
linear  «£•)  and  nonlinear  [?««*«■  cj^(so — a)]  of  the  shock  absorbers: 


(3.13) 


Figure  3.30  shows  the  dependence  of  quantity  n  on  the  dimension¬ 
less  amplitude  of  oscillations  s o-  .  Quantity  n  reaches  the  greatest 


fig.  3.30.  dependence  of  the 
dimensionless  damping  factor 
n  on  the  relative  amplitude  of 
oscillations 


value  when  fB* 2.  When  f«^2  the  damping  decreases  with  an 

increase  in  amplitude  of  the  oscillations. 
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The  greatest  value  of  *„,=*»*,*  is  obtained  equal  to 


(3.14) 


Comparing  this  value  with  value  ,  obtained  for  the  linear 
shock  absorber-tire  system  [see  formula  (2.38)],  we  see  that  the  shock 
absorber  with  dry  friction  in  the  system  with  the  tire  gives  under 
those  same  conditions  the  greatest  damping,  a/2  times  less  than  that 
of  the  linear  shock  absorber. 

Thus  the  amplitude  of  natural  oscillations  of  the  helicopter, 
caused  by  friction  in  seals  of  shock  absorbers  can  be  found  from 
condition  (3.10): 


A*»*p  ~k. 


where  A“°tp  is  the  damping  necessary  to  eliminate  ground  resonance. 

From  this  equation  there  is  determined  the  appropriate  value 
n  and  then  on  Fig.  3*30,  the  appropriate  value  sQ. 

3.  Characteristics  of  31ade  Dampers 
and  Their  Analysis 

In  the  account  of  methods  of  calculation  of  ground  resonance 
we  assumed  that  dampers  of  drag  hinges  of  the-  blades  have  llne.ar 
characteristics,  i.e.,  that  the  moment  of  damper  M  is  proportional 
to  the  angular  velocity  i  of  rotation  of  the  blade  relative  to  the 
drag  hinge:  AI«Aai 

In  reality  characteristics  of  dampers  of  the  blade,  as  a  rule, 
are  nonlinear.  Basically  two  types  of  dampers  are  used: 

1)  hydraulic  dampers; 

2)  frictional  dampers. 

Hydraulic  dampers  can  have  different  characteristics  depending 
upon  the  design.  In  particular,  the  hyurauiic  damper  can  be  linear 


l 


(0O*»called  laminar  damper,  characteristic  a  cn  Fig.  3.31).  However, 
linear  dampers  are  used  extremely  rarely,  since  they  have  serious 
deficiencies. 


Fig.  3>31.  Model  characteristics  of  dampers 
of  a  blade:  2)  linear  damper;  b)  frictional 
damper;  c)  step  damper. 


One  of  the  deficiencies  is  the  great  sensitivity  of  linear 
dampers  to  temperature,  which  is  explained  by  the  fact  that  damping 
in  them  is  proportional  to  the  viscosity  of  the  hydraulic  fluid, 
which  is  greatly  dependent  on  temperature. 


Another  deficiency  of  linear  dampers  is  the  fact  that  the  moment 
of  such  a  dampe-’  is  proportional  to  the  frequency  of  oscillations  of 
the  blade.  Rehlly,  if  the  blade  accomplishes  harmonic  oscillations 
relative  to  the  drag  hinge  g-bsinvf,  then  the  moment  of  the  linear 
damper  changes  according  to  the  law  Af — Jo  cos  vt. 

9 

This  circumstance  leads  to  the  fact  that  with  forward  flight  of 
the  helicopter  the  linear  dampers  load  the  shank  part  of  the  blade 
by  great  bending  moments,  since  the  frequency  of  oscillations  of  the 
blade  in  flight  is  approximately  four  times  higher  than  with  ground 
resonance. 

This  d^iciency  to  a  considerable  degree  is  established  for  the 
most  widely  used  hydraulic  dampers  with  a  step  characteristic  (see 
Pig.  3.jic)  and  also  for  frictional  •simpers  see  Pig.  3 . 3 lb ) .  Point 
A  on  the  characteristic  of  the  v„  i>  damper  corresponds  to  the  moment 
of  the  opening  of  special  val*-  s 


The  characteristic  of  the  frictional  damper  (see  Pig.  3.31b)  can 
be  examined  as  a  special  case  of  the  step  characteristic. 


To  calculate  ground  resonance  of  a  helicopter  with ’ nonlinear 
dampers  of  blades  these  dampers  can  be  replaced  by  certain  "equivalent 
linear  dampers  the  damping  factors  of  which  depends  on  the  amplitude 
and  frequency  of  oscillations  of  the  blade.  Coefficient  k3K,  of  such 
an  equivalent  linear  damper  can  be  determined  from  the  condition  of 
absorption  by  this  damper  at  the  given  amplitude  and  frequency  of 
harmonic  oscillations  of  the  same  energy  for  one  period  of  oscillation 
which  the  nonlinear  damper  absorbs  under  those  same  conditions.  For 
the  frictional  damper 


vco 


(3.15) 


where  is  the  moment  of  tie  of  the  damper  (see  Fig.  3. 31b);  {o  - 
amplitude  of  oscillations  of  the  blade;  v  -  frequency  of  oscillations 
of  the  blade. 


By  this  formula  it  is  possible  to  determine  approximately  the 
value  koHi  for  hydraulic  dampers  with  a  step  characteristic  if  the  latt 
is  close  to  the  characteristic  of  the  frictional  damper. 


In  general  quantity  A\„;,  can  be  determined  by  the  known  character¬ 
istic  <\/(£)  of  the  .nonlinear  damper  with  help  of  formula 


*vEo  j 


(3.16) 


lysin'*  and  T=‘~- 

For  a  prepared  damper  quantity  kw,  can  also  be  determined  exper¬ 
imentally  by  means  of  special  laboratory  tests .  With  such  tests 
harmonic  oscillations  are  Imparted  to  the  rod  of  the  damper,  and  a 
recording  is  produced  or;  an  oscil  Lograrn  of  tne 
the-  damper. 


magnitude  of  moment 


The  main  deficiency  in  dampers  with  a  step  characteristic  and, 
in  particular,  frictional  dampers,  is  the  presence  for  a  helicopter 
with  such  dampers  of  the  so-called  threshold  of  excitation.  A 
helicopter  being  stable  at  small  amplitudes  of  oscillations  can  become 
unstable  at  great  amplitudes  of  oscillations  exceeding  the  threshold 
of  excitation. 


Let  us  consider  this  phenomenon  in  the  example  of  a  frictional 
damper.  Figure  3.32  shows  the  dependences  of  work  A,  absorbed  for 
a  period  of  oscillations  by  frictional  (curve  a)  and  linear  (curve  b) 
dampers  on  the  amplitude  of  oscillations  40  of  the  blade  (at  a 
constant  frequency  of  oscillations).  For  the  frictional  damper  graph 
ii(lo)  is  a  straight  line  and  for  the  linear  damper,  a  parabola.  Let  us 


Fig.  3.32.  Dependence  of  work 
absorbed  for  one  period  of 
oscillations  on  the  amplitude 
for  a  damper  with  dry  friction 
and  damper  with  a  linear 
characteristic . 


assume  that  as  a  result  of  the  calculation  of  ground  resonance  there 
was  determined  the  value  necessary  damping  of  the  blade  in  the 
case  of  the  linear  damper,  and  curve  a  on  Fig.  3-32  corresponds  to 
this  value  fc.i  ,  and  curve  b  corresponds  to  the  available  damping  of 
the  frictional  damper  actually  available  on  a  helicopter. 

Let  us  assume  that  these  curves  intersect  at  a  certain  point  c, 
corresponding  to  amplitude  »o  •  Then  with  oscillations  of  the  blade 
with  amplitude  ,  the  damping  provided  by  the  frictional  damper 

will  be  greater  than  necessary,  and  with  oscillations  of  the  blade 
with  amplitude  U>ll  the  damping  will  be  insufficient.  The  amplitude 
of  oscillations  1'0  constitutes  the  threshold  of  excitation.  Value 
can  be  determined  from  formula  (3.15): 

h 


Thus  if  the  helicopter  obtained  some  disturbance  (shock) 
as  a  result  of  which  oscillations  began  (of  both  the  helicopter  and 
blades),  then  if  the  amplitude  of  oscillations  of  the  blades  is  less 
than  ,  the  motion  will  be  stable  -  the  oscillations  attenuate.  If, 
however,  the  disturbance  is  quite  great  (|o>^)  ,  then  increasing 
oscillations  of  the  helicopter  will  appear. 

The  presence  of  the  threshold  of  excitation  for  helicopters  with 
dampers  of  blades  having  step  characteristics  is  a  serious  deficiency. 

In  practice  there  were  a  great  deal  of  cases  when  on  the 
helicopter,  being  in  operation  for  a  long  time,  there  appeared  ground 
resonance  as  a  result  of  some  strong  shock,  most  frequently  as  a  result 
of  a  rough  landing  with  a  blow  against  the  ground  by  one  of  the  j 
wheels  of  the  landing  gear. 


This  basic  deficiency  of  nonlinear  dampers  can  be  completely 
eliminated  only  with  the  application  of  dampers  providing  great 
damping  at  low  frequencies  of  oscillations  (ground  resonance)  of  the 
blade  and  little  damping  at  a  frequency  of  oscillations  equal  to 
revolutions  of  the  rotor  (and  above).  Such  a  damper  can  be,  in 


r ,  linear.  figure  1.33  shows  a  di 
The  damn or  consists  of  a  series-co 


gram  of  such  a  linear 
sooted  elastic  element 


gidity  c  ana  the  damper 


e ^efficient 


fig.  3.33-  Diagram  of  the 
element  in  which  the  elastic 
element  and  damper  are  united 
in  series. 


Characteristics  k  am 


aamner 


be  thus  selected 


order,  by  providing  sufficient  damping  with 
small  bending  moments  on  the  blade  during  fo 
n<- 1  i copter  (see  5  (>)  .  for  calculation  suer. 


by  a  certain  equivalent  element  with  rigid i t 


ground  resonance,  to  have 
rward  flight  of  the 
an  element  can  be  replaced 
y  Cj,;,  and  damping  factor 


Am  ,  determined  by  formulas 


(3.17) 


These  formulas  are  obtained  analogous  to  formulas  (2.33)  and 
(2.34). 


4.  Effect  of  Flapping  Motion  of  the  Rotor 
on  Ground  Resonance 

As  was  already  stated,  dampers  of  blades  used  usually  are 
nonlinear.  The  basic  peculiarity  of  any  nonlinear  damper  is  that 
if  motion  of  the  blade  consists  of  two  harmonic  components,  then  the 
damping  of  one  of  these  components  depends  on  the  amplitude  and 
frequency  of  the  other  harmonic  component,  whereas  the  linear  damper 
absorbs  energy  from  harmonic  components  independently  of  the  value 
of  the  other. 

This  peculiarity  of  the  nonlinear  damper  is  explained  by  the 
following  important  phenomenon,  which  long  ago  was  noticed  during 
tests  of  helicopters.  With  operation  of  the  helicopter  on  the  ground 
there  is  sometimes  the  possibility  of  creating  ground  resonance  by 
a  smooth  deflection  of  the  cyclical  pitch  control  stick  from  the 
neutral  position.  If  then  the  control  stick  is  quite  rapidly  put 
in  the  neutral  position,  then  oscillations  attenuate.  It  is  very 
convenient  to  use  this  phenomenon  during  an  experimental  check  of  the 
helicopter  on  ground  resonance.  This  phenomenon  is  analogous  to  the 
effect  of  the  influence  of  flapping  motion  on  flutter.  Let  us 
consider  the  mechanism  of  this  phenomenon  for  the  case  of  the 
frictional  damper  (see  Fig.  3* 31b). 

Let  us  first  take  the  following  abstract  problem.  Let  us  assume 
that  about  a  certain  plate  B  (see  Fig.  3.34),  accomplishing  in  a 
horizontal  direction  harmonic  oscillations  according  to  the  law 
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j/---f/usin  wt,  a  certain  body  A  evenly  slips  at  speed  P . 


reseed  to  the  vibrating  plate  E  by  a  certain  normal 
1  consider  that  the  friction  between  the  surface  of 


Posy  A  and  plate  B  corresponds  to  the  ideal  lav;  of  dry  friction,  i.e., 
frictional  force  is  constant  in  value  and  equal  to  Po=n-V,  where  y  is 
the  coefficient  of  sliding  friction. 


The  direction  of  the  frictional  force  oepends  on  the  direction 
of  speed  of  body  A  with  respect  to  plate  B. 

We  will  consider  force  P  (of  the  friction)  applied  to  the  plate 
positive  if  it  is  directed  opposite  the  absolute  velocity  of  body 
A,  i.e.,  to  the  right.  Displacement  y  of  plate  B  will  be  considered 
positive  if  it  is  directed  to  the  left.  Then  the  law  friction  can 
be  thus  written: 


pjl+p o  for  V>y\ 
\~P0  for  V<y. 


For  the  relative  speed  of  the  plate  we  have  the  expression: 

Vtn--=V~  n  ■•=  V  -  «ya  cos  «/. 

Figure  3.35  shows  a  graph  of  this  dependence.  The  relative  speed 


as  a  function  of  time  is  depicted  by  c 
V  along  the  axis  of  the  ordinates. 


yy#  wt 


Fig.  3.3;*.  Diagram  of  the 
motion  of  a  body  on  a  plate 
vibrating  in  a  horizontal 
direction. 


sine  curve  shifted  by  magnitude 


relafJve  speed  .and  frle- 
1 1  o  r.  a  j  for  a  o  with  an  1  f  o  rm 
motion  of  the  bod;/  on  -a 
vib.  at  J  r.g  p  late  . 


From  the  graph  it  is  clear  that  at  V<«t/0  during  one  period  of 
T  oscillations  the  time  interval  (f— 2fi)  t  during  which  "0M  is  positive, 
is  greater  than  the  time  interval  2T^,  during  which  is  negative. 
Shown  under  this  graph  is  a  corresponding  graph  of  the  dependence  of 
frictional  force  P  on  time.  During  one  period  of  oscillations  in  a 
certain  time  interval  2T^  the  frictional  force  is  directed  to  the  left 
(negative),  and  in  the  time  interval  (f— 2fi)  the  frictional  force  is 
directed  to  the  right  opposite  the  motion. 

Thus  with  the  motion  of  body  A  (see  Fig.  3.3*0  on  the  vibrating 
plate  B  the  frictional  force  periodically  changes  its  direction 
provided  The  frictional  force  is  directed  a  great  part  of  the 

time  opposite  the  motion,  and,  consequently,  on  the  average  the 
friction  renders  resistance  to  the  motion  of  body  A. 

In  order  to  carry  out  uniform  motion  of  body  A  to  the  left,  to 
it  must  be  applied  force  variable  with  time  which  at  each  instant 
would  balance  the  frictional  force.  Let  us  calculate  the  average 
value  PCp  this  force  for  the  period,  understanding  by  this  such 
a  constant  force  which  for  one  period  of  oscillations  produces  in 
absolute  movement  of  body  A  the  same  work  as  that  of  the  actual  fric¬ 
tional  force.  If  the  mass  of  body  A  would  be  infinitely  great,  and 
it  would  have  been  possible  to  disregard  vibrations  of  body  A  and 
also  consider  its  motion  on  the  vibrating  plate  to  be  uniform,  then 
force  P*p  would  be  the  actual  force  necessary  for  a  uniform  motion 
of  body  A. 

Work  of  the  averaged  force  for  one  period  of  oscillations  of  the 
plate  will  be  equal  to: 


4ep-PeptT. 

Work  produced  for  one  period  of  frictional  force  will  be  equal 
to: 


An- P*vir-2r,j-p0vi2r,]-  p0wr-4r,i 


Equating  these*  two  values  of  work  4T„  an-.  4ep,  we  will  obtain  the 
following  expression  for  the  averaged  driving  force: 

/>c,»P0[l.-4^]. 

To  determine  values  of  let  us  note  that 


cos  (1)7*1  = — . 


2  K 


Hence,  considering  that  7*  = — ,  we  obtain 

M 

-~-=^-arccos  (—). 
T  2n  \»yo) 


Consequently , 


fi  2 

/  v  w 

I - arc  cos 

— | 

L  * 

'  “yo  /  J 

The  expression  obtained  is  correct  only  under  the  condition  that 

V<oy0 .  If,  however,  K>coy0 ,  then  the  frictional  force  changes  neither 

the  magnitude  nor  the  sign,  remaining  equal  to  PQ.  Considering  what 

has  been  said  and  introducing  the  dimensionless  averaged  force  Pe9*m  , 

" 6 

we  will  obtain  for  the  latter  the  following  expression: 


1  — —  arc  cos  (— ), 
n  V«»yo / 

.1,  if  V  >  u>i'0. 


if  V  < a»y0; 


(3.18) 


Figure  3-36  shows  a  graph  of  the  dependence  of  quantity  J*cp  on 

y 

the  dimensionless  speed  of  motion  —  . 


Fig.  3.36.  Dependence  of 
relative  averaged  frictional 
force  Co  the  dimensionless 
speed  of  a  body  on  a  vibrating 
plate. 


•v  , 
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At^  a  low  relative  speed  V  of  motion  of  the  plate  it  Is  possible 
to  use  the  simplified  linear  dependence  Ptp(7) ,  which  is  obtained  if 
in  expansion  of  arc  cos  V  in  series  in  powers  of  V  we  are  limited 
to  the  first  two  terms.  Then 


Thus  with  the  slow  motion  of  the  body  on  a  rapidly  vibrating 
plate,  the  averaged  frictional  force  can  be  approximately  considered 
proportional  to  the  first  degree  of  speed: 


(3.19) 


where  the  proportionality  factor 

(3.20) 

Fr^m  what  has  been  said  it  is  clear  that  under  the  examined 
conditions  dry  friction  in  a  certain  sense  is  equivalent  to  linear 
viscous  friction,  and  the  equivalent  damping  factor  is  inversely 
proportional  to  the  frequency  and  amplitude  of  vibrations  of  the 
plate.  This  important  circumstance  was  revealed  for  the  first  time 
by  Heinrich  [Ml]  and  was  checked 'experimentally  by  A.  A.  Krasovskiy 

[1*3. 


It  is  obvious  that  with  slow  harmonic  oscillations  of  body  A 
on  a  rapidly  vibrating  plate  B  it  is  also  possible  approximately  to 
calculate  the  damping  of  these  oscillations  by  using  formulas 
(3.19)  and  (3.20). 

Thus  if  in  the  element  with  dry  friction  the  relative  motion  of 
friction  surfaces  constitutes  the  sum  of  two  harmonic  oscillations, 
one  low-frequency  and  the  other  high-frequency,  then  the  damping  of 
low-frequency  oscillations  oan  be  approximately  calculated  by  using 
formulas  (3*19)  end  (3*20),  understanding  by  i»  and  yQ,  respectively, 
the  frequency  and  amplitude  of  the  other  (high-frequency)  harmonic 
component . 
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Let  U3  return  now  to  the  consideration  of  oscillations  of  the 
blade  of  a  helicopter  equipped  with  a  frictional  damper  with 
reference  to  the  vertical  hinge.  With  the  deflection  of  the  cyclical 
pitch  control  stick  of  the  blades  when  the  helicopter  operates  on 
land  there  appears  flapping  motion  of  blades  of  the  rotor  with  refer¬ 
ence  to  the  flapping  hinges.  As  is  known,  the  flapping  angle  0  of 
the  blade  changes  with  time  according  to  the  harmonic  law: 

P  *=»  a0 — a,  cos  <U  —  bx  sin  mi, 

where  aQ  is  the  angle  of  conicity;  a^  and  b,  -  coefficients  of 
flapping  motion. 

With  flapping  motion  of  the  blade  there  appear  Coriolis  forces 
which  cause  oscillations  of  the  blade  with  reference  to  the  drag 
hinge.  The  amplitude  of  the  first  harmonic  51  of  oscillations  of 
the  blade  with  reference  to  the  drag  hinge  can  be  defined  by  well- 
known  formula:3 


As  was  already  clarified  in  §§  1  and  3,  with  ground  resonance 
(in  the  case  p,,=0  )  the  blades  accomplish  oscillations  with  a  frequency 
vow  (vo**0,25) ,  i.e.,  with  the  frequency  approximately  four  times  lower 
than  the  frequency  of  forced  oscillations  of  the  blade  induced  by 
the  flapping  motion.  Therefore,  in  accordance  with  the  expounded 
damping  moment  acting  on  the  oiade  during  ground  resonance,  It  is 
possible  to  calculate  approximately  b;/  the  formula: 


I 


where 


(3-23> 

* 


Quantity  Mq  constitutes  the  moment  of  tightening  of  the  frictional 
damper  (see  Fig.  3.31b). 


1 


Th{?s  forced  oscillations  in  the  plane  of  rotation  of  the  blade 
with  the  frictional  damper,  caused  by  the  flapping  motion  of  the  blade 
in  the  plane  of  traction,  lead  to  the  effect  equivalent  to  the 
introduction  of  the  linear  damper  in  the  drag  hinge  whose  damping 
factor  (3.23)  is  inversely  proportional  to  the  amplitude  h  of 
forced  oscillations  of  the  blade  relative  to  the  drag  hinge.  There¬ 
fore,  all  that  has  been  said  about  the  threshold  of  excitation  of  the 
helicopter  with  frictional  dampers  (No.  3)  is  correct  only  in  the 
case  when  the  flapping  motion  of  the  blades  is  absent.  This  usually 
takes  place  with  operation  of  the  rotor  at  low  revolutions.  Conse¬ 
quently,  the  threshold  of  exitation  should  be  estimated  for  ground 
resonance  with  respect  to  the  first  tone.  Formula  (3.23)  should 
be  used  for  an  evaluation  of  ground  resonance  in  the  presence  of 
flapping  motion  of  the  rotor  (at  operating  revolutions  of  the  rotor). 
This  is  especially  important  in  the  calculation  of  ground  resonance 
of  a  helicopter  on  a  landing  run,  which  is  the  subject  of  discussion 
In  5  *1. 


S  4.  Ground  Resonance  of  a  Helicopter 
on  fa  Landing  frun 

In  the  account  of  methods  of  calculation  of  natural  lateral 
oscillations  of  a  helicopter  on  the  ground  (3  2)  it  was  assumed 
that  rolling  of  the  tire  along  the  surface  of  earth  is  absent. 

With  rolling  of  the  tire  its  lateral  rigidity  decreases,  and 
the  vertical  rigidity  remains  constant.  A  decrease  in  lateral  rigidity 
of  the  tire  when  rolling  and  also  a  certain  additional  damping  with 
lateral  displacements  of  the  rolling  tire  can  be  determined  on  the 
basis  of  the  existing  shimmy  theory  of  directive  wheels.  In  this 
section  the  method  of  such  a  calculation  is  given. 

A  decrease  in  lateral  rigidity  of  the  tire  with  rolling 
(decrease  in  quantity  ,  see  Pig.  3*17)  leads  to  a  lowering  of 
frequencies  of  natural  oscillations  of  the  first  and  second  tones 
and,  consequently,  also  to  a  lowering  of  limits  of  corresponding 
zones  of  instability.  As  was  already  noted  earlier  (I  2,  No.  7), 
usually  for  single-rotor  helicopters  the  zone  of  instability,  which 
corresponds  to  the  second  tone  of  oscillations,  is  higher  than  the 


operating  revolutions  of  the  rotor,  the  marci^  with  respect  to 
revolutions  of  the  rotor  mounting  sometimes  to  not  more  than  30$. 

The  lowering  of  the  zone  of  instability  with  rolling  of  the  tire 
can  be  of  a  magnitude  of  the  order  of  20-301.  Therefore,  it  can 
appear  that  the  helicopter,  which  is  stable  when  operating  at  a 
standstill  becomes  unstable  on  a  landing  run.  In  this  case  is 
possible  to  indicate  the  critical  speed  of  motion  of  the  helicopter 
on  the  ground  at  which  motion  becomes  unstable. 

1.  Rigidity  and  Damping  of  the  Tire  During  Rolling 

Let  us  examine  the  tire  which  evenly  ro^ls  along  the  ground 
3-37).  Let  us  assume  that  the  wheel  accomplishes  lateral 
oscillation  according  to  the  harmonic  law  so  that  the  axis  of  rotation 
of  the  wheel  remains  all  the  time  parallel  to  its  initial  position 
and  the  distance  from  the  axis  to  the  earth  remains  constant. 


Pig.  3.37.  Form  in  the  plan 
on  the  site  of  contact  and 
line  of  rolling  of  the  tire: 

0  -  angular  deformation  of  the 
tire;  A  -  lateral  deformation 
of  the  t_re  ("tilt"). 


Let  us  select  the  fixed  rectangular  system  of  coordinates  zOs, 
lying  on  the  surface  of  earth,  and  we  will  direct  axis  Os  in  parallel 
the  axis  of  the  wnrel.  let  u.*.  assume  t:  .t  the  lateral  displacement 
.  <1  Ui«  dl  am*  i.rlc  nl  plane  of  wheel  change  with  time  according  t' 

Mi*'  harrn»*ni  <•  law:' 


*  V'*\ 


*  t 


where  *0  is  the  amplitude  of  oscillations;  •  -  angular  frequency  of 
oscillations. 

¥•  will  determine  the  lateral  force  applied  to  the  tire  from 
the  side  of  earth  with  such  motion  of  it. 

Let  us  assume  that  X  is  the  lateral  deformation  of  the  tire,  i.e., 
the  distance  between  the  diametrical  plane  of  the  wheel  and  the  point 
of  the  tire,  which  was  the  center  of  the  area  of  contact  before  lateral 
deformation.  Then  the  lateral  force  ?z  will  be  equal  to: 

where  c“  is  the  lateral  rigidity  of  the  tire  in  the  absence  of 
rolling. 

Let  us  assume  that  further  s  is  the  path  reckoned  along  the 
line  of  rolling,  and  +  is  the  angular  deflection  of  the  tire,  i.e., 
the  angle  between  the  line  of  intersection  of  the  diametrical  plane 
of  the  wheel  with  the  surface  of  the  earth  and  tangent  to  the  material 
line  belonging  to  the  surface  of  the  tire  and  constituting  a  line 
of  intersection  of  the  diametrical  plane  of  the  wheel  with  the 
surface  of  an  undeforsied  tire. 

Quantities  z,  X  and  a  are  connected  by  the  so-called  rolling 
conditions,  which  in  accordance  with  the  hypothesis  N.  V.  Keldysh 
[153*  have  the  form: 


Here  a  and  0  are  certain  constant  quantities  for  the  given 
tire,  which  can  be  found  by  experimental  «eim. 


:'nzr,'.\r  tt  time  derivatives  t  and  cor.  si  :  *rir.g  tf.it  3  ■*  Vt 
•■.:her*'  7  1.;  the  speed  cf  the  tire  ir.  tr.e  dirt-  :ti:r,  cf  axis  Cs),  we 
>/!.:  '■attain: 

«  f  +  Wl  * 


Assuming 


and 


t-V** 


(4.5) 


and  considering  (4,1),  we  will  obtain  from  equations  (4.4)  the 
following  equations  for  determining  constants  U  and  f«  : 

(fa+WO^-al^-0. 

Whence 


V 


*•+ 


* •+* 


(4.6) 


Substituting  the  found  value  XQ  into  the  first  of  formulas 

(4.5)  and  then  into  (4.2),  we  will  obtain  tnt  following  expression 

for  force  P  ,  acting  on  the  tire  from  the  si-e  of  the  earth: 
z 


where 


*•  + 


-$T*r 


tm  +  W 


*.,et  us  call  the  complex  fyantHy 


•va 


f  li  k  ij 


•■i'aUSfcsjjgi 


The  lateral  complex  dynamic  rigidity  of  the  tire  during  transverse 
harmonic  oscillations  of  the  wheel. 

The  modulus  of  the  complex  dynamic  rigidity  constitutes  the  ratio 

amplitude  Pq  of  lateral  force  to  the  amplitude  of  oscillations  zQ  of 

the  diametrical  plane  of  the  wheel.  The  argument  of  the  complex 

quantity  D(»)  constitutes  the  phase  of  oscillations  of  force  P  with 

z 

respect  to  oscillations  t  of  the  wheel. 

Let  us  consider  further  a  certain  linear  elastic  element  with 
damping  (see  Pig.  3.22).  Force  P,  acting  on  this  element,  and  its 
deformation  s  (movement  of  the  element)  are  connected  by  the  relation 
(2.25): 

/>-«+**. 

Let  us  introduce  the  concept  of  the  complex  dynamic  rigidity  of 
such  an  element  and  determine  how  it  is  connected  with  coefficients 
c  and  k  of  its  rigidity  and  damping. 

Let  us  assume  that  displacement  s  of  the  elastic  element  changes 
with  time  according  to  the  harmonic  law  .  Then  the  force, 

acting  on  this  element,  will  also  change  according  to  the  harmonic 
law: 

P^c+MW 

or 

where 

/>,-(*+<•*)  j* 

We  will  call  the  quantity 

D(rn)*~C-\-M 

j 


s 

I 

\ 
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(4.9) 


•  no  complex  dynamic  rigidity  of  the  elastic  element  with  damping. 

As  can  be  seen  from  expression  0.9) >  the  real  part  of  the  complex 
quantity  D(a)  is  the  coefficient  c  of  rigidity  of  the  spring,  and  the 
imaginary  part  is  the  coefficient  k  of  damping  of  the  element  multiplied 

by  w. 


In  order  to  calculate  natural  oscillation  of  the  helicopter 
on  the  ground  in  accordance  with  the  diagram,  depicted  on  Fig.  3.16, 
it  is  necessary  to  select  correctly  the  characteristics  of  elasticity 
and  damping  of  elements  cj  and  «*  .  A 


It  is  obvious  that  for  the  calculation  of  oscillations  of  the 
helicopter  on  landing  run  it  is  sufficient  to  select  the  horizontal 
elastic  elements  ( c*9  on  Fig.  3.17)  r  that  their  complex  dynamic 
rigidity  is  equal  to  the  complex  lateral  rigidity  of  the  tire  during 
rolling.  Coefficients  of  stiffness  and  lumping,  which  is  thus 
selected  of  the  "equivalent"  elastic  element,  can  be  determined 
respectively  as  the  real  and  imaginary  part  of  the  complex  quantity 
D(<o),  which  is  expressed  by  formula  (4.8). 

Separating  in  expression  (4.8)  the  real  and  imaginary  part, 
we  will  obtain: 


(4.10) 


(4.11) 


The  obtained  formulas  are  comparatively  complicated  and  require 
knowledge  of  constants  of  the  tire  a  and  8. 


Formulas  for  determining  rwa  and  can  be  considerably 
Implified  if  instead  of  the  rolling  conditions  of  M.  V.  Keldysh  we 
use  the  so-called  hypothesis  of  "tilt",  in  accordance  with  which  the 
lateral  deformation  of  the  tire  \  ("tilt")  Is  connected  with  the 
angular  deformation  of  the  tire  $  by  the  simple  relation 
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The  simplified  formulas  (4.15)  and  (4.1c)  are  more  convenient 
for  practical  calculations  and  do  not  require  knowledge  of  constants 
:(  )  of  the  tire  a  and  8.  The  accuracy  of  the  approximate  formulas  is 

Cully  sufficient  for  practical  purposes.  This  is  illustrated  by 
the  comparative  graphs  on  Fig.  3 • 38 >  which  are  obtained  as  a 
result  of  calculations  carried  out  for  the  main  wheels  of  the  Mi-1 

\  l 

I  helicopter  ( <0=18  —  corresponds  to  the  frequency  of  the  second  tone 

of  oscillations)  according  to  the  theory  of  Keldysh  and  according  to 
the  theory  of  "tilt". 

i 

Thus,  in  the  carrying  out  of  calculations  of  natural  oscillations 
i  of  the  helicopter  on  landing  run  it  is  expedient  to  use  formulas  (4.15) 

and  (4.16).  It  is  necessary  to  substitute  tr.e  frequency  p  of  lateral 
’  oscillations  of  the  helicopter  into  the  formulas  instead  of  w. 

!  Figure  3-39  gives  graphs  of  the  dependence  of  the  dimensionless 


Fig.  3.38.  Dependence  of  the  relative  lateral  rigidity  and 
lateral  damping  of  the  tire  on  the  speed  of  the  helicopter 


on 


the  ground  ^«-is  -i-J  . 


I  : 


Fig.  3.39.  Dependence  of 
relative  lateral  rigidity 
and  lateral  damping  of  the 
tire  on  the  dimensionless 
speed  of  the  helicopter  on 
the  ••round. 


lateral  rigidity  ^Ssgj  »Caa  and  damping  on  the  dimensionless 

relative  speed  p.  JL^JL  of  motion.  As  can  be  seen  from  the  graph, 

n  pr 

the  lateral  rigidity  of  the  tire  very  greatly  depends  on  the  speed 
of  the  helicopter.  At  F-3  (which  for  the  tire  an  Mi-1  helicopter 
at  p«*H  amounts  approximately  to  50  km/h)  the  lateral  rigidity 
of  the  tire  Is  10  times  less  than  that  for  a  rigid  tire. 

2.  Calculation  of  Ground  Resonance  and  Its  Results 

The  calculation  of  ground  resonance  on  landing  run  can  be 
performed  just  as  in  the  usual  ease  (§  2),  but  values  of  lateral 
rigidity  of  the  tire  during  calculation  of  natural  oscillations 
should  be  replaced  by  values  of  Cam  ,  enumerable  by  the  formula  (4.15)* 
and  with  the  determination  of  damping  factors  of  natural  oscillations 
(S  2,  No.  4)  an  additional  damping  of  the  horizontal  elastic  elements 
(see  Pig.  3.17)  should  be  considered  in  accordance  with  formula 
(4.16).  In  formulas  (4.15)  and  (4.16),  instead  of  values  u>  one 
should  substitute  values  of  p  of  the  frequency  of  the  corresponding 
tone  of  oscillations  of  the  helicopter.  Such  a  procedure  of  calcu¬ 
lation  is  fully  justified,  since  on  the  limits  of  zones  of  instability 
purely  harmonic  (undamped)  oscillations  are  observed  and  formulas 
(4.15)  and  (4.16)  are  obtained  precisely  for  the  case  of  harmonic 
lateral  oscillations  of  the  tire.  The  purpose  of  calculation  of 
ground  resonance  consists  exactly  in  finding  the  limits  of  zones  of 
instability. 


During  use  of  formula 


(4.17) 


in  the  calculation  of  frequencies  of  natural  oscillations  of  the 
helicopter  there  is  the  difficulty  connected  with  the  fact  that  for 
finding  the  frequency  natural  oscillations  p  it  is  necessary  to  know 
the  value  <*,•,  which  in  turn  depends  on  p.  Therefore  the  calculation 
of  natural  oscillations  (determination  of  p)  should  be  produced 
by  assigning  different  values  of  in  the  interval  0<fa«<c“,»  and 
then  after  determination  of  p  the  corresponding  value  of  speed  of 


the?  landing  run  from  formula  (4.17)  should  be  found.  To  determine 
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the  speed  of  the  landing  run  there  is  obtained  the  formula: 


V-rp\f  i£_l.  (4.18) 

f 

As  a  result  of  such  calculation  it  is  possible  to  construct 
a  graph  of  the  dependence  of  limits  of  zones  of  instability  on  the 
speed  of  landing  run  V.  Figure  3.40  gives  results  of  such  a  calcula¬ 
tion  for  the  Mi-1  helicopter.  On  the  graph  there  is  depicted  the 
dependence  of  the  lower  limit  of  the  zone  of  instability  corresponding 
to  the  second  tone  of  oscillations  on  the  speed  of  the  landing  run  V. 


Fig.  3.40.  Dependence  of  lower 
limit  of  the  zone  of  instability 
on  the  speed  of  the  landing  run 
for  the  Mi-1  helicopter:  i  »«p  - 
critical  revolutions  correspond¬ 
ing  to  the  beginning  of  self- 
excited  oscillations;  »*  - 
revolutions  corresponding  to  the 
center  of  zone  of  instability., 

i 


i 


As  can  be  seen  from  the  graph,  critical  revolutions  n*p  of  the 
rotor  corresponding  to  the  beginning  of  ground  resonance  noticeably 
descend  with  an  increase  in  speed  of  the  helicopter.  If  for  a 
motionlessly  standing  helicopter  the  revolution  margin  is  3655,  then 
at  a  speed  of  landing  of  run  60  km/h  the  margin  decreases  to  855. 

It  is  important  to  note  that  with  an  increase  in  speed  V  curve 
«kp  approaches  to  a  certain  asymptote.  This  ms  follpwlng  physical 
meaning. 

With  an  increase  in  V  the  lateral  rigidity  of  the  tire,  deter¬ 
mined  by  quantity  c*,  [formula  (4.17)],  decreases  without  limit 
approaching  to  zero.  Then  the  frequencies  of  natural  oscillations 
of  the  first  and  second  tones  decrease,  ana  one  frequency  of  the 
first  tone  p  tends  tc  zer.,  and  the  frequer  ■  of  tne  second  tone  to 


i  f.i 


the  value 

*-/  ^7^-  (4.19) 

Quantity  pQ  is  the  frequency  of  natural  lateral  oscillations  of 
the  helicopter  in  the  absence  of  lateral  rigidity  of  the  tires. 

Bie  fora  of  oscillations  of  helicopter  corresponding  to  this 
frequency,  constitutes  the  rotation  of  the  body  of  the  helicopter 
around  the  main  longitudinal  axis  of  inertia.  The  corresponding 
node  of  oscillations  (see  §  2,  No.  3)  coincides  with  the  center  of 
gravity  of  the  helicopter. 

Such  a  situation  can  appear  for  a  helicopter  standing  motionlessly 
or  moving  about  a  smooth  surface  of  ice,  when  one  can  assume  that  the 
friction  between  the  tire  and  ground  is  absent  (here  also  c||"-0). 

From  this  reasoning  follows  the  possibility  of  a  simplified 
(appraisal)  calculation  of  ground  resonance  on  a  landing  run,  when 
the  frequency  of  natural  oscillations  is  determined  by  formula 
(4.19).  For  a  mass  of  equivalent  elastic  support  (§  2,  No.  6) 
there  is  obtained  the  formula 

<**•»>) 

For  the  attenuation  factor  of  the  helicopter  there  is  obtained 
the  formula 


«• 


U H 


(4.21) 


where  H  is  the  distance  from  the  surface  of  earth  to  the  center  of 
gravity  of  the  helicopter. 


Quantity  is  determined  by  the  formula 


Quantity  constitutes  the  damping  factor  of  vertical  elastic 
elements  (see  Fig.  3.16),  which  depends  on  damping  properties  of 
shock-absorber  struts  and  is  determined  just  as  was  shown  in  No.  5 
of  §  2. 

Such  an  approximate  calculation  for  a  helicopter  having  a  zone 
of  instability  located  above  the  operating  revolutions  gives  a  small 
error  in  the  "safety  margin." 


3.  Ground  Resonance  with  Separation  of  the  Tires 
from  the  Surface  of  the  Earth 

All  the  above-stated  methods  of  calculation  of  ground  resonance 
assumed  the  linearity  of  characteristics  of  the  tires.  However,  in 
reality,  the  characteristic  of  the  tire  can  be  (even  approximately) 
considered  linear  provided  one  were  to  examine  such  situations  at 
which  the  tire  in  the  process  of  deformation  remains  pressed  to  the 
surface  of  the  earth.  In  general,  the  characteristic  of  the  tire 
has  the  form  depicted  on  Fig.  3.41 . 


Fig.  2.41.  Nonlinear 
dependence  of  force 
acting  on  *ne  tire 
from  the  side  of  the 
earth  on  t r.j  vertical 
displacement  of  the 
axis  of  the  wheel. 


If  Py  is  the  force  acting  on  the  tire  from  the  side  of  the  earth, 
.■mi  is  the  corresponding,  displacement,  t.  on  the  characteristic 
ni  lli*  tin*  hns  Mu-  form: 

p  |< A  1  *r  *>0; 

l  0  for  *<0. 

1 1*  I  in*  re  ? » r*  •  examined  small  oscillations  of  the  helicopter 

near  th*-  position  of  equilibrium  correspond ing  to  the  given  traction 

T  or  the  rotor  at  which  r  *  Pn  ana  s  .  *  s  sucn  that  the  oolnt 

y  u  j  \* 


depicting  on  the  diagram  the  state  of  the  tire  is  found  during 
oscillations  on  a  certain  segment  AB  wholly  lying  in  the  linear  part 
of  the  characteristic,  then  all  methods  of  the  calculation  founded 
on  the  linearity  o''  the  characteristic  of  the  tire  remain  in  force 
(for  such  sriiail  oscillations). 

However,  at  large  amplitudes  of  oscillations  it  can  appear 
that  the  point  depicting  the  state  of  the  tire  on  the  diagram  exceeds 
the  bounds  of  linearity  of  the  characteristic.  Urns,  obviously, 
it  will  be  in  the  case  when  the  amplitude  of  displacement  As  is 
larger  than  the  value  of  static  pressing  8q.  The  value  of  static 
pressing  s0,  just  as  force  P0,  depends  on  thrust  of  the  rotor  of 
the  helicopter  and  decreases  when  thrust  T  of  the  rotor  increases, 

approaching  to  a  value  of  the  weight  of  the  helicopter  G.  If  T  <  G, 

*• 

then  the  tire  is  pressed  to  the  ground;  however,  the  less  the  ampli¬ 
tude  of  oscillations  of  the  helicopter  at  which  the  tire  will  start 
to  be  detached  from  the  surface  of  earth,  the  nearer  quantity  T  Is 
to  the  value  T  *  G.  Therefore,  the  tires  are  detached  most  easily 
from  earth  during  takeoff  and  landing  of  the  helicopter  at  moments 
when  thrust  of  the  rotor  is  less  than  the  weight  of  the  helicopter 
but  is. quite  great. 

Calculation  of  oscillations  of  the  helicopter  with  separation 
of  tires  is  very  complicated,  but  it  is  possible  in  not  producing 
such  calculation  to  make  certain  very  important  qualitative  con¬ 
clusions.  Really,  during  oscillations  with  separation  of  the  tires 
the  helicopter  constitutes  a  nonlinear  oscillatory  system  with  a 
clearance.  It  5s  Known  that  the  frequencies  of  natural  oscilla¬ 
tions  of  the  system  with  a  clearance  depend  on  the  amplitude  of 
08C illations  and  on  the  magnitude  of  the  clearance,  and  the  larger 
the  clearance  (at  the  assigned  amplitude),  the  lower  the  frequency 
of  natural  oscillations.  This  is  physically  clear,  since  the  presence 
of  the  clearance  is  equivalent  to  the  lower Lng  of  the  average  (for 
the  period  of  oscillations)  of  rigidity  of  .he  elastic  element. 

Consequently,  during  oar .  .Ions  ol*  tne  helicopter  with 
separation  of  the  tires  the  *,  < :  4_»..wiea  of  natural  oscillations 


decrease,  and  together  with  them  limits  of  zones  of  instability  also 
decrease.  Therefore,  if  the  zone  of  instability  corresponding  to 
the  second  tone  of  oscillations  is  higher  than  the  working  revolu¬ 
tions  of  the  rotor,  then  the  margin  with  respect  to  revolutions  up 
to  the  lower  limit  of  the  zone  of  instability  decreases  during 
oscillations  with  separation  of  the  tires;  and  it  can  appear  that 
at  a  quite  large  amplitude  of  oscillations  the  lower  limit  of  the 
zone  of  instability  will  be  "released"  prior  to  the  working 
revolutions . 

Thus  the  helicopter  having  with  small  oscillations  a  zone  of 
instability  located  higher  than  the  working  revolutions  is  stable 
only  at  small  amplitudes  of  oscillations  not  exceeding  a  certain 
critical  amplitude  tf,p,  which  can  be  called  the  threshold  of  excita¬ 
tion  during  oscillations  with  breakaway  of  the  tires. 

From  what  has  been  said  above  it  is  clear  that  the  less  the 
value  of  the  threshold  of  excitation,  the  smaller  the  forces  pressing 
the  tires  to  earth,  i.e.,  and  the  nearer  value  of  thrust  of  the 
rotor  to  the  weight  of  the  helicopter.  Consequently,  the  most 

i 

dangerous  is  the  situation  at  the  time  of  separation  of  the  helicopter 
Trorn  earth  and  directly  after  landing.  Thersforc,  when  oscillations 
form  during  takeoff  or  landing  it  is  necessary  to  decrease  immediately 
the  thrust  of  the  rotor.  Shock-absorber  struts  are  included  into 
the  operation,  and  oscillations  with  separation  of  the  tires  are 
hampered . 

It  is  important  to  note  that  oscillations  with  separation  of 
the  tires  present  a  danger  only  in  the  case  when  there  is  a  zone  of 
Instability  located  higher  than  the  working  revolutions  of  the  rotor. 
From  this  point  of  view  the  undercarriage  configuration  proposed 
by  the  Bristol  firm  is  of  interest  (sec  Fig.  25.18).  As  was  noted 
already  above  {§  No.  ?.) ,  in  this  underca rriage  configuration  it 
is  possible  by  selection  of  the  value  of  rigidity  of  the  special 
spring  c„p  to  obtain  coincidence  of  the  corner  of  rigidity  of  the 
system  of  shock  absorption  with  the  center  of  gravity  of  the 
helicopter  with  satisfactory  landing  characteristics  of  the  landing 


gear.  With  this  lateral  forward  oscillations  of  the  helicopter  and 
angular  oscillations  around  the  main  longitudinal  axis  of  inertia 
of  the  fuselage,  become  independent. 

Calculations  show  that  in  this  case  the  frequency  of  lateral 
forward  oscillations  is  approximately  the  same  (somewhat  lower) 
as  the  frequency  of  the  first  tone  of  oscillations  of  the  helicopter 
with  an  undercarriage  of  standard  design,  and  the  frequency  of 
angular  oscillations  can  be  considerably  decreased  as  compared  to 
the  frequency  of  the  second  tone  with  the  standard  undercarriage 
design  (it  can  be  made  in  this  case  even  equal  to  the  frequency 
of  the  first  tone). 

Thus  the  application  of  the  undercarriage  of  the  "Bristol" 
system  permits  obtaining  a  very  low  frequency  of  the  second  tone  of 
oscillations  such  that  the  corresponding  zone  of  instability  is 
obtained  below  the  operating  revolutions  of  the  rotor.  For  such  a 
helicopter  ground  resonance  with  separation  of  the  tires  from  the 
surface  of  earth  .is  not  possible. 


S  5*  Ground  Resonance  of  Helicopters 
~of  6ther  Configurations 


1.  General  RemarkB 

As  was  already  noted  above  ( S  2 ,  No .  1 ) ,  for  the  calculation  of 
natural  oscillations  of  the  helicopter  on  the  ground  it  is  necessary 
to  examine  the  problem  of  oscillations  of  a  solid  body  (If  one  were 
not  to  consider  the  elasticity  of  the  fuselage)  on  an  elastic  support. 

A  solid  body  on  an  elastic  support  has  six  decrees  of  freedom. 
Accordingly,  there  are  six  tones  of  natural  oscillations  of  such  a 
system  to  each  of  which  corresponds  a  definite  frequency  and  form  of  • 
oscillations.  For  a  single-rotor  helicopter  naving  an  elongated 
fuselage,  it  appeared  possible  approximately  to  examine  only  the 
lateral  oscillations  and  not  to  consider  oscillations  of  yawing 
(I  2,  No.  1). 

R>r  a  helicopter  for  which  moments  of  inertia  of  the  fuselage 
with  reference  to  the  three  principal  axes  of  inertia  are  magnitudes 
or  one  order,  such  a  simplification  is  inadmissible.  However,  if 
there  is  a  plane  of  symmetry  of  the  fuselage,  then  it  is  possible  to 
examine  the  longitudinal  arid  lateral  oscillations  as  being  Independent. 
In  the  calculation  of  lateral  oscillations  it  is  necessary  to  examine 
three  degrees  of  freedom: 

1)  transverse  displacement; 

2)  angle  of  bank; 


3)  angle  of  yaw. 


During  the  calculation  of  oscillations  In  the  plane  of  symmetry 
(longitudinal  oscillations)  it  is  necessary  ilso  to  examine  thesu 
three  degrees  of  freedom: 


1)  longitudinal  displacement; 


?) 


*-♦.  i 


vortical  displacement ; 


3)  pitch  angle. 


Prom  the  point  of  view  of  ground  resonance  both  lateral  and 
longitudinal  oscillations  can  be  dangerous. 

Given  in  this  paragraph  are  methods  of  the  calculation  of  natural 
oscillations  of  the  helicopter  which  considering  all  the  mentioned 
degrees  of  freedom. 

It  should  be  noted  that  these  methods  are  applied  to  the  single- 
rctor  helicopter  and  permit  obtaining  results  more  accurately  than 
results  of  the  approximate  calculation  according  to  the  method 
expounded  in  §  2 . 

In  this  paragraph  the  method  of  calculation  of  ground  resonance 
in  air,  caused  by  the  elasticity  of  the  fuselage,  is  also  discussed. 

2.  Calculation  of  Lateral  Natural  Oscillations 
Taking  into  Account  Three  Degrees  of  Freedom 

Figure  3  • i!  2  depicts  a  helicopter  on  an  elastic  undercarriage. 

Let  us  select  the  rectangular  fixed  system  of  coordinates  cxyz  with 
the  beginning  in  the  center  of  gravity  of  the  helicopter  c.  We  will 
direct  forward  axis  cx  (in  the  plane  of  symmetry  of  the  fuselage)  in 
parallel  to  the  surface  of  earth,  axis  cy  upwards  and  axis  cz  to 
the  right,  if  one  looks  in  the  direction  of  axis  cx.  Let  us  assume 
that  z  is  the  displacement  of  the  center  of  gravity  of  the  helicopter 
ir.  the  direction  of  axis  cz,  and  <j>x  and  ^  are  angles  of  rotation  of 
the  fuselage,  respectively,  with  respect  to  axes  cx  and  cy  (<j>  - 

A 

angle  of  bank,  <{>  „  -  angle  of  yaw). 

y 

Equations  of  lateral  oscillations  of  the  helicopter  can  be 
written  In  the  form: 


/jr?i 

(5.1) 

t  ) 
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where  m  is  the  mass  of  the  helicopter;  I  and  I  -  moments  of  inertia 

x  y 

of  the  fuselage  with  respect  to  axes  cx  and  cy;  I  -  corresponding 

xy 

product  of  inertia;  M  and  M  -  moments  of  external  forces  acting  on 

x  y 

the  fuselage  with  respect  to  axes  cx  and  cy;  Z  -  projection  of  external 
forces  acting  on  the  fuselage  on  axis  cz. 


Pig.  3 .^2.  Diagram  of  bracing 
of  the  helicopter  on  an  elastic 
undercarriage . 


Let  us  consider  first  the  oscillations  in  the  absence  of  damping. 

In  this  case  quantities  Mx,  ,  and  z  during  small  natural  oscillations 

of  the  helicopter  with  respect  to  the  position  of  equilibrium  can  be 

linearly  expressed  by  displacements  z,  <}>x  and  .  Let  us  write 

expressions  for  the  displacement  of  centers  of  rigidity  of  shock 

absorbtions  (ij,  jk)  in  sections  I-I  and  II-II  of  the  fuselage  (Fig. 

3.^2),  which  correspond  to  the  front  and  rear  undercarriages  by 

quantities  z,  <J>  ,  and  <J>  : 

x  y 

1)  front  undercarriage: 

zi-r— <p,e  1; 

2)  rear  chassis: 

where  ^  and  are  distances  of  planes  of  the  front  and  rear  under¬ 
carriages  from  the  center  of  gravity  c;  e.  md  e,7  -  distances  from 
axis  cx  to  centers  of  rigidity  of  tne  front  and  rear  undercarriages. 

^  6  3 


By  knowing  the  displacement  of  the  center  of  rigidity  of  the 
section  of  the  fuselage  z  in  the  plane  of  the  given  undercarriage  and 
also  tne  turn  of  this  section  with  respect  to  the  center  of  rigidity 
(which  for  both  sections  will  be  equal  to  4>)»  one  can  determine 

A 

elastic  forces  and  moments  acting  on  the  fuselage  in  this  section 
similar  to  that  which  was  done  earlier  (§  2,  No.  2)  for  a  flat  body 
on  an  elastic  support.  Determining  then  quantities  Mx>  M  ,  and  Z,  we 
will  obtain  for  them  the  following  expressions: 


v + Gz-t 

M,  (5i2) 

4"  Cfii  T  £j?»* 

where  the  appropriate  stiffnes0  coefficients  are  determined  by  formulas 


S-vK+v?-'  e\' 


(5.3) 


Quantities  c  ,  c  ,  c,  ,  and  c.  constitute  coefficients  of 
Z1  z2  <p2 

lateral  and  angular  rigidity  of  the  front  and  rear  undercarriages. 

In  the  first  of  formulas  (5.2)  there  is  also  the  term  Gz, 
which  is  the  moment  of  force  of  weight  of  the  helicopter  G  with  respect 
to  axis  cx  appearing  with  lateral  displacement  z. 

Substituting  expressions  (5*2)  into  equations  (5.1),  we  will 
obtain  finally  the  following  equations  of  small  lateral  oscillations 
of  the  helicopter: 


(5.M) 


Searching  for  the  solution  of  this  system  in  the  form  of: 

z»=£tcosi/; 

?#=*?;  co*  pt, 

where  *o»  ?*»  ¥,  and  p  are  constants ,  we  arrive  at  the  following  system 
of  linear  algebraic  equations  for  determining  these  constants: 

(c,  -  mp*)  zt  -  cjt*  -  O?*  *0; 

-  (C + c,)  z0  +  (etj  -  ltp*)  ?;  -r  (c.i  -r  ^P1)  ?;  -0*.  (5.5) 

Equating  to  zero  the  determinant  of  this  system 

(r,-mp5);  -c,\  ~ct 

~(G-i -r0);  (r*,-/^*):  (.r,l^-/Jtllpt) 

-  eb  (ftt + (<*»,  -  ^ 

and  producing  simple  transformations,  we  arrive  at  the  following 
characteristic  equation  for  determining  frequencies  of  natural 
lateral  oscillations  p  of  the  helicopter: 

A/P  +  Bpt+CpP-i-n**  0,  (5.6) 

where 

A^hjhy—  1; 

B^p\-r  P\t  t  P)f  ~  WkP]  t 
C  -  P\¥P\*  -  P\P\  -r  P\„  Pt,  “  Pi  < Pi,  t  P\)  + 

+ pL  (PlrV  Pi) + Msl.  ~  W,  f 
D  -  Plftfi,  -r*Pl,P\,Pl, + tf/L'o  - 

- 

*,—^**;  ♦*«■-**  are  dimensionless  coefficients. 

•*  h 

Partial  frequencies  Pt'  P*M>  P~t  *n<*  quantities  etc.,  are 

given  by  formulas: 


pi  =z^*-  .  rfi  =*hlL. 

fl»  «.5*L;  pi  =  &.. 

p»  *iL.  «J  ^IL. 

**  *  ’  ***  /,  * 


(5.8) 


2 

Equation  (5.6)  is  a  cubic  equation  with  respect  to  quantity  p  . 

2 

It  is  possible  to  show  that  its  roots  p^  (k  *  1,  2,  3)  are  always 
real  and  positive.  Therefore,  one  of  the  possible  methods  of  finding 
frequencies  of  natural  oscillations  pk  is  the  graphic  method  where 
there  i3  constructed  a  graph  of  the  left-hana  side  of  this  equation, 
which  is  examined  as  a  function  of  quantity  p.  Points  of  intersection 
of  this  graph  with  the  axis  of  the  abscissas  will  give  values  of 
frequencies  of  natural  oscillations  (Pig.  3.^3). 

Let  us  number  the  frequencies  of  natural  oscillations  of  the 
system  in  ascending  order:  p.^  <  p2  <  p^.  We  will  call  quantities 
Pi*  P2»  and  P3»  respectively,  frequencies  of  the  first1,  second  and 
third  tones  of  natural  lateral  oscillations  of  the  helicopter.  Each 
frequency  of  natural  oscillations  corresponds  to  a  definite  form  of 
oscillations  characterized  by  a  definite  relationship  of  amplitudes 
?,*  which  can  be  found  for  given  pk  (k  *  1,  2,  3)  from  equations 
(5.5)  if  into  them  instead  of  quantity  p  we  substitute  p^.  Then  we 
obtain  expressions 


^  V* A"(S-  W'*-  (f-  1 


(5.9) 


where  k  ■  1,  2,  3. 


Fig.  3.^3.  Character  of  the 
graph  t  m  A(p)  for  determining 
frequencies  of  natural  oscilla¬ 
tions  of  the  helicopter  on  an 
elastic  undercarriage. 


It  is  easy  to  show  that  the  form  of  oscillations  of  the  given 
tone  is  characterized  by  a  defined  straight  line,  which  lies  in  the 
plane  of  symmetry  of  fuselage  xcy  and  Is  a  locus  of  points  (belonging 
to  the  fuselage)  remaining  fixed  during  oscillations  of  this  tone. 


Really,  displacement  zA  of  a  certain  point  A  of  the  fuselage 
lying  in  plane  xcy  and  having  coordinates  x  and  y  (see  Fig.  3 .42), 
obviously,  can  be  determined  by  formula 


With  oscillations  of  the  k-th  tone: 

*»Z,COS/V; 
9*=*;  cos  pj. 


Consequently , 

*4**<*»  T  ~  ?’*)«**,/■=- 
*■*11  +  (?P*jr  -  (?*).*]  cos  pj. 


Therefore,  condition 

i+Q»y-(n)**-*o  (5.io) 

constitutes  an  equation  of  the  locus  of  points  In  plane  xcy  the 
amplitudes  of  oscillations  of  which  are  equ-  1  to  /.ere  during  oscilla¬ 
tions  of  the  k-th  tone,  hut  this  is  an  equation  of  a  certain  straight 
line. 


Thus  the  form  of  oscillations  of  the  ✓.-th  tone  can  be  characterised 
by  the  position  of  a  certain  straigr.t  linb  if.  plane  xcy.  "his  straight 

ter 


Pig.  3.44.  Characteristic  location  of  nodal  lines 
of  oscillations  of  the  first,  second  and  third  tones. 

line  will  be  called  the  nodal  line  of  the  k-th  tone  of  lateral 
oscillations.  The  equation  of  the  nodal  line  (5.10)  is  easily  found 
with  the  help  of  expressions  (5*9)  for  the  given  value  p^. 

It  is  convenient  to  present  the  results  of  the  calculation  of 
natural  lateral  oscillations  of  the  helicopter  In  the  form  of  a  figure 
on  which  there  Is  depicted  the  form'  with  a  side  view  of  the  helicopter 
and  applied  nodal  lines  of  $11  three  ton4s  of  oscillations  with  an 
Indication  of  corresponding  frequencies  (Pig.  3.44). 

The  method  of  approximation  of  the  calculation  of  natural  lateral 
oscillations,  discussed  in  I  2  and  founded  or.  the  assumption  of  the 
Independence  of  oscillations  of  yawing,  can  be  obtained  as  a  special 
case  of  the  equations  derived  here. 

If  axis  cx  and  cy  are  the  principal  axes  of  Inertia  (Ixy  ■  0), 
and  there  are  also  carried  out  conditions 

i  t 
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ci  ~~  fi/j  --  0; 


then  equations  (5. 4)  break  up  into  two  independent  systems  of  equations: 

i*s-iG fai,i 

“f»?r 

Equation  (5. 10”)  determines  the  independent  oscillations  of  yaw, 
and  the  system  of  equations  (5.10*)  determines  lateral  oscillations 
corresponding  to  physical  pattern  expounded  in  §  2  (two  of  the  nodal 
lines  are  parallel  to  axis  cx,  and  the  third  coincides  with  axis  cy). 

For  a  real  helicopter  conditons  cB  •  c  ,  ■  0  and  I  »  0  are 

x*  6*-  xy 

never  fulfilled  accurately.  However,  for  helicopters  with  an  extended 
fuselage  when  angle  a  between  the  principal  axis  of  inertia  cx^  and 
axis  cx  1 3  small  (see  Fig.  3.*»2),  and  the  moment  of  inertia  Ix  is 
small  as  compared  to  the  two  others  (1^  and  I2 ) ,  results  of  "accurate" 
and  approximate  calculations  can  coincide  witn  the  degree  of  accuracy 
sufficient  for  practice. 

To  determine  the  camping  factors  of  natural  oscillations  it  is 
possible  to  use  the  approximation  method  analogous  to  that  expounded 
In  5  2  (No.  t)  for  the  system  with  two  degrees  of  freedom.  For  each 
tone  of  natural  oscillations  there  is  determined  the  damping  factor 
on  the  assumption  that  in  the  presence  of  damping,  oscillations  of  this 
tone  also  constitute  angular  oscillations  around  the  nodal  line  of 
this  tone.  Just  as  earlier  (5  2,  No.  **),  the  equation  of  natural 
angular  oscillations  of  the  helicopter  arour.u  the  nodal  line  can  be 
written  in  the  form: 


(5.10* ) 

(5.10") 


/«»+**  (5.11) 

where  1^  is  the  raonent  of  inertia  of  the  helicopter  with  respect  to 
the  nodal  line  of  the  k-th  tone;  «*«»#*/*-  aigular  rigidity  of  the 
shock  absorption  during  a  turn  with  respect  to  the  nodal  line  of  the 

Hfy* 


k-th  tone;  corresponding  damping  factor. 

The  moment  of  inertia  of  the  helicopter  with  respect  to  the  nodal 
line  can  be  determined- by  the  formula: 

t 

where  h^  is  the  distance  from  the  center  of  gravity  of  the  helicopter 
to  the  nodal  line;  Is  the  angle  which  is  formed  uy  the  noclil  line 
with  axis  cx  (Fig.  3.**1*). 


Quantities  hk  and  Yk  are  determined  by 


The  coefficient  of  angular  damping  k. 

% 

expression: 


the  formulas: 

(5.13) 

(5.1M 

is  determined  by  the 


** -j  y,.  (5.15) 


where  dlk  and  d?J(  are  distances  from  the  nodal  line  (Fig.  i.*»5)  to 
lines  connecting  points  of  contact  with  earth  of  the  tires  o*  the 
front  and  rear  undercarriages,  respectively;  aj  and  a?  -  tracks,  of 
the  front  and  rear  wheels  (Fig.  3-16);  *1  ,*!.**,*•-  damping  factors 

•g 

of  lateral  and  vertical  springs  (see  Pig.  3*1$) »  respectively,  of  the 
front  and  rear  undercarriages  having  the  same-  meaning  as  that  in  S  ;> 
(No*  *). 


Fig.  3.&5*  Conclusion  of  basic 
relationships  with  oscillations 
of  the  helicopter  with  respect  tc 
the  nodal  line  of  the  k-th  tone 
of  oaclllations. 
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After  determining  quantity 
orf  the  k-th  tone  is  determined: 


the  .i lme.  c,  ionless  damping  factor 


«• 


_s 

v+t 


(5.16) 


3.  Calculation  of  Natural  Oscillation.:  of  the  Helicopter 
In  the  Plane  of  Symmetry  (Longitudir.il  Oscillations) 

Let  us  turn  to  Pig.  3. ^6.  The  problem  of  oscillations  of  the 

helicopter  in  the  plane  of  symmetry  is  reduced  to  the  investigation 

of  oscillations  of  a  flat  elastic  secured  solid  body  in  its  plane  (xOy). 

Vertical  springs  with  coefficients  of  rigidity  c  and  c  ,  simulate 

yl  y2 

the  vertical  rigidity  of  the  front  and  rear  undercarriages  and 

horizontal  c  and  c  ,  tne  rigidity  of  the  front  and  rear  und'jrcar- 
X1  x2 

rlag^s  in  the  direction  of  axis  Ox.  If  the  tires  of  the  undercarriage 

are  not  braked,  then  c  *  r  •  0.  In  the  case  of  braked  tires  the 

X1  x2 

elasticity  of  the  undercarriage  in  the  direction  of  axis  Qx  is 
comprised  o'*  the  elasticity  of  the  tire  and  elasticity  of  the  suspension 
system  the  tire  (for  example,  bending  elasticity  of  landing  gear 
struts,  etc.).  The  longitudinal  rigidity  of  one  tire  <7  can  be  for 
tentative  calculations  accepted  equal  to 


Pig.  > . *»6 .  Diagram  of  bracing 
of  the  helicopter  on  an  elastic 
undercarriage  for  the  calcula¬ 
tion  -f  oscillations  in  the 
slanr  *,f  symmetry.  [ti.". .  • 
tenter  of  gravity j. 


Let  us  assume  that  point  X  (Pig.  ’.**6)  with  coord  1  nates  and 
*\  if  the  center  of  rigidity  of  tne  s>*  :tes  o'*  shock  absorption  during 
longitudinal  oscillations.  Quantity  ey  constitutes  the  distance  of  the 
center  or  gravity  of  the  helicopter  fro®  the  surface  of  earth,  and 
quantity  eR  i@  determined  from  the  express  icr. 


_et  us  assume  that  x  and  y  are  displacements  of  the  center  of 
gravity  of  the  helicopter  in  the  direction  of  axes  Ox  and  Oy,  and 
is  the  angle  of  rotation  of  the  fuselage  with  respect  to  axis  Oz. 

Then  equations  of  small  oscillations  of  the  helicopter  in  plane  xOy  in 
the  absence  of  daropitig  have  the  form: 


•i— <||-VA5 

/if.-  vS)?.+ w- 


(5.18) 


where 


*-«*(A  -  *.P+*#»(A  -f  0* . 


(5.19) 


Let  us  Introduce  the  following  designations: 


t- 


(5.20) 


Let  us  also  Introduce  Instead  of  fz  the  new  variable 

Then  equation  (5.18)  can  be  written  in  the  form: 


(5.21) 


i— 


(5.22) 


Searching  for  the  solution  of  this  system  of  equations  in  the 
for*  of 


*-*cos#l;  f-fcco *ft,  s~4.cm*r. 


(5.23) 


we  will  come  to  the  following  system  of  linear  un!fom  algebraic 
equations  for  determining  quantities  xg.  yrj,  and 
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an*  l 


(A'i-P'Jjfo -Ple^O- 
W*  P’).u<>  + Pi* 0; 

-  ^>o  +  />*  +(p;-^)s0=0. 

Equating  to  zero  the  determinant  of  this  system 

Pl-P1-,  0; 

A=  0;  P\-P\ 

—  ipe*-  p7e : 

<■  xy*  “  w 

we  will  obtain  the  follovring  characteristic  equation  for  the  deter¬ 
mination  of  frequencies  p  of  natural  oscillations: 

p?-{-ap*-rbp,-\-c  -«0,  (5-25) 

where 

<*“/£  +  /£+/$  | 

b  =.  p'~e{\  -f  pfi  -  p*xpl  -  pip7  -  pip7-  .  (5.26) 

2  ''' 

This  equation  has  three  real  roots  of  p  ,  which  can  be  found 
graphically  by  constructing  a  graph  of  function  A  *  A(p)  *  p^  + 

h  p 

+  ap  +  bp  +  c,  similar  to  that  which  was  indicated  in  §  5  (No.  2) 

for  equation  (5.6)  (see  Pig.  3.43).  Let  us  arrange  roots  of  equation 

(5.25)  in  ascending  order  p^^  <  P2  v  and  we  will  call  quantities 

p^,  p2,  and  p^,  respectively,  frequencies  of  the  first,  second  ar.d 

third  tones  of  natural  oscillatio  n  cf  the  helicopter  in  the  plane  of 

symmetry  or  longitudinal  oscillations.  Each  tone  of  longitudinal 

oscillations  corresponds  to  its  form  of  oscillations  of  the  helicopter 

which  is  conveniently  characterized  c-y  the  position  on  plane  xOy  the 

corresponding  node  of  oscillations  0^  (here  V.  «  1,  2,  3)>  i.e.,  the 

point  of  the  fuselage  which  remains  fixed  during  oscillations  of  this 

tone.  Coordinates  of  the  node  of  oscillations  and  y^  can  be  found 

in  the  following  manner:  amplitudes  a  and  a  of  oscillations  of  any 

X  y 

point  of  the  fuselage  with  coordinates  x^  and  yk  in  directions  of 
axes  Ox  and  Oy  are  determined  by  the  evident  formulas: 


(5.24) 


**-«*• -f*W5 


^  U'iaW^^t^nww*  Os,  -v, 


i 

where  f0"*nis  the  amplitude  of  angular  oscillations  of  the  helicopter. 


Coordinate's  xk  and  are  determined  from  conditions  ax  ■  0  and 
a  *  0,  and  therefore 

w 


Quantities  of  ratios  ®  and  ^  can  be  found  from  the  first  two 

4>  *« 

equations  of  system  (5.24),  if  is  known  the  frequency  of  oscillations 
p.  With  oscillations  of  the  k-th  tone  we  obtain 


I 

Hence  there  are  obtained  the  following  formulas  for  determining 
coordinates  of  the  node  of  oscillations: 


(5.27) 


Let  us  indicate  two  possibilities  of  the  simplified  calculation 
of  natural  oscillations  of  the  helicopter  in  the  plane  of  symmetry. 


In  the  case  when  the  center  of  rigidity  of  shock  absorption  M 
(see  Fig.  3.46)  lies  on  axis  Oy  (ex  ■  0),  the  equations  of  motion 
(5-18)  are  simplified  and  take  the  form: 
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}  :5.29) 

Equation  (5.23)  describes  the  vertical  forward  oscillations  of 
the  helicopter,  which  are  not  of  interest  from  the  point  of  view  of 
ground  resonance. 


Equations  (5.29)  describe  longitudinal  oscillations  of  the 
helicopter,  which  in  this  case  can  be  examined  as  a  system  with  two 
degrees  of  freedom  x  and  A  .  Such  a  system  is  mechanically  equivalent 
to  the  system  which  was  examined  in  §  2  (No.  3)  and  is  depicted  on 
Pig.  3.16.  Therefore,  with  the  calculation  of  frequencies  of  natural 
oscillations  of  the  helicopter  in  this  case  (if  we  disregard  the  moment 
of  force  of  weight  G)  it  is  possible  to  use  the  graphs  in  Figs.  3.19 
and  3.20  and  also  formulas  (2.22),  (2.23)  and  (2.2M),  assuming  in  them 


**■ 


(5.30) 


•4 


(5.31) 


Quantity  Sk-  —  will  be  the  relative  distance  from  the  node  of 

*» 

oscillations  of  the  k-th  tone,  which  in  this  case  will  be  located  on 
axis  Oy  up  to  the  center  of  gravity  of  the  helicopter. 


For  the  real  helicopter  quantity  e  ,  as  a  rule,  is  not  equal  to 
zero.  However,  it  is  usually  small  as  compared  to  quantity 
The  approximate  calculation,  in  which  we  assume  e  ■  0,  in  most  cases 
gives  values  of  frequencies  of  natural  oscillations  close  to  values 
obtained  by  means  of  an  exact  calculation  and  can  be  used  with 
success  as  a  preliminary  calculation  when  it  is  necessary  to  obtain 
results  rapidly,  and  there  is  no  need  in  greater  accuracy, 
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In  the  case  when  longitudinal  oscillations  with  nonbraked  tires 
(c  "0),  are  calculated,  the  equations  of  motion  (5*18)  again  break 

Xq 

up  into  two  independent  systems: 

su— 0, 

•ii— v-VAs 

* 

In  this  case  with  the  oscillations  it  is  possible  to  consider 
x  ■  0,  since  the  projection  of  external  forces  on  axis  Ox  is  absent. 

One  of  the  frequencies  of  natural  oscillations  of  the  system  is  equal 
to  zero  and  corresponds  to  the  uniform  motion  of  the  center  of  gravity 
of  the  helicopter  along  axis  Ox.  Two  other  frequencies  of  natural 
oscillations,  as  in  the  preceding  case,  can  bs  found  by  graphs  in  Pigs. 
3.19  and  3.20  or  by  formulas  (2.22),  (2.23),  and  (2.24),  in  which  one 
should  take: 


(5.32) 


(5.33) 

Quantity  ak-  ~  will  constitute  the  relative  distances  from  the 

• M 

center  of  gravity  of  the  helicopter  to  nodes  of  oscillations,  which 
in  this  case  will  lie  on  axis  Ox. 


Finally,  in  the  case  when  the  tires  are  not  braked,  and  quantity 

e  *  0,  the  simplest  formulas  for  frequencies  of  natural  oscillations 
X 

in  the  plane  of  symmetry  are  obtained: 


Pi*"  0; 

j/"  Sjl  ; 


To  determine  the  attenuation  damping  factors  of  natural 
longitudinal  oscillations  it  is  again  possible  to  use  the  method  of 
approximation,  founded  on  assumption  that  in  the  presence  of  damping 
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forces  oscillations  of  the  given  tone  are  angular  oscillations  with 
respect  to  the  nodal  line  of  the  given  tone,  which  in  this  case  is  a 
straight  line  parallel  to  axis  Oz  and  intersecting  plane  xOy  at  the 
point  with  coordinates  xk  and  [see  formula  (5.27)].  The  equation 
of  oscillations  of  the  given  stream  can  again  be  written  in  the  form 
(5.11),  and  only  quantity  1^  is  found  by  the  formula: 

W.+*K+HS).  (5.3*0 

With  the  determination  of  the  damping  factor  it  is  possible 

k 

not  to  consider  the  damping  of  longitudinal  elastic  elements  c  and 

X1 

c  (see  Fig.  3.46)  and  to  consider  only  the  damping  of  vertical 
x2 

elastic  elements  with  rigidities  c'  and  c'  of  the  front  and  rear 

yl  y2 

undercarriages  (see  Fig.  3-16). 

Corresponding  damping  factors  k'  and  k,'  are  determined  as  is 

yl  y  2 

shown  in  §  2  (Nos.  4  and  5). 

In  calculating  the  moment  from  damping  forces  with  respect  to  the 
nodal  line,  we  will  obtain  the  expression  for  determining  quantity 


*»»  =2 1*;.  a-r**)!l  (5.35) 


The  dimensionless  damping  factor  n^  of  the  giver  tone  of  oscilla' 
t ions  is  determined  by  the  formula 


(5.36) 


4.  Reduction  of  the  Problem  to  t:  Calculation 
of  the  Rotor  on  an  Elastic  base 

'  After  frequencies  and  forms  of  natural  iscillations  of  the 
helicopter  on  an  elastic  undercarriage  are  f >und ,  the  calculation  of 
ground  resonance  can  bo  reduced  to  the  calculation  of  the  rotor  on 
the  elastic  support  discus  sea  ir.  $  i  . 
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The  method  of  calculation  founded  on  the  reduction  of  the  problem 
to  the  rotor  on  an  elastic  base,  is  approximate  and  similar  to  the 
method  expounded  in  §  2  (No.  6)  for  a  single-rotor  helicopter. 

The  essence  of  the  method  of  approximation  consists  in  the 
following:  a  separate  calculation  of  ground  resonance  for  each  tone 
of  natural  oscillations  is  made;  then  the  body  of  the  helicopter  is 
examined  as  a  solid  body  having  one  degree  of  freedom  -  a  turn  around 
the  nodal  line  of  the  given  tone.  Of  course,  such  a  method  of 
approximation  is  Justified  only  in  the  case  when  the  frequencies  of 
natural  oscillations  of  different  tones  are  quite  ”farM  from  each 
other. 


In  the  ca3e  when  there  are  two  "close”  frequencies  of  natural 
oscillations,  certain  corrections  must  be  introduced  into  the 
calculation.  A  method  of  refinement  of  the  calculation  in  this  case 
will  be  discussed  later. 

Thus  to  calculate  ground  resonance  there  are  examined  oscillations 
of  the  helicopter  with  respect  to  each  tone  separately  as  angular 
oscillations  of  the  fuselage  around  a  certain  fixed  straight  line  - 
nodal  line  of  the  given  tone. 

It  is  possible  to  show  that  with  such  a  simplification  the 
equations  of  motion  of  the  system  are  reduced  to  a  system  of  equations 
similar  to  the  system  (1.16)  (II).  All  formulas  of  S  1  remain  in 
force,  and  it  is  possible  to  use  graphs  for  determining  limits  of 
zones  of  instability  (see  Pigs.  3.3-3.12);  however,  by  the  quantity 
n0  it  is  necessary  in  this  case  to  imply  the  dimensionless  damping 
factor  n^  of  the  given  tone  of  oscillations,  determined  by  the  formulas 
(5.16)  or  (5.36)  (I  5»  Nos.  2  and  3)»  and  by  quantity  ek  enumerable 
for  the  given  tone  by  the  formula: 


•»■•  •»»+•»+  •  •  • 


(5.37) 
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where  i  ■  1,  2,  s;  s  is  the  number  of  rotors,  and  each  of  the 

quantities  is  determined  by  the  formula: 


£L*£\ 

W»  h 


(5.37) 


Here  1^  is  the  moment  inertia  of  the  fuselage  (with  masses  of  rotors 
concentrated  in  their  centers)  with  respect  to  the  nodal  line  of  the 
k-th  tone  [see  formulas  (5.12)  and  ( 5 - 31* ) 3 ;  -  distance  from  the 

center  of  the  given  i-th  rotor  to  the  nodal  line  of  the  k-th  tone, 
if  lateral  oscillations  are  examined,  or  the  distance  from  the  nodal 
line  k-th  tone  to  the  plane  of  rotation  of  the  given  rotor,  if 
longitudinal  oscillations  of  the  helicopter  are  examined;  n  -  number 
of  blades  of  the  given  rotor;  S_  _  and  I_  _  -  static  moment  and 

X»  •  1L  J0  «  Ill 

moment,  respectively,  of  the  inertia  of  the  blade  of  the  rotor  relative 
to  the  drag  hinge. 


The  rotors  can  be  different,  but  the  indicated  procedure  is 
correct  only  when  all  rotors  have  identical  angular  velocities  of 
rotation  and  identical  values  of  parameters  [see  formula  (1.9)]. 

As  was  already  noteu  above,  the  method  o*'  approximation  of 
calculation  expounded  here  is  Justified  only  when  frequencies  of 
oscillations  of  different  tones  are  quite  "far"  from  each  other.  It 
is  possible  to  show  that  if  there  are  two  close  frequencies  of  natural 
lateral  (or  longitudinal)  oscillations,  for  example,  pn  and  p^,  then 
the  calculation  of  limits  of  zones  of  instability  can  be  conducted 
for  one  tone,  for  example,  pm,  but  it  is  refined  by  introduction  into 
the  calculation  of  a  certain  quantity  n^^  instead  of  nm  (for  the 
given  tone,  and  *»•<*«).  which  is  determined  by  the  formula: 


I 
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(5.39) 


This  formula  is  derived  for  the  case  when  p„  »  p  .  l.e.,  when 

n  m 

the  frequencies  of  natural  oscillations  of  two  examined  tones  accurately 

coincide.  If,  however,  p„  i  p„ ,  then  forma'.-  (5.39)  gives  the 

n  m 

decreased  value 


In  the  case  when  there  are  two  close  frequencies  of  natural 
oscillations  pn  and  pffl,  where  one  of  them,  for  example,  pn,  Is  the 
frequency  of  the  n-th  tone  of  lateral  oscillations  and  the  other  pm, 

the  frequency  of  the  m-th  tone  of  longitudinal  oscillations,  then, 

0 

in  general,  it  Is  necessary  to  examine  the  rotor  on  an  elastic  support 
with  two  degrees  of  freedom  (see  f  1,  No.  4).  In  this  case  It  Is 
possible  approximately  (in  a  safety  margin)  to  estimate  the  necessary 
damping  by  the  formula  (1.52)  for  a  rotor  on  an  isotropic  elastic 
support,  substituting  into  It  quantities  n0  and  e  for  one  of  the  two 
examined  tones  for  which  the  quantity  of  the  ratio  ^  is  less. 

It  should  be  noted  that  the  necessity  of  such  a  calculation 
appears  only  In  the  practically  very  rare  case  when  for  both  examined 
tones  not  only_values  of  frequencies  pn  and  pm  are  close  but  also 
values  and  5s  .  If,  however,  quantity  ^  for  one  of  the  tones  is 

more  than  2.5-3  times  larger  than  for  the  other,  for  example 

*• 

then  it  la  possible  to  disregard  oscillations  of  n-th  tone  and  to 
examine  only  oscillations  of  the  m-th  tone  (as  independent). 

5.  Self-Excited  Oscillations  In  the  Flight  of  a 
Helicopter  with  an  Elastic  Fuselage 

During  the  flight  of  a  helicopter  In  air  self-excited  oscillations 
of  the  ground  resonance  type  are  also  possible.  The  fuselage  of  a 
real  helicopter  constitutes  and  elastic  system  which  has  natural 
frequencies  and  forms  of  natural  oscillations.  If  the  form  of 
oscillations  of  any  tone  of  the  elastic  fuselage  is  such  that  the 
center  of  the  rotor  (or  centers  of  rotors)  during  oscillations  of 
this  tone  is  displaced  in  the  plane  of  rotation  of  the  rotor,  then 
ground  resonance  is  possible  at  which  the  fuselage  will  accomplish 
oscillations  with  a  form  of  this  tone. 

Frequencies  of  natural  oscillations  of  the  elastic  fuselage  are 
usually  high  in  comparison  with  frequencies  of  oscillations  of  the 
helicopter  on  shock  absorption  of  the  undercarriage,  and  only  the  low 
one  or  two  tones  of  natural  oscillations  can  be  dangerous  from  the 
point  of  view  of  the  possibility  of  self-excited  oscillations. 
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The  lowest  frequencies  of  natural  oscillations  of  the  fuselage 
usually  correspond  to  flexural  oscillations  of  the  fuselage. 


Pig.  3.47 .  Form  of  the  first  tone 
of  oscillations  of  the  elastic 
fuselage  of  the  helicopter. 


Figure  3.47  shows  the  form  of  oscillations  of  the  first  tone  of 
bending  of  the  fuselage  of  the  Mi-4  helicopter  in  a  horizontal  plane. 
The  form  of  oscillations  is  depicted  in  the  form  of  a  graph  of  an 
elastic  line  u  ®  u(x)  (u-  amplitude  of  oscillations  of  the  point  with 
coordinate  x). 

Frequencies  and  forms  of  natural  oscillations  of  bending  of  the 
fuselage  can  be  found  by  the  usual  methods  developed  for  elastic 
beams  of  variable  cross  section  (see,  for  example.  Chapter  II  of  this 
book)  or  are  determined  experimentally  (In  case  of  an  available 
ready  helicopter). 

If  the  frequency  pQ  and  form  u(x)  of  any  tone  of  oscillations  of 
the  bend  of  the  fuselage  Is  known,  then  the  calculation  of  self- 
excited  oscillations  with  the  form  of  this  tone  can  be  reduced  to 
the  calculation  of  the  rotor  on  an  elastic  support  by  formulas  of 
S  1  or  by  graphs  on  Figs.  3.3-3.12.  With  this  quantity  c  should  be 
determined  by  the  formula: 

•-•»+•!+.  •  (5.40) 


where  s  Is  the  number  of  rotors. 


Quantities  (1  ■  1,  2, 


s)  are  determined  by  the  formulas: 


(5.41) 


■a-jtfrwPrf*.  (5.42) 

where 


« <« 


x^  Is  the  coordinate  of  the  center  of  the  1-th  rotor;  o  Is  the 
linear  mass  of  the  fuselage  (the  Integral  Is  taken  along  the  whole 
length  of  the  fuselage). 


Quantity  u^(x)  is  the  amplitude  of  oscillations  at  the  point  with 

coordinate  x  referred  to  the  amplitude  of  oscillations  of  the  center 

of  the  1-th  rotor.  Quantity  is  the  largest  value  of  kinetic 

energy  of  the  fuselage  during  oscillations  with  respect  to  the  fora 

of  the  given  tone  with  the  amplitude  of  oscillations  In  the  center 

2 

of  the  1-th  rotor  equal  to  unity  referred  to  quantity  p^. 

Quantity  nQ* should  be  equal  In  this  case  to  the  dimensionless 
damping  factor  of  the  given  tone  of  oscillations  of  the  fuselage.  It 
Is  determined  solely  by  losses  to  hysteresis  in  the  construction  of 
the  fuselage  and  usually  amounts  to  0.02-0.05. 


Such  a  comparatively  small  value  ng  does  not  permit  eliminating 
ground  resonance  in  flight  with  the  help  of  the  blade  damper,  and  the 
reliability  of  the  helicopter  can  be  provided  only  with  a  sufficient 
revolution  margin  of  the  rotor  up  to  the  low«~r  limit  of  the  xonc  of 
instability.  Therefore,  self-excited  oscillations  in  air  present  a 
danger  only  for  helicopters  having  comparatively  low  frequencies  of 
natural  oscillations  of  the  elastic  fuselage.  For  example.  Tor  the 
Ml-4  helicopter  the  revolution  margin  up  to  the  lower  limit  of  the 
sone  of  Instability,  which  corresponds  to  the  first  tone  of 
oscillations  of  th«*  fuselage  (see  Pig.  3.47/,  amounts  to  26 f. 
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Fig.  3* **8.  Form  of  lowest  tone 
of  oscillations  of  a  helicopter 
of  transverse  configuration  most 
dangerous  from  the  point  of  view 
of  ground  resonance. 


The  greatest  danger  of  ground  resonance  In  air  is  for  helicopters 

or  transverse  configuration  having  a  long  elastic  wing  (Fig.  3.^8). 

The  danger  of  self-excited  oscillations  for  such  helicopters  is 

aggravated  by  the  fact  that  centers  of  the  rotors  are  located  in 

ant  Inodes  of  the  corresponding  tone  of  oscillaticns,  which  gives 

comparatively  small  values  m  [formula  (5>. ■■-■)]  and,  consequently, 

3K9 

relatively  wide  zones  of  instability. 


§  6 .  Selection  of  Basic  Undercarriage  Parameters 
and  hampers  of4  Blades,  Recommendations 
l.  on  designing 

As  one  can  see  from  the  general  theory  of  stability  of  the 
rotor  on  an  elastic  support*  the  stability  margin*  in  general,  can 
be  increased  both  by  means  of  Increasing  the  degree  of  oscillation 
damping  of  blade  and  by  Increasing  the  oscillation  damping  of  the 
fuselage*  i.e.*  increasing  the  damping  ability  of  the  undercarriage. 

However*  the  possibilities  of  increasing  both  of  these  forms 
of  damping  are  practically  very  limited*  since  the  damper  of  the 
blade  and  undercarriage  fulfill  a  number  of  other  functions  not 
connected  with  ground  resonance. 

The  damper  of  the  blade  operates  during  forward  flight  of  the 
helicopter*  and  the  greater  it  loads  the  shank  part  of  the  blade 
by  a  variable  bending  moment  the  greater  the  degree  of  its  damping. 
The  strength  of  the  shank  part  r  the  blade  and  hub  and*  consequently* 
their  weight  are  determined  exactly  by  the  presence  of  the 
damper. 

An  excessive  increase  in  the  degree  of  damping  of  the  under¬ 
carriage  without  the  application  of  special  devices  leads  to  an 
increase  in  rigidity  of  shock  absorption  anc,  consequently,  to  an 
increase  in  dynamic  loads  during  landing  of  the  helicopter. 

It  is  necessary  to  consider  these  peculiarities  of  operation 
of  the  dampers  of  the  blade  and  undercarriage  in  the  designing  of 
the  helicopter.  Often  it  is  not  possible  to  provide  sufficient 
margin  with  respect  to  ground  resonance  without  the  application  of 
certain  special  constructive  devices,  sometimes  ir»  the  damper  of 
the  biade  and  sometimes  in  the  system  of  t,\v,  undercarriage. 

For  single-^ otor  helicopters  and  thovi  of  longitudinal  con¬ 
figuration  the  most  dangerous  usually  appears  to  be  the  case  of 
ground  resonance  on  a  landing  run.  Therefore,  it  is  convenient  to 
consider  the  given  case  calculated  for  the  selection  of 
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characteristics  of  damping  of  the  blade  and  undercarriage.  Here, 
for  simplicity,  one  may  assume  that  the  helicopter  rocks  around  the 
horizontal  axis  passing  through  its  center  of  gravity,  which  is 
quite  true  at  a  high  speed  of  the  landing  run  (see  §  4,  No.  2). 

In  this  case,  as  we  have  seen,  there  are  obtained  especially  simple 
calculation  formulas  (4.l8)-(4 .21),  and  it  is  possible  by  the 
simplest  method  to  determine  the  required  characteristics  of  the 
undercarriage  and  damper  of  the  blade.  However,  after  characteristics 
of  the  undercarriage  and  dampers  of  the  blade  are  selected,  it  is 
necessary  to  conduct  a  full  calculation  of  ground  resonance  for  all 
possible  cases,  including  ground  resonance  on  a  landing  run,  and  to 
construct  a  diagram  of  safe  revolutions  (see  Fig.  3.25).  After 
that,  when  indispensable,  it  is  necessary  to  correct  the  selected 
characteristics  of  the  undercarriage  and  hub. 

1.  Selection  of  Characteristics  of  the  Blade  Damper 

The  main  characteristic  of  operation  of  blade  damper  is  the 
circumstance  that  the  frequency  of  natural  oscillations  of  the 
nlade  (characteristic  for  ground  resonance)  is  always  approximately. 

3-4  times  lower  than  the  frequency  of  forced  oscillations  of  the 
blade  during  forward  flight. 

Really,  in  flight  the  blade  accomplishes  forced  oscillations 
relative  to  the  flopping  and  drag  hinges  with  a  frequency  u>  equal 
to  the  revolutions  of  the  rotor,  whereas  the  frequency  of  natural 
oscillations  of  the  blade  =  vQo >.  Usually  vQ  =  0.25-0.3,  and 
the  angular  velocity  is  of  rotation  of  the  rotor  during  ground 
resonance,  in  any  case,  cannot  be  larger  than  the  angular  velocity 
of  rotor  rotation  in  flight. 

This  peculiarity  is  explained,  in  particular,  by  the  inexpediero;, 
of  the  application  of  dampers  with  a  linear  characteristic  (§3, 

No.  3),  conditioned  by  the  fact  that  the  linear  damper  with  a  constant 
amplitude  of  oscillations  develops  a  moment  proportional  to  the 
frequency  of  oscillations. 


) 


The  simplest  dampers  giving  a  moment  not  dependent  on  the 
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frequency  of  oscillations  are  frictional  dampers  and  also  hydraulic 
dampers  with  a  step  characteristic,  and  this  characteristic  should 
as  far  as  possible  approximate  the  characteristic  of  the  frictional 
damper  (see  Fig.  3.31b).  A  hydraulic  damper  with  such  a  charac¬ 
teristic  is  an  advantage  to  use  on  heavy  helicopters,  since  such 
a  damper  is  lighter  than  the  corresponding  frictional  damper,  and 
the  gain  in  weight  of  the  damper  increases  with  an  increase  in  its 
power. 

With  the  application  of  conventional  dampers  moment  MQ  of  the 
damper  is  selected  from  considerations  of  strength  of  the  blade, 
and  its  damping  factor  is  determined  by  formula  (3.23).  The  damping 
margin  with  respect  to  ground  resonance  can  be  provided  in  this  case 
only  by  an  appropriate  selection  of  characteristics  of  the  under¬ 
carriage.  In  those  cases  wnen  this  is  not  possible,  it  is  necessary 
to  think  about  the  application  of  special  designs  of  dampers  of  the 
blade,  which  would  give  great  damping  of  the  blade  at  low  frequencies 
of  oscillations  (characteristic  for  ground  resonance)  and  small 
damping  at  the  frequency  of  oscillations  corresponding  to  the  flight 
of  the  helicopter.  One  of  the  simplest  types  of  such  a  damper  is 
a  damper  connected  in  series  with  an  elastic  element  (see  Fig.  3.33). 
Figure  3.49  shows  one  of  the  possible  variants  of  design  of  such  a 
damper.  We  will  call  such  a  damper  a  spring  damper.5 


Fig.  3.49.  Damper  with 
series-connected  elastic 
element:  1  —  elastic 

elements  (rubber);  2  — 
housing;  3  —  safety 
valve;  4  —  rod;  3  — 
regulating  needle. 


In  order  to  estimate  the  advantages  of  the  spring  damper,  let 
us  compare  it  with  the  standard  frictional  damper.  Let  ns  assume 
that  the  helicopter  has  ground  resonance  on  the  landing  run  such 
that  the  center  of  the  zone  of  instability  coincides  with  the 
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e berating  rotor  revolutions, 
moment  in  flight  permissible 


Let  us  assume  that  further  the  greatest 
with  respect  to  considerations  of  ,  ,  :  ,1 


strength  of  the  blade  is  equal  to  MQ .  Then  the  equivalent  damping 
factor  in  the  case  of  the  application  of  the  frictional  damper  is 
determined  by  formula  (3.23):  .•  '  i  q 


fc<t>rMKU  -  ~ 

Ml  A 


M0 
-6,  * 


where  ^  is  the  amplitude  of  the  first  harmonic  of  oscillations  of 
the  blade  in  the  plane  of  rotation.  ' 


In  the  case  of  application  of  a  spring  damper  the  corresponding 
equivalent  damping  factor  is  determined  by  formula  (3.17): 


>+(*)’ 


where  p^  is  the  frequency  of  oscillations  of  the  blade  during  ground 
resonance,  which  can  be  considered  equal  to  the  product  vo«. 

pa — Vo®- 

The  moment  which  will  be  given  in  flight  by  a  spring  damper  can 
be  determined  by  the  formula 

which  with  harmonic  oscillations  of  the  blade  with  frequency  a>  gives 
the  following  value  of  the  amplitude  of  moment  M  [see  formula  (3-17)] 


i/^r 


(/>.!) 


Let  us  state  now  the  following  question:  If  one  wore  to  select 
values  c  and  k  for  a  spring  damper  in  such  a.  manner  that  it  gives 
in  flight  the  same  moment  Mq  as  the  frictional,  then  what  is  the 
largest  value  ,  of  kn/JtK  that  can  be  obtained  by  varying  quantities 
c  and  k?  We  will  consider  that  the  amplitude  of  oscillations  of 
the  blade  with  respect  to  the  first  harmonic  ^  'in  flight  and 
with  a  landing  run  of  the  helicopter  on  the  ground  is  the  same. 
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It  is  convenient  to  characterize  relative  increase  in  damping 
with  the  application  of  spring  damper  by  the  quantity 


_  aa  JL  * 

l»ai  2  i  + 


(6.2) 


Substituting  p*»v go  in  this  formula  and  considering  the  condition 


M  =  Mq,  we  will  obtain 


6_«  yT+*» 

9  2  '  1  +^*»  ‘ 


where  the  dimensionless  quantity 


« 


(6.3) 


(6.4) 


Thus  the  relative  advantage  of  the  application  of  the  spring 
damper  depends  especially  on  the  selection  of  value  k.  Figure  3.50 


Pig.  3.50.  Depen¬ 
dence  of  f  =  f(k) 
at  Vq  =  0.25. 


gives  a  graph  of  the  dependence  '^(k)  for  the  case  vQ  -  0.25.  As 
can  be  seen  from  this  graph,  with  an  increase  in  k  quantity  i/  first 
increases  and  then  decreases,  attaining  the  greatest  value  f  =  ip 
at  a  certain  value  £  =  ^opt*  which  we  call  optimum. 

Equating  the  derivative  ^  to  zero,  we  will  find; 
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1 


(6.6) 


voVTT^ 


At  Vq  =  0.25,  there  is  obtained  It  =  3.74  and  ^max  =  3.24. 


Thus  the  application  of  a  spring  damper  permits  by  more  than 
throe  times  increasing  the  damping  during  ground  resonance,  preserving 
the  constant  moment  which  loads  t^e  blade  in  flight. 


This,  however,  does  not  exhaust  the  advantage  of  the  spring 
damper  as  compared  to  the  conventional.  The  fact  is  that  the  spring 
damper  gives  "elasticity"  in  the  drag  hinge  (Ca«e).  and  the  presence 
of  such  elasticity,  as  was  shown  in  No.  2  of  §  1, . lowers  value  of 
the  required  damping  [see  formula  (1.31)  and  graph  on  Pig.  3.13]. 


Calculations  show  that  by  taking  into  account  everything 
discussed  previously  the  damping  margin  with  ground  resonance  can 
be  increased  6-6  times  with  preservation  of  the  constant  moment 
acting  on  the  blade  in  flight. 


2.  Rotor  with  Interblade  Elastic 
Elements  and  Dampers 

Thus  far  we  examined  only  the  case  when  the  elastic  element 
and  damper  in  the  drag  hinge  are  included  between  the  blade  and 
housing  of  the  hub,  so  that  the  moment  acting  on  the  blade  depends 
only  on  motion  of  the  given  blade  and  does  not  depend  on  motion  of 
the  remaining  blades.  Sometimes  hub  designs  with  so-called  inter- 
bladc  connections  are  used.  A  diagram  of  such  a  hub  is  depicted 
on  Fig.  3.61.  We  will  consider  that  each  such  interblade  element 
possesses  a  certain  rigidity  c  and  damping,  characterized  by  the 
coefficient  k,  so  that  force  P  acting  on  such  an  element  is  con¬ 
nected  with  a  change  in  its  length  s  by  ton  relation: 


P—cs+k 


ds 

it 


In  this  cose  the  moment  acting  on  the  given  (k-th)  blade  from 
the  side  of  the  i.nterblade  elements  will  o upend  not  only  or.  the 
motion  of  this  blade,  characterized  by  ang'.  e  P^(t) ,  but  also  on 
motions  of  the  two  adjacent  blades  6  L (t)  and  f.  ~(z). 


I,  h,  < 


i.JWWiiTit  > 


Pig.  3.51.  Diagram 
of  hub  of  a  rotor 
with  interblade 
connections , 


With  small  oscillations  of  blades  relative  to  drag  hinges,  the 
moment  acting  on  the  k-th  blade  will  be  expressed  by  the  formula: 


M  ■»' c9  (t, — t*-i) + ^ + 1) + *0  “  5*- 1)  +  *a  ft*  “  (»•»)• 


where 


\ 

A,-***.  I 


(6.7) 


where  h  is  the  arm  of  the  interblade  element  (see  Fig.  3.51). 


Therefore,  equations  of  motion  of  blades  in  this  case  have  the 
following  forM  [compare  with  (1,8)]: 

"H  G* — l*+i)  *{■  • 

*f  fo  (U  —  ^»-i) + *0  :)  + 

(C.’i) 

where 


J»3» ...  a. 

If  the  shaft  of  the  rotor  accomplishes  oscillations  with  respect 
to  the  harmonic  law 


x*-x«cos  pt, 
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then  forced  oscillations  of  the  blades  can  be  found.  The  right- 
hand  side  of  equations  (6.8)  in  this  case  has  the  form: 

*  ]+,l"(0,+*><+T*  I)- 

Equations  (6.8)  allow  in  this  case  the  solution  of  the  form 

Let  us  calculate  the  elastic  moment  acting  on  the  k-th  blade 
from  the  side  of  the  interblade  elastic  elements  during  oscillations 
of  the  blade  with  respect  to  any  one  of  these  harmonics,  for 
example,  harmonic  (p— a)-p*.  We  have: 

(5»  $*— i)  4"  eo  (•*  5,+ j) (2^»  ^*-i  5*+i)- 

Further 

[pj~(k~  1)]= 5,j sin  ; 

=  5o,  sin 

where 

Using  these  expressions,  we  obtain 

|2  sin  74 — sin  (y,  — — j  —  sin  ~*jj  • 

Considering  that 

*,n (ft -I”)5* sin cos  ^--f-cosftsin 
*ta sin?*  cos  ~—cos?,sln  — , 

\  ®  /  I  1  A 

we  finally  obtain  the  following  expression: 


t.+i«5o.iIn  Ip;-™***1)] 
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—  COS  (|Sbt  ft*m 

-2*  [l  -  cot  ^-j  *: tin  jfcj . 

In  the  case  of  the  usual  elastic  elements  with  angular  rigidity 
(mm  included  between  the  blade  and  housing  of  the  hub,  we  had: 

\Ptf~'  *]. 

Thus  the  interblade  elastic  elements  for  the  given  blade  are 
equivalent  to  one  standard  elastic  element  with  rigidity 

^-2r#[l-cos?5.].  (6.9) 

It  is  possible  to  establish  accurately  that  interblade  dampers 
for  the  given  blade  are  equivalent  to  one  conventional  damper, 
included  between  the  blade  and  housing  of  the  hub  and  having  a 
damping  factor 

-«*?£].  (6.10) 

Consequently,  the  calculation  of  ground  resonance  of  the 
helicopter  with  interblade  elastic  couplings  and  dampers  can  be 
made  by  the  standard  formulas,  taking  the  coefficient  of  the  damper 
equal  to  *»,,  and  the  stiffness  coefficient  in  the  drag  hinge  equal 
to  r«n. 


Table  3.?  gives  values  of  the  quantity: 


for  rotors  with  different  number  of  blades. 


One  of  the  deficiencies  of  a  rotor  with  interblade  dampers  is 
the  fact  that  with  simultaneous  deflections  of  blades  relative  to 
the  drag  hinges  (all  to  one  side  and  at  one  angle),  which  can  happen 
in  transition  operating  conditions  of  the  flight,  and  also  with 
the  starting  of  the  rotor,  such  dampers  do  not  work. 

On  existing  designs  of  hubs  this  deficiency  is  sometimes 
eliminated  by  using  combined  designs  in  which  elastic  elements  are 
made  in  the  form  of  interblade  connections,  and  dampers  are  made 
individually  for  each  blade,  i.e.,  they  are  included  between  the 
blade  and  housing  of  the  hub. 

j5.  Selection  of  Characteristics  of  Rigidity 
and  Damping  of  the  Undercarriage6 

After  characteristics  of  dampers  of  the  blade  are  selected, 
it  is  possible  to  proceed  to  the  selection  of  basic  parameters  of 
the  undercarriage.  For  helicopters  of  conventional  single-rotor 
and  longitudinal  configurations  the  wheel  track  2a  (see  Fig.  3.17) 
should  be  selected  in  such  a  way  that  the  frequency  Pm  of  natural 
oscillations  of  the  helicopter  on  a  landing  run  (rotation  around 
the  longitudinal  axis  passing  through  the  center  of  gravity)  with 
nonoperating  struts  (only  the  tires  operate)  is  approximately  20# 
higher  than  the  operating  revolutions  of  the  rotor.  This  gives 
condition  (4.19): 


If  the  undercarriage  is  four-wheeled,  then  in  this  formula, 
instead  of  quantity  2 it  is  necessary  to  take  quantity  “*»,+<•». 
[see  formula  (5.5)). 

Since  the  tires  are  selected  according  to  strut  load,  then 
quantity  ej,  In  the  given  formula  can  be  considered  known;  and 
therefore  the  appropriate  value  of  a  can  bo  found  from  it. 


The  rigidity  of  the  shock  absorbers  ana  their  damping  can  be 
selected,  assuming  that  the  center  of  the  zone  of  instability  on  a 
landing  run  (during  oscillations  with  operating  struts)  coincides 
with  operating  revolutions  of  the  rotor.  Such  an  approach  results 
from  the  following  considerations:  if  one  were  to  select  the  rigidity 
of  the  shock  absorbers  in  such  a  manner  that  the  zone  of  instability 
on  the  landing  run  is  higher  than  the  operating  revolutions,  then 
there  appears  the  danger  of  the  formation  of  ground  resonance  with 
separation  of  the  tires  from  surface  of  the  ground  (see  §  4,  No.  3)# 
since  during  oscillations  of  the  helicopter  with  separation  of  the 
tires  the  zone  of  instability  can  "descend"  on  the  operating  revolu¬ 
tions.  To  make  the  zone  of  Instability  lower  than  the  operating 
revolutions  is  usually  not  possible  (the  exception  is  the  under¬ 
carriage  of  the  Bristol  system,  the  construction  of  which,  however 
is  quite  complicated),  since  for  this  an  unrealizably  low  rigidity 
of  shock  absorbers  is  required.  On  the  other  hand,  if  the  zone  of 
instability  is  directly  on  the  operating  revolutions  and  the  margin 
of  damping  is  sufficient,  then  the  ground  resonance  with  separation 
of  the  tires  cannot  appear,  since  with  separation  of  the  tires  the 
zone  of  instability!  will  appear  lower  than  the  operating  revolutions. 
This  circumstance  win  checked  by  numerous  calculations  and  modeling 
on  an  electronic  computer  of  ground  resonance  with  separation  of  the 
tires,  which  was  carried  out  by  engineer  Yu.  A.  Myagkov. 

We  will  consider  for  simplicity  that  the  undercarriage  has 
vertical  damping  struts  (see  Fig.  3.17b).  As  was  shown  in  §  2,  No.  I, 
the  greatest  damping  of  tne  shock  absorber-tire  system,  which  can 
be  obtained  with  the  selection  of  optimum  damping  of  the  shock 
absorber,  depends  on  the  ratio  •  If  one  were  to  use  formulas 
(2.37)  and  (2.38)  and  to  consider  that  on  the  landing  run 


then  there  can  be  obtained  the  following  formula,  which  determines 
the  greatest  possible  coefficient  of  available  damping  of  the  heli¬ 
copter  on  a  landing  run: 


A-. 


r:  '(»«= _ _ 

IN-*  /qr+i) 


v/here 


(6.12) 


(6.13) 


This  means  that  the  greatest  possible  damping  factor  which 
can  be  obtained  on  a  landing  run,  varying  by  quantity  *»m.  depends, 
especially  on  the. ratio  7^ •  Therefore,  by  knowing  damping  required 
for  eliminating  ground  resonance,  it  is  easy  to  determine  the 
necessary  rigidity  of  the  shock  absorber  c»M.  If  damping  of  the 
blade  is  known,  the  required  damping  nQ  can  be  determined  by  formula 

(i.3i): 


r:  1  .  o — vni  . 


(6.14) 


where  .«!!"  is  the  damping  factor  of  the  blade  nM,  referred  to  the 
frequency  Pm  of  natural  oscillations  of  the  helicopter  on  a  landing 
run  with  nonoperating  (on  only  some  tires): 


n. 


Pm  ’ 


--Ar‘ 


(6.15) 


p*  is  the  frequency  of  natural  oscillations  of  the  helicopter 
with  operating  struts  with  optimum  damping  referred  to  quantity  />„: 

F-f.-i/s:.  (6.16) 

Pm  V  1+2* 

Let  us  assume  that  it  is  required  to  provide  a  damping  margin 


,  Wag 


1««] 


(6.17) 


fl#fp 


Using  formulas  (6.12),  (6.14),  and  (6.16),  wc  will  obtain: 

I 


„  .  0.25  8*0^?*  ,  f  \  +  2“  1 

7*0+*)  »<*— Vo)  K  2»  A 
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This  relation  ?sn  be  rewritten  in  the  following  way: 

*“  ^  -AjA—o,  (6.18) 

"  V 

where 

After  the  selection  of  characteristics  of  the  blade  and  tire 
and  assignment  of  the  necessary  damping  margin  tj,  the  left  part  of 
equation  (6.18)  is  a  known  quantity.  By  knowing  quantity  a,  it  is 
easy  to  find  quantity  x  from  equation  (6.19)  and  then  the  necessary 
rigidity  <«■  of  the  shock  absorber.  For  convenience  of  the  determina¬ 
tion  of  x  Fig.  3.52  gives  a  graph  of  the  dependence  o(k). 


•  <U  «♦  < s  V  • 


Fig.  3.52.  Graph 
of  the  dependence 
of  coefficient  a 
on  x. 


To  select  the  rigidity  Cm  by  the  method  indicated  it  is 
possible  to  take  tj  «  1*  since  in  the  formula:;  given  “kinematic" 
damping  of  the  tlr*'  on  a  landing  run  is  not.  considered  j  r,c**  formula 
tf  ,P1)J.  The  real  lamping  margin  t|,  taking  into  account  t»i:. 
additional  damping,  should  he  obtained  not  I  ' 

After  the  rigidity  of  the  shock  absom-r  is  found,  it.;  optimum 
damping  factor  can  be  determined  by  formula  (V.3C),  namely: 


v/here 

/>•=/>..*•=/>„.  (6.21) 

Since  in  reality  the  characteristic  of  damping  of  the  shock, 
absorber,  as  a  rule,  is  nonlinear  (§  3,  No.  l),  then  by  quantity  A®** 
one  should  imply  the  damping  factor  of  the  equivalent  linear  shock 
absorber. 


4.  Some  Recommendations  on  the  Designing 
of  an  Undercarriage 

One  of  the  basic  difficulties  appearing  in  the  designing  of 
the  undercarriage  is  the  complexity  of  providing  the  necessary 
damping  of  the  shock-absorber  strut.  If  dimensions  of  the  holes 
through  v/hich  hydraulic  fluid  flows  when  the  shock  absorber  is  operat 
ing  are  selected  from  conditions  of  ground  resonance,  then,  as  a  rule 
operation  of  the  shock  absorber  during  lancing  v/ill  be  unsatisfactory 
(there  will  be  too  great  forces  with  a  shock  against  the  ground). 

If,  however,  we  select  them  from  conditions  of  landing  there  v/ill 
be  obtained  too  little  damping  with  lateral  oscillations  of  the 
helicopter,  v/hich  is  absolutely  insufficient  for  eliminating  ground 
resonance. 

This  difficulty  can  be  surmounded  by  two  methods  [18]: 

1)  increase  in  damping  on  the  recoil  stroke  of  the  shock 
absorbe  r; 


2)  installation  of  special  valves  in  the  construction  of  shock 
absorber. 

The  former  of  these  methods  is  the  simplest  and  consists  in  the 
fact  that  dimensions  of  holes  through  which  hydraulic  fluid  flows 
on  the  forward  stroke  of  the  shock  absorber  (compression)  are 
selected  from  conditions  of  landing,  and  dimensions  of  holes  through 
which  hydraulic  fluid  flows  on  the  recoil  of  the  shock  absorber 
(extension)  are  selected  from  conditions  of  ground  resonance.  This 


1 


h  Moment  of  valve 
opening 


Valve  is  opened  only 
when  landing  at  the'  time 
of  a  great  overload 

« 

Hole  for  the  damping 
of  ground  resonance 


Fig.  3-53. 
valve . 


Shock-absorber  strut  with 


appears  possible  because  with  oscillations  of  the  helicopter  at 
every  instant  one  of  the  shock-absorber  struts  (right  or  left) 
operates  on  the  recoil.  Therefore,  in  general,  the  needed  damping 
factor  of  the  helicopter  during  ground  resonance  can  be  provided 
by  only  one  damping  on  the  recoil  of  the  shock  absorbers. 


However,  to  increase  damping  on  recoil  is  possible  only  in 
known  limits.  Excessive  increase  in  damping  on  recoil  (very  small 
holes)  leads  to  a  very  slow  "yield”  of  shock-absorber  struts  from 
the  pressed  state  after  a  landing  shock.  Therefore,  if  the  heli¬ 
copter  in  conditions  of  operation  should  accomplish  a  running  landing 
on  uneven  ground,  when  after  the  first  shock  against  the  ground 
further  shocks  con  follow,  such  a  method  of  the  increase  in  damping  ( 
can  appear  unacceptable. 


3 

I 


* 
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The  second  method  does  not  have  the  mentioned  deficiency  and 
consists  in  the  fact  that  in  the  shock  absorber  there  is  a  special 
spring  valve,  which  is  opened  only  if  the  force  of  compression  in 
the  shock  absorber  exceeds  (with  a  shock  against  the  ground)  a  certain 
critical  value  Pkt?u.  At  P*m<PJ£  the  holes  whose  dimensions  are  selected 
from  conditions  of  ground  resonance  operate,  and  at  P,u>P^  additional 
holes  of  larger  diameter  operate,  the  dimensions  of  which  are  selected 
from  conditions  of  limitation  of  overload  with  landing.  Figure. 3.53 
gives  a  diagram  of  the  design  and  a  diagram  of  dynamic  pressing  of 
such  a  shock  absorber. 

Another  important  factor  which  one  should  consider  in  the 
designing  of  an  undercarriage  is  the  inevitable  presence  for  any 
shock  absorber  of  the  force  of  preliminary  tightening  (§  2,  No.  7), 
i.c.,  the  force  with  which  the  shock  absorber  starts  to  operate. 

For  a  helicopter  undercarriage  it  is  desirable  to  have  as  few 
forces  of  preliminary  tightening  PQ  as  possible,  since  at  great 
thrust  of  the  rotor  forces  P  on  the  undercarriage  decrease  and  at 
P<Po  the  shock  absorbers  do  not  operate.  Ground  resonance  can 
develops  with  nonoperating  shock  absorbers  on  elastic  tires 
practically  deprived  of  shock  absorption.  For  helicopter  under¬ 
carriages  it  is  necessary  to  select  characteristics  of  the  strut 
sc  that  the  force  of  preliminary  tightening  is  not  more  than  10 % 
of  the  strut  load  on  the  shock  absorber  with  zero  thrust  of  the  rotor 

Footnotes 


‘This  formula  will  be  derived  in  5  3  as  well  as  formula  (1.31) • 

2  It  will  be  shown  in  No.  5  of  this  paragraph  and  also  in  Nos.  1 
and  2  of  §  3  bow  to  determine  coefficients  kjr  and  k*. 

^  y 

3 See,  for  example,  A.  Gessow  and  G.  Myers,  Aerodynamics  of  the 
Helicopter ,  Oborongiz,  196^. 

''It  is  considered  that  the  actual  displacement  is  a  real  part 
of  the  Indicated  complex  expression.  The  application  of  complex 
expressions  in  the  derivation  of  basic  formulas  permits  considerably 
simplifying  the  calculations. 
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5The  diagram  of  a  spring  damper  of  the  blade  for  eliminating 
ground  resonance  was  proposed  by  engineers  0.  P.  Bakhov,  L.  N.  Grodko, 
I.  V.  Kurova,  and  M.  A.  Leykand.  (Author's  certificate  No.  184142). 

®The  method  of  selection  of  undercarriage  parameters  expounded 
here  was  developed  by  engineer  Yu.  A.  Myagkov. 

7It  should  be  remembered  that  the  case  when  kinematic  damping 
is  absent  is  realized  with  oscillations  of  a  helicopter  on  ice, 
when  friction  between  the  tire  and  ground  is  absent  (see  §  4,  No.  2). 


CHAPTER 


IV 


THEORETICAL  BASES  OF  THE  CALCULATION  OF  BEARINGS 
OF  BASIC  UNITS  OF  A  HELICOPTER 

The  service  life  of  basic  units  of  a  helicopter  in  many  respects 
depends  on  the  efficiency  of  their  bearing  subassemblies,  and  therefore 
questions  of  the  theory  of  the  calculation  of  antifriction  bearings  in 
helicopter  design  are  given  much  attention. 

It  is  known  that  the  service  life  of  general-purpose  antifriction 
Hearings ,  because  of  different  factors  of  a  metallurgical  and 
technological  character,  can  vary  over  a  wide  range.  In  connection 
with  this  the  necessary  reliability  of  bearing  subassemblies  in  general 
machine  building  is  attained  owing  to  the  introduction  of  corresponding 
safety  factors,  i.e.,  definite  oversized  calculation  loads.  It  is 
understandable  that  requirements  for  the  accuracy  of  calculation  of 
bearings  can  be  considerably  lowered .  For  articles  of  aviation 
materiel,  where  the  Increase  in  reliability  should  be  attained  owing 
to  the  perfection  of  the  construction  without  an  increase  in  dimensions 
and  weight  of  the  bearing  subassemblies,  such  a  means,  naturally.  Is 
unacceptable.  This  is  even  more  so  because  aviation  bearings  are 
made  from  improved  materials,  have  a  high  accuracy  and  are  subjected 
in  production  to  specially  thorough  control,  as  a  result  of  which  the 
dispersion  of  service  life  for  them  noticeably  decreases.  Aviation 
hearings.  Including  bearings  used  in  helicopters  should  be  calculated 
as  accurate  as  possible,  taking  into  account  peculiarities  of  their 
!<>ad  and  operation. 


In  recent  years,  owing  to  works 
practical  methods  of  the  calculation 


of  Eoviot  and  foreign  researcher::, 
of  antifriction  bearings  nave 


UGl 


obtained  considerable  development,  but  nonetheless  they  by  far  do  not 
always  possess  the  necessary  accuracy.  This  especially  pertains  to 
cases  of  operation  of  bearings  with  complex  combinations  of  external 
loads  ar.d  during  oscillatory  motion  with  small  amplitudes,  and  these 
cases  represent  the  greatest  interest  for  helicopter  construction. 

The  absence  of  reliable  methods  of  calculation  of  antifriction  bearings 
operating  in  the  indicated  conditions  hampers  the  designing  of 
reduction  gears,  cyclic  pitch  controls,  and  hubs  of  main  and  antitorque 
rotors  of  helicopters.  It  is  possible  to  cite  many  examples  when  these 
vitally  important  units  were  put  out  of  operation  before  the  end  of  the 
service  life  because  of  the  destruction  of  unsuccessfully  selected 
bearings . 

In  this  chapter  there  is  made  an  attempt  to  generalize  the  results 
of  theoretical  and  exj.  rimental  investigations  carried  out  for  the 
purpose  of  refinement  of  methods  of  calculation  of  bearings  of  units 
of  the  helicopter.  As  practical  experience  showed,  the  methods  of 
calculation  expounded  below  permit  more  fully  using  the  carrying 
capacity  of  the  bearings.  The  application  of  these  methods  in  the 
designing  of  bearing  subassemblies  in  many  cases  made  it  possible  to 
create  sufficiently  compact  and  light  constructions,  which  were  able 
to  work  reliably  for  a  long  time  under  very  high  loads. 

§  1 .  Equations  of  Static  Equilibrium  of  Radial  and 
Radial  Thrust'  Ball  Bearings  Under  a  Combined  Load 

The  dependences  utilized  during  calculations  of  bearings  are 
based  on  results  of  investigation  of  the  distribution  of  the  external 
load  between  rolling  solids. 

Let  us  formulate  equations  with  the  help  of  which  pressures  on 
balls  in  general  of  loading  of  radial  and  radial  thrust  ball  bearings 
can  be  found . 

Lei  us  assume  that  a  ringle-row  ball  bearing  has  a  radial 
cleara  ce  of  2A  after  fitting  on  the  shaft  and  in  the  housing  with  a 
stabilized  temperature  regime  of  operation  of  the  subassembly. 


us  bake  a  rectangular  system  of  coordinates  xyz  with  the  origin 
a*  the  center  0  of  the  outer  ring.  We  will  direct  axis  x  along  the 
axis  of  rotation  of  this  ring  (Pig.  4.1). 


Fig .  4.1.  Diagram  of 
movements  of  inner 
ring  of  the  bearing 
under  the  action  of  an 
arbitrary  external  load 
applied  to  it. 


With  the  application  to  the  bearing  of  an  arbitrary  external  load 
the  center  of  the  inner  ring  moves  to  point  O'  with  coordinates  s,  t, 
and  u,  and  its  axis  of  rotation  x'  is  deflected  with  respect  to  axis  x 
at,  a  certain  angle  $,  the  projections  of  which  on  plane  xOy  and  xOz 
are  respectively  equal  to  ^  and  (Fig.  4.1). 

We  will  consider  that  on  the  ball,  the  center  of  which  0%  lies 
i.r,  plane  H,  which  forms  with  plane  xOz  the  angle  Vs  there  act  normal 
forces  P ^  identical  in  magnitude  and  directed  along  a  common  line 
passing  through  centers  0H  and  0B  of  sections  of  grooves  of  the  inner 
and  outer  rings  and  point  0U,  (Fig.  4.2).  Displacement  of  the  center 
of  the  site  of  contact1  of  the  ball  with  the  inner  ring  from  plane  II 
and  tangential  forces  appearing  at  points  of  contact  of  the  ball  with 
the. rings,  as  is  usually  accepted  in  the  theory  of  antifriction 
bearings,  will  be  disregarded. 


According  to  the  well-known  formulas  of  Hertz 

(1.1) 

Here  is  the  approach  of  grooves  of  rings  in  the  direction 
owing  to  the  elastic  deformations  in  the  zones  of  contact. 


For  ball  bearings  with  tne  usual  internal 


geometry  it 


)  r.  r. "  > 


jI': 


cuCj> 


to  assume 


i=v«,^,  (1.2) 

where  v  is  a  factor  dependent  on  the  relationship  between  radii  rB  and 
r,  of  grooves  of  the  outer  and  inner  rings  and  the  diameter  of  the 
ball  djjtj  gmrB+r»—dm—  distance  between  points  0„  and  0»  at  the  time  of 
contact  of  the  ball  with  the  rings  (at  6*-0). 


f*A*t5in^«ucas 


Fig.  4.2.  Diagram  of 
forces  acting  on  the 
ball. 


If  diameter  dm  is  expressed  in  millimeters  and  forces  in  kilograms, 
then  with  the  elascic  modulus  of  material  of  the  rings  and  balls 

p 

f =2, 08X10*  kG/cm  the  coefficient  BQ  is  equal  to  62. 

Factor  v  has  the  values  shown  in  Table  4.1. 


Table  4.1. 


rm  <•)/*« 

0,510 

J 

0,515 

1 

0,520 

*  j 

0,63 

i.oo 

1,39 

From  conditions  of  static  equilibrium  of  elements  of  the  hearing 
it  follows  that  external  forces  and  moments  applied  to  the  inner  ring 
can  be  thus  written  (see  Fig.  4.2): 


tnfe; 

#*  **  —  2  P*  cos  P*sln6; 

*.=2p»cosfccosfc 

Mt~r9  2  p*  sln  ?♦  cos  ft 
*.“'o2P*s,n  Py  sin  ^>. 


(1.3) 


Here  j}*  is  the  angle  of  contact  of  the  hall  with  the  rings;  r^  — 
radius  on  which  centers  of  the  balls  are  located.  Sign  £  extend  over 
nil  the  loaded  balls. 


Let  us  assume  that  the  rings  have  an  absolutely  correct  geometric 
form  not  variable  with  application  of  loading.  In  this  case  to 
determine  the  approach  of  grooves  6*  and  angle  of  contact  pt  there  can 
be  used  formulas, 

l(*  +  Vo *!n '> + Vo  cos  W  -}-  (g  —  a  - /  Sin  v -f  a  cos  -f)»J W  _  g;  ( 1 . 4  ) 


P*=arctg 


»  4-  >gp  tin  if  +  >y0  cos 
g  —  A  —  f  sin  ^  -f  a  cot  <J>  * 


(1.5) 


Expressing  in  formulas  (1,4)  and  (1.5)  all  linear  quantities  in 
fractions  of  distance  g,  we  will  copy  them  in  the  form: 


8* «  [(S -f-  7, Sill -'i -1-7, cos ft* -1- (cos  :i0-7siu‘H*«  cos  ft* 


(1.5) 


?«.*=>  arc  tg 


<  +  t|  -I-  t,co s  O 
eotJo—  Ttln^  +  kcos^  ’ 


(1.7) 


where  ?0«3rccos  *- — -  is  the  so-called  initial  angle  of  contact  (angle  of 

& 

contact  with  purely  axial  displacement  of  the  rings  owing  to  the 
working  radial  clearance  2A). 


In  expressions  (1.6)  and  (1.7)  7,  and  *,  denote  quantities  ft,  Is. 

and  ft,f?-.  * 

g 

It  I  r:  necessary  to  consider  that  the  working  axial  clearance  of 
I, he  hearing  s^  is  connected  with  angle  (5  by  the  following  relation: 

2sb=2^slnf(0 

or.  by  passing  to  relative  values. 


( 


i . 


2sj,=2slnp0. 


Relative  quantities  everywhere  are  designated  by  the  same  letters 
as  the  absolute  with  dashes  above  them. 

The  equations  given  describe  conditions  of  static  equilibrium  of 
radial  and  radial  thrust  ball  bearings  with  any  combinations  of  external 
loads.  Prom  them  there  can  be  found  all  parameters  characterizing  the 
distribution  of  forces  between  the  separate  balls.  It  is  necessary, 
however,  to  consider  that  because  of  the  complexity  of  dependences 
connecting  quantities  6*  and  with  relative  displacements  of  the 
rings,  the  practical  application  of  these  equations  is  conjugate  with 
the  large  volume  of  calculations.  In  connection  with  this,  with 
engineering  calculations  they  are  usually  replaced  by  some  approximate 
relations.  One  of  the  variants  of  such  relations  most  convenient  for 
practice,  which  possesses  quite  high  accuracy,  is  described  below. 


An  analysis  of  operating  conditions  of  the  bearing  subassemblies 
of  different  types  shows  that  in  most  cases  the  resultant  radial 
force  I?—  and  resultant  moment  Af-(AfJ-fAfJ)’/'  absorbed  by  the 

bearing  act  in  one  plane.  In  accordance  with  this,  disposing  the  plane 
of  coordinates  xOz  in  such  a  way  that  it  coincides  with  the  plane  of 
action  of  external  loads  applied  to  bearing,  it  Is  possible  to  write 


#,-0; 

Aft— 0. 


(1.9) 


As  the  calculations  Indicate,  the  distribution  of  the  load  depends 
on  the  angular  location  of  the  set  of  balls.  Taking  into  account  this 
circumstance,  we  will  consider  that  the  balls  are  located  symmetrically 
with  respect  to  plane  xOz.  Under  this  condition 


f-0; 


(1.10) 


Considering  equalities  (1.10),  let  us  expand  expression  (1.6)  in 
Maclaurin  in  the  environment  ««0  and  Being  limited  to  linear 
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terms,  after  simple 

transformations  we  obtain 

I*  =*T  +  («  cos  ?  -f -7  sin  JS)  cos 

(1.11) 

In  equality  (1.11) 

I=(?+cos*W,/*-l 

(1.12) 

and 

?=arctgf-W 

\co*fc/ 

(1.15) 

Quantities  a  and  £  are  nothing  but  the  relative  approach  of 
grooves,  and  the  angle  of  contact  in  section 


As  follows  from  expression  (1.7), 


line.  XL  _ +«?co»fr  _  . 

^  l(i +7,»lo^  +  Titoti/f  +  (eoiV  ~t  sin  uco*  *  ’ 

— _ co«fe--7»ln$  4-  u  totty _ _ 

*a  [(f  +7j  tin  ^  -4-Ij  co*  iff  +  <co*  fo-Filn  y  -r  u  co*  *  ,  * 


(1.14) 


Proceeding  with  equalities  (1.14)  in  the  same  way  as  and  with 
expression  (1.6),  after  rejecting  the  nonlinear  terms  and  corresponding 
formations  we  have 


sinfl^ilnpfl  -52!lL(£_ Tctgftcosy] ; 

l  <®*  po  J 

co*  f  *  =»cos  ?  [  1  -f  (u  —7  ctg  ?)  cos  -yl . 

i  P#  J 


Assuming 


BCotp  +  tilnp  , 


(1.16) 


Let  ns  present  dependences  (1.11)  and  (1.15)  in  t ti e  form 

S(t-f-Xcos^); 


n  .17) 


Quantity  t  determining  the  pressure  on  the  ball,  the  center  of 


which  is  plane  xOy,  can  be  expressed  in  terms 


of  angles 


r*.  c. 


J 


1 


cos  1 


eoip 


1. 


(1.19) 


Tne  zone  of  loading  of  the  bearing,  as  is  known,  is  found  from 
the  condition  that  on  its  limits 

Assuming  in  equality  (1.17)  we  obtain  the  following 

expression  which  establishes  limits  of  the  zone  of  loading: 


1v'-*rc  cos  (1.20) 

The  relative  approach  of  grooves  of  the  rings  "£>  reaches  a 
maximum  value  ^  in  the  center  of  zone  of  loading,  which  is  . located  in 
the  section  if  « cos  p  +  e  sin  p="6/.>0  and  in  section  if 

5 cos p+Tsin p«/T/.<0  (Fig.  4.3). 


Fig.  4.3.  Zone  of 
loading  of  the 
bearing. 


In  the  case  ’'o=0,  0<^<  180*  and  and  when  *0— 180*, 

180*<,J»*  <360*  and  360*— 


It  is  clear  that  expression  (1.20)  is  correct  only  if  parameter  X 

exceeds  unity  in  absolute  value.  If  |>,|<l  ,  tnen  the  zone  of  loading 

r  o 

form:;  y> 0  ,  i  in  the  bearing  all  balls  carry  the  load,  and 

quantity  *<  in  inis  <-n::e  is  always  positive,  and  1. hr?  sign  X  coincide-:: 
with  fee-  sign  costj-Q.  The  latter  means  that  for  bearing::  for  which 
all  balls  are  loaded,  when  $0«0>  0<>.<l  and  at  tf0*»  180°, 

Taking  in  equality  (1.17)  we  find 

#«  (I -f-1  cos  <:<„).  (.1.21) 

With  the  help  of  expressions  (1.2),  (1.17),  and  (1.21),  remembe r :  n 
thatsj*«-i,  let  us  give  formula  (1.1)  in  the  form 


=  08 


Dependences  (1.19)  and  (1.21)  show  that  in  the  case  X=oo,  i.e., 
v:lth  a  loading  zone  of  180°,  *6=0  and,  consequently,  3  =  3Q  independently 
of  the  level  of  the  load. 


Let  us  introduce  into  the  consideration  of  the  sums 

To  vr^F  w~*  » 


(1-23) 


where 


k—\,‘2,  3. 

here,  as  in  all  preceding  equalities,  angle  -<p  can  take  only  those 
discrete  values  which  determine  the  angular  position  of  the  loaded 
balls . 

Let  us  convert  now  with  the  help  of  the  obtained  expressions, 
equations  (1.3). 

Replacing  in  these  equations  P^,  sin  3^,  and  cos  3^.  by  their 
values  according  to  the  formulas  (1.22)  and  (1.13),  in  accordance  with 
equal it it es  (1.9)  and  (1.23),  considering  the  dependence  (1.21),  we 
will  obtain 

-4r  =  W*in?VX 


ft  cot? 

1 

\  /'-l 

1  CO»?o 

U  + 

X  CO*  VO 

sin  ^ 

)  hJ 

fiascos  ?/aX 

fl  4  co,g 

/  *®0 

L 

l1  1  <Vj„ 

r 

\.l  x  60S 

yo 

VoY 

X 

f  i  _  _«???_ 

/ 

X^0 

< 

9  A1 

[  C01?o 

\1  + 

X  C0<  <vo 

sin  'f 

)h\ 

(1.2]0 


From  dependences  (1.19)  and  (1.21)  there  results  the  following 
expression  for  angle  [3 : 


cos?- 

i  •  >- 

'  1  +  X 


(1.2b) 


b 


Equalities  (1.24)  and  (1.25)  are  those  relationships  which  can  be 
replaced  with  engineering  calculations,  "exact"  equations  of  static 
equilibrium  of  radial  and  radial  thrust  ball  bearings.  As 
corresponding  investigations  show,  an  error  in  final  results,  caused 
by  such  a  replacement,  usually  does  not  exceed  several  percent. 

With  a  change  in  the  number  of  balls  sums  (1.23)  are  changed 
insignificantly.  This  permits  expressing  them  in  terms  of  integrals 

y  — - : — 1 \  (1  -f  i  cos  cos  'if12  cos* _1  4%  (1.26  ) 

2*(! +  lcot  } 

♦i 

which  are  functions  of  the  product  Xcosifo-  Here  k  =  1,  2,  3. 

It  is  easy  to  be  convinced  that  with  the  usual  quantities  of  the 

balls 


/^cos*-***/*  (1.27) 

Value  of  integrals  are  given  in  Table  4.2. 


Table  4.2. 


4  cot 

h 

h 

h 

w 

Xcot^o 

Ji 

Jt 

h 

9 

0 

1,000 

0,000 

0,500 

1,000 

3,33 

0,323 

0,247 

0,210 

0,612 

0.1 

0,868 

0,065 

0,435 

0,879 

5 

0,309 

0,242 

0,207 

0,605 

0.2 

0.766 

0,114 

0,385 

0,801 

10 

0,294 

0,236 

0,203 

0,596 

0.3 

0,686 

0,151 

0,346 

0,757 

20 

0,286 

0,233 

0,201 

0.59 

0.4 

0,622 

0,180 

0,316 

0,726 

±00 

0,279 

0,229 

0,199 

c  *  7 

0.5 

0.570 

0,202 

0,292 

0,705 

-20 

0,27) 

0,225 

0,197 

0,^83 

0.6 

0,528 

0,220 

0,273 

0,690 

-10 

0,262 

0,221 

0,191 

0,578 

0.7 

0,494 

0,233 

0,258 

0,678 

-5 

0,247 

0,212 

0,188 

0,567 

0.8 

0,466 

0,243 

0,246 

0,670 

-3,33 

0,229 

0,201 

0,181 

0,556 

0,9 

0.443 

0,250 

0,237 

0,663 

-2,5 

0,211 

0,189 

0,172 

0,543 

1 

0,425 

0,255 

0,231 

0,657 

-2 

0,192 

0,175 

0.162 

0,528 

1,111 

0,409 

0,257 

0,226 

0,651 

-1,667 

0,171 

0,159 

0,149 

0,512 

1,25 

0.3S5 

0,258 

0,223 

0,645 

—  1,429 

0,147 

0.14P 

0,133 

0,488 

1,429 

0,380 

0,258 

0,220 

0,639 

-1,25 

0,120 

0,116 

0,112 

0,459 

1,667 

0,366 

0,256 

0,218 

0,633 

-1.111 

0,084 

0,083 

0,060 

0,414 

2 

0,352 

0,254 

0,215 

0,626 

-1 

0,000 

0,000 

0,000 

0,000 

2.5 

0,338 

0,251 

0,212 

0,619 
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§  2.  Calculation  of  Radial  and  Radial  Thrust  Ball 
Bearings  Under  Combined  Loads  In  toe  Case  of  the 
Absence  of  Mutual  Misalignment  of  Rings 

1.  Pressures  on  the  Bails 

If  the  distance  between  the  bearings  is  great  as  compared  to  the 
diametrical  dimensions  of  the  bearings  and  alx  the  parts  of  bearing 
subassembly  possess  high  rigidity,  then  with  the  calculation  of 
pressures  on  rolling  solids  it  is  possible  to  disregard  mutual 
misalignment  of  the  rings  under  a  load  and  consider  only  their 
displacements  in  radial  and  axial  directions. 

Entering  into  formula  (1.22),  which  determines  pressures  on  the 
balls  in  radial  and  radial  thrust  ball  bearings,  are  quantities  1>0  and 

A  , 


Relations  (1.24)  and  (1.25),  which  connect  these  quantities  with 
external  loads  applied  to  the  bearing,  in  the  absence  of  mutual 
misalignment  of  the  rings,  i.e.,  in  the  case  3-  =  0,  can  be  represented 
in  the  form 


B&i 

So^cosjsy^i-f 


CQ»P  X>e  y?y 
coi  fc  1  +  *•  h  )  ’ 

co>^  jgJ  3  .  h 

eo*Po  1  +  *  h 


)- 


(2.1) 


COS  P 


<o»Po 


'»  +  i/ 


to  2n 


We  do  not  write  out  the  expression  for  the  moment,  since  at 
$  =  0  it  does  not  play  an  independent  role  and  is  not  used  in  the 
calculations. 


For  convenience  let  us  assume  that  the  direction  of  axis  z 
coincides  with  the  direction  of  the  radial  loading  R.  Under  this 
condition  the  radial  displacement  u  1  r.  positive,  and,  consequently, 
.•ingle  '/'(1  is  equal  to  xoro.  This  circumstance  is  considered  oot  h  in 
equations;  (2.1)  and  (2.2)  and  in  all  subsequent  dependences. 


on 


It  is  necessary  to  note  tnat  case  $  =  0  is  basic  in  the  theory 
of  antifriction  bearings.  Usually  when  we  make  no  special  reservations 
on  the  design  and  peculia* ities  of  loading  of  the  bearing  subassembly 
we  consider  precisely  this  case.  In  reference  to  it  there  are  carried 
out  basic  investigations  [22],  [23],  [29],  [42]  directed  towards  the 
refinement  of  methods  of  calculation  of  antifriction  bearings, 
operating  under  combined  loads. 

Static  loading  of  the  bearing  is  characterized  by  the  magnitude 
of  maximum  pressure  on  the  rolling  solid. 

According  to  the  formulas  (1.22)  the  maximum  pressure  on  the 

ball 

(2.3) 

With  prolonged  static  loading  of  an  irrotational  bearing  the 
greatest  stress  of  crumpling  <Tmax  on  the  rolling  path  of  the  inner  ring 
caused  by  this  pressure  should  not  exceed  40,000  kG/cm  .  If  static 
loads  acting  on  an  irrotational  bearing  create  greater  contact  stresses 
then  on  the  rolling  paths  there  appear  noticeable  traces  of  permanent 
deformations  in  the  form  of  dents  from  the  balls. 

The  indicated  allowed  value  of  amu  is  selected  from  the  condition 
that  the  magnitude  of  permanent  deformation  of  the  rolling  path 
amounts  to  not  more  than  one  micrometer  for  every  centimeter  of  diameter 
of  the  ball.  In  this  case  the  smoothness  of  rotation  of  the  bearing 
is  not  disturbed,  and  its  carrying  capacity  does  not  decrease. 

In  calculation  dependences,  which  are  used  for  calculation  of 
service  life  of  the  bearings,  there  appears  the  quantity 


where  m  is  the  exponent  under  load  in  formulas  of  service  life. 

With  the  help  of  equalities  (1.22)  and  (2.3)  we  will  give 
expression  (2.4)  in  the  form 


Coefficient  w  here 


(8-5) 


is  equal  to 

Let  us  note  that  value  Pg  is  the  constant  pressure  =  const  at 
which  the  probability  of  fatigue  breakdown  of  the  ball  race  in  the 
given  operational  conditions  is  the  same  as  that  with  real  distribution 
of  forces  between  rolling  solids.  This  gives  the  basis  to  call  it  the 
equivalent  pressure  on  a  rolling  solid  for  a  ball  race. 

It  should  be  borne  in  mind  that  quantity  P_  sometimes  refers  not 

y 

to  the  whole  length  of  the  rolling  path,  as  is  done  in  expression  (2.4), 
but  only  to  the  loaded  zone 


At  m  =  as  is  accepted  in  Soviet  practice. 


[ - ! — _ [*■  ~V  (i +5^4- 25; 

U(l  +  Xco»*0)sL  2  \  8  } 


(wZ+SZtf+J 

\  60  T 120  *  15 


(2.7) 


With  the  practical  use  of  formulas  (2.6)  and  (2.7)  it  is  necessary 
to  remember  that  for  the  selected  direction  of  axis  z  angle  tl/Q  is  equal 
to  zero.  Angles  v,  and  in  formula  (2.7)  are  taken  in  raaians. 

Values  of  the  coefficient  w,  found  by  this  formula,  are  given  in  Table 
4.2  together  with  values  of  integrals  j,  . 


Pressures  Pq  and  Pg  under  the  assigned  1  xternal  loads  R  and  A 
can  be  calculated  in  two  ways. 


The  first  of  them  consists  in  the  calculation  of  these  quantities 
by  the  formulas  (2.7)  and  (2. 5)  with  the  use  of  values  ^  and 
obtained  as  a  result  of  the  direct  solution  of  equations  (2.1)  and 
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Since  equations  (2.1)  and  (2.2)  have  a  complex  structure,  then 
this  way,  naturally,  is  associated  with  great  difficulties.  They  are 
sufficiently  great  even  when  the  problem  is  solved  approximately. 

The  second  means,  which  is  more  acceptable  for  practical 
applications,  for  determing  pressures  PQ  and  ?3  is  based  on  the 
following  considerations. 


If  the  angle  of  contact  of  all  the  balls  is  identical  (3^  =  (3  = 
=  const,  then 


^sii.3y,; 


R 

rvrf 


r=50SJ/»cos?yj. 

M 


(2.6) 


Relations  (2.8)  differ  from  equations  (2.1)  in  that  in  them  terms 
are  absent  which  consider  the  change  in  the  angle  of  contact  depending 
upon  the  position  of  the  ball  with  respect  to  plane  xOz. 


With  a  zone  of  loading  of  180°,  when  in  the  bearing  half  of  the 
balls  operates,  X=±oo  and,  consequently,  £  =  30,  ^  =  0.279,  j2  =  0.229 
and  w  =  O.587. 


From  relations  (2,8)  for  the  given  case  we  find 

1,217^, 


besides 


(2.9) 


teotfj3 


*4,37 


icoafe  ’ 


2,57 


(2.10) 


Formulas  (2.10)  are  known  in  the  theory  of  antifriction  bearings 
by  the  name  of  Schtribeck  formulas. 


For  the  case  jj-  #1,217  tgfo  pressures  Pq  and  can  be  represented 


in  the  form 
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(2.11) 


P#=*4.37 
A*, =2,57 

where  =  is  the  resultant 


*</  . 

/co»fo 

kF  ' 

'COlfc 

load  on  the  bearing  (Fig. 


Fig.  4.4.  Res-,  ant 
force  applied  to  the 
bearing. 


This  form  of  recording  can  be  preserved  talcing  into  account  the 
variability  of  angle  3^. 


Substituting  into  expression  (2.11)  values  PQ  and  Pg  from 
equalities  (2.3)  and  (2.5),  we  have 


eoi  ft, 


4,31 


0,587 


”dm 

-K* 


(2.12) 


Coefficients  and  K  are  unique  coefficients  of  reduction 
referred  to  the  resultant  load  F.  It  is  important  that  they  can  be 
found  from  equations  (2.])  and  (2.2)  by  different  indirect  methods 
excluding  the  necessity  of  a  direct  solution  of  these  equations. 


Values  of  coefficients  K()  and  K  for  bearings  with  initial  angles 
of  contact  3q  =  0°,  12°,  15°,  and  36°,  obtained  from  equations,  (2.1) 
and  (2.2)  by  the  graphoanalyt leal  method  [JO  l,  are  given  in  Table*  ;'.3. 


Table  4.3. 


\  • 

1 

1 

t 

;=s\ 

0* 

10* 

20* 

30* 

40* 

50* 

60* 

70* 

80* 

90* 

Values  of  coefficient  Kq 

*o«0 


0,02 

1,000 

0,889 

1,070 

1,210 

1,306 

1,380 

1,422 

1,428 

1,396 

1,306 

<M>* 

1,000 

0,890 

0,966 

1,091 

1,146 

1,196,  1,212 

1,192 

1,152 

1,080 

0,07 

1,000 

0,880 

0,924 

1,014 

1,078 

1,116 

1,116 

1,094 

1.050 

0,976 

0.11 

1,000 

0,900 

0,880 

0,958 

1,010 

1,034 

1,030 

1,000 

0,950 

0,874 

0,14 

1,000 

0,926 

0,873 

0,933 

0,974 

0,994 

0,984 

0,952 

0,906 

0,826 

0.21 

1,000 

0,936 

0,858 

0,898 

0,930 

0,936 

0,916 

0,880 

0.830 

0,750 

0,35 

1,000 

0,948 

0,858 

0,858 

0 

0,876 

0,872 

0,850 

0.804 

0,746 

0,667 

0.83 

1,000 

0,956 

0,874 

0,836 

0,842 

0,828 

0,798 

0,750 

0,686 

0,602 

0.70 

1,000 

0,961 

0,882 

0,824 

0,822 

0,602 

0,748 

'0,718 

0,648 

0,566 

1.00 

1,000 

0,967 

0,893 

0,818 

0,800 

0,774 

0,734 

0.678 

0,602 

0,526 

I 

0-12* 

0,02 

1,399 

1.171 

0,839 

0,897 

0,963 

0,999 

1.005 

0,992 

0,937 

0,877 

0,04 

1.249 

1,109 

0.842 

0,875 

0,933 

0,959 

0,956 

0.938 

0,883 

0.808 

0,07 

1,164 

1,077 

0,847 

0,858 

0,902 

0,918 

0,914 

0,879 

0,824 

0.752 

0.11 

1,136 

1.016 

0,883 

0,841 

0,871 

0,881 

0,870 

0,831 

0,777 

0,705 

0.H 

1,114 

1,034 

0,860 

0,831 

0,859 

0,862 

0,847 

0,809 

0.754 

0.681 

0.21 

*  1,066 

1.016 

0,870 

0,816 

0.833 

0,833 

0,809 

0.77| 

0,713 

0,636 

0.35 

1,066 

1,008 

0,889 

0,803 

0,806 

0.-799  0,781 

0,721 

0.655 

0.579 

0.83 

1.036 

1.002 

0,899 

0,802 

0,789 

0.772 

0.734 

0,688 

0,623 

0,538 

0.10 

1.026 

0,998 

0.908 

0,810 

0,778 

0,754 

0,715 

0,565 

0,601 

0,514 

1.00 

1,020 

0,983 

0,912 

1 

0,813 

0,761 

0,734 

0,694 

0,636 

0,567 

0,479 

1 

• 

•  -W 

0.02 

1,626 

1.476 

1,001 

0,785 

0,804 

0,813  0,804 

0,770 

0,718 

0,647 

0.04 

1,483 

1,338 

0,961 

0,818 

0,797 

0,799  0,789 

0,759 

0,697 

0.625 

0.07 

1.327 

1,236 

0,961 

0,786 

0,760 

0,782  0,766 

0,727 

0.672 

0,597 

0.11 

1.282 

1.172 

0,951 

0,781 

0,777 

0,770  0.749 

0,707 

0,649 

0,572 

0.M 

1.217 

1.140 

0,948 

0,782 

0,771 

0,761 

0.741 

0,606 

0,637 

0,560 

0.21 

1,169 

1,106 

0,941 

0,784 

0,763 

0,749!  0.719 

0,675 

0,612 

0,531 

«.» 

1,106 

1.068 

0,932 

0.769 

0,746 

0,730 

0,604 

0,646 

0,582 

0.496 

0.83 

1,073 

1.627 

0,924 

0.769 

0,730 

0.717,  0,671 

0,618 

0,554 

0,466 

0.70 

1.086 

1.018 

0,936 

0,797 

0,736 

0,707 

0.661 

0,604 

0,536 

0,455 

1.00 

1,038 

1,001 

0,918 

0,806 

0,732 

0,662|  0.647 

0,590 

0,511 

0,429 

1,16 


r\* 

0* 

10" 

1 

20* 

30‘ 

40’ 

l 

1 

so*  ;  so’ 

t 

70’ 

80’ 

90* 

*'Jm  \ 

1 

fc-26* 


0,02 

1,914 

1,815 

1,478!  0.8721 

0,692 

0,667 

0.6fli 

0,594! 

0,530 

0,454 

0,04 

1,609 

1,528 

1,321 

0,865 

0,692 

0,665 

0,635 j 

0.587 

0,523) 

0,447 

0,07 

1,483 

1,415 

1,218 

0,858 

0,692 

0,66i; 

0,629 

0,577 

0,514 

0,440 

0,11 

1,389 

1,326 

1,150 

0,850 

0,692 

0,656 

0,621 

0,566 

0,504) 

0,431 

0,14 

1.336 

1,279 

1,115 

0,847 

0,692 

0,655 

0,618 

0,560 

0,500 

0,424 

0.2) 

1,249 

1,204 

1,069 

0,845 

0,692 

0,65o| 

0,611 

0,551 

0,492 

0,413 

o.a5 

1,175 

1,125 

1,011 

0,837 

0,693 

0.647 

0,600 

0,544 

0,480 

0,398 

0,53 

1,121 

1,078 

0,975 

0,828 

0,696 

0.642' 

0.593 

0,535 

0,466 

0,383 

0,70 

1,067 

1,051 

0,955 

0,826 

0,698 

0.639! 

0,6C9 

0,527 

0,455| 

0,373 

1,00 

1,051 

1,016 

0,932 

0,819 

0,701 

0.632, 

0.560] 

0,515 

0,440j 

0,358 

A 

,-36» 

0,02 

2,171 

f.Q51 

1,823 

1,426 

0,795 

0.580, 

0,507 

0.455) 

0,388 

0,310 

0,04 

1,815 

1,756 

1,574 

1,242 

0,777 

0.575J 

0,567 

0.453 

0,388 

0,307 

0,07 

1,629 

1,567 

1,403 

1,132 

0,757 

0,574 

0,514 

0,453 

0,385 

0,304 

0,11 

1.496 

1,425 

1,272 

1,052 

0,746 

0,578' 

0,514 

0,451 

0.380 

0,299 

0,14 

1,445 

1,359 

1,205 

1,011 

0,742 

0,578 

0,514 

0,449 

0,379 

0,299 

0,21 

1,343 

1,262 

1,144 

0,970 

0,736 

0,578* 

0,510 

0,449 

0,375 

0,299 

0,35 

1.207 

1,156 

1,060 

0,913 

0,724 

0,57b 

0,510 

0,445 

0,370 

0,291 

0,53 

1.129 

1,086 

0,999 

0,870 

0.714 

0.578, 

0,509 

0,444 

0,364 

0.285 

0,70 

1.098 

1.053 

0,967 

0,848 

0,707 

0,578 

0,506 

0,440 

0.364 

0.283 

1,00 

1.053 

1,006 

0.925 

0,821 

0,696 

0,578; 

0,502 

0.434 

0,356 

0,275 

Values  of 

eoef f icl 

cnt 

K 

?o-0 

0.02 

1,000 

0.995 

1.297 

1.520 

1.710 

.  1.^2 

2.030 

2,150 

.  2.230 

2,270 

0,04 

1,000 

0 

(,1jO 

;  1.350 

1,502 

1,758 

1,625 

1,870 

j  1.900 

0,07 

1.000 

0.950 

1,055 

J  1.212 

1,355 

1.475 

1,540 

1.608 

1,680 

;  1.710 

0.11 

1.000 

0,968 

1,006 

1,130 

1.232  1,325 

1  400 

1,452 

1.477 

!  1.490 

0.14 

1,000 

0,966 

0,985 

1,093 

1,190  1,275 

1.330 

1,375 

:  1.3»)  1.406 

0.21 

1,000 

0,963 

0.952 

1.045 

1.I2T 

1.175 

1.225 

1,260 

1.275J  1.283 

0.35 

1,000 

0,970 

0,937 

0,979 

1.041 

4.082 

1.107 

1.122 

1,133  1,140 

0.S3 

1,000 

0,972 

0,934 

0,944 

0,966  1,015 

1.025 

1.032 

1,030  1,029 

0.70 

l.COO 

0,977 

0.934 

0.928 

0,05?  0,973 

0.976 

0,972 

0.968  0,966 

1.00 

1,000 

0,982 

0,935 

0.907 

© 

£ 

J5i 

o 

$ 

0,922 

j  0,9GSj  0,»96(  0.890 

1 

it  • 

0.U2 

1.237 

1,090 

0.729 

j  1.037 

|  MOO  1,301 

1,384 

;  1.43S'  1,180  1.489 

0.04 

1.125 

l.uSl 

0.919 

0.771 

.  1.142  1.235 

;.?»!  1.333,  \,Y/y  1.377 

0,07 

1.093 

1,031 

j  0.913 

0.977 

!  1.1*2  1.157 

I.2I3j  1,257  t.27« 

*j  1,240 

o.n 

1.065 

1,014 

i  0.713 

!  0.763 

1  1.0I»>!  I.IO 

1.146!  U*t!  1,18* 

J  1.197 
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abwlatcd  coefficients  of  reduction  kq  and  K 


u.~ ' 


der ably 


1  n t  re  .i u  c t  i  on  o  f  t 

facilitates  the  detecting  of  pressures  Pn  and  P 


which 


allow  using  for  this  purpose  very  simple  and  convenient  formulas  (2.11). 


Coefficients  Kn  and  K  are  given  in  Table  k  .3  in  the  function  of 

F  U 

cuantitv  — which  characterizes  the  level  of  the  load  absorbed  by 
tvdlu  a 

tiie  bearing,  and  angle  a  =  arctg—,  which  determines  the  direction  of 

A 

resultant  force  F. 1 


2.  Reduced  Loads 

Let  us  designate  by  Q  the  radial  force  creating  in  combination 

with  the  longitudinal  force  A  =  1,217  tgfcQ  at  a  constant  angle  of  contact 

of  the  balls  with  the  rings  0^  =  0Q  =  const  the  same  equivalent  pressure 

P  as  that  of  the  real  combination  of  external  loads  applied  to  the 
9 

bearing. 


Force  Q  can  be  called  the  given  dynamic  load. 

Along  with  the  concept  of  reduced  dynamic  load  in  the  theory  of 
antifriction  bearings  there  is  widely  used  the  concept  of  reduced 
static  load.  By  the  latter  it  is  understood  radial  force  Qq,  which 
creates  in  the  indicated  conditions  the  maximum  pressure  on  the  ball 
Pc  equal  to  the  real. 


Replacement  of  real  loads  by  reduced  loads,  determined  by  the 
above-mentioned  v/ay,  permits  using  in  the  calculation  of  bearings 
working  under  combined  loads  data  of  catalogs  and  reference  books 
re  {'erring  to  radial  loaded  bearings. 


Comparing  equalities  (2.10)  and  (2,11),  we  see  that 

Q*=kF\  I 

Qo—XqF-  I 


(2.13) 


In  foreign  and  recently  in  Soviet  practice,  to  determine  reduced 
loads  there  is  frequently  used  a  formula  of  the. form 


Q-xR+yA. 


Various  sources  give  different  values  of  coefficients  of  reduction 
x  and  y,  and  therefore  the  reduced  loads  calculated  for  the  same 
calculation  cases  can  differ  considerably  form  each  other. 

Since  all  methods  used  of  the  calculation  of  radial  and  radial 
thrust  ball  bearings  under  combined  loads  are  based  on  the  same  initial 
equations  (1.1) -(1.7)  and  in  fact  differ  from  each  other  only  by 
assumptions  accepted  for  the  simplification  of  their  solution,  then 
one  of  the  main  criteria  of  perfection  of  a  certain  calculation 
method  can  be  the  proximity  of  reduced  loads  calculated  on  its  basis 
to  "exact"  values  of  these  loads  resulting  from  the  indicated 
equations . 

On  Fig.  4.5  there  are  compared  reduced  loads,  determined  with 
help  of  coefficients  of  Table  4.3,  with  reduced  loads  found  as  a 
result  of  the  "exact"  solution  of  equations  (1.1) -(1.7).  On  the  same 
table  there  are  shown  reduced  loads  calculated  by  the  method  of  the 
International  Organization  on  Standardization  (ISO2),  accepted  abroad 
recently,  and  also  by  the  metnod  of  M.  P.  Belyanchikov  [24],  which  is 
recommended  now  for  the  calculation  of  general-purpose  bearings. 

As  can  be  seen  from  Fig.  4.5,  reduced  loads,  obtained  with  the 
use  of  data  of  Table  4.3,  are  the  closest  to  their  "exact"  values. 

The  application  of  the  ISO  method  gives  under  certain  conditions 
an  overestimate  of  reduced  loads  of  20-30$,  which  for  bearing 
subassemblies  of  aviation  units,  naturally,  is  impermissible. 

With  the  calculation  of  radial  thrust  ball  bearings  with  angles 
of  contact  Pa>26°,  according  to  the  method  of  M.  P.  Belyanchikov  quite 
accurate  values  of  reduced  loads  are  obtained.  However,  at  smaller 
angles  of  contact  the  accuracy  of  the  method  decreases  considerably. 
This  in  the  case  of  angles  of  contact  Po— 12 — 18’  the  error  in  a  reduced 
load  can  reach  40$.  For  angles  of  contact  less  than  12°  this  method, 
in  general,  is  inapplicable. 
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of  service  life  is  valid  for  all  machine  parts  operating  under  varying 
stresses,  including  antifriction  bearings,  which  are  put  out  of  service 
due  to  fatigue  crumbling  of  tracks  or  rolling  solids. 

Statistical  representations,  lying  as  the  basis  of  contemporary 
methods  of  the  determination  of  service  lives  of  antifriction  bearings, 
were  developed  mainly  by  Weibull  [43],  Lundberg,  and  Palmgren  [44]. 

The  development  of  these  representations  for  small  probabilities  of 
destruction  are  the  subject  of  the  investigation  of  Harris  [43]  and 
others. 

The  basic  positions  of  the  statistical  tneory  of  the  dynamic  load 
capacity  of  antifriction  bearings  can  be  thus  formulated. 

Let  us  assume  that  qn  is  the  probability  of  the  fact  that  the 
bearing,  rotating  with  the  number  of  n  revolutions  per  minute,  will 
operate  h  hours  without  signs  of  fatigue. 

On  the  basis  of  the  theorem  cf  mathematical  statistics'  on  the 
production  of  independent  events,  disregarding  the  piobaoility  of 
destruction  of  roiling  solids  in  view  of  its  smallness  as  compared  to 
the  probability  of  destruction  rolling  tracks,  it  is  possible  to  write 

(  ?  .  14  ) 

where  qv  and  qa%  are  corresponding  probabilities  characterizing  the 
reliability  of  revolving  and  fixed  rings. 


Considering  the  peculiarities  of  the  stress  condition  under  the 
action  of  contact  loads  and  also  the  character  of  primary  fatigue 
microscopic  cracks,  which  form  in  antifriction  bearings,  Lundberg  and 
Palmgren  introduced  the  following  distribution,  which  determines  the 
probability  of  the  appearance  of  traces  of  fatigue  on  the  section 
of  the  rolling  track  with  a  length  AL  after  rolling  about  It  of  N 
rolling  solids  loaded  by  force  P: 


F*~  1  —  exp 


(2.13) 


Here  is  the  coefficient  dependent  on  properties  of  material. 
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cleanness  of  treatment  and  accuracy  of  manufacture;  tq  -  the  greatest 
tangential  stress  acting  in  areas  parallel  to  the  surface  of  the  area 
of  contact  deformation;  zQ  -  depth  at  which  this  stress  appears;  AV  - 
stressed  volume. 

At  m0  =  0,  which  would  take  place  in  the  case  when  the  probability 
of  destruction,  introduced  by  each  elementary  volume,  does  not  depend 
on  its  location  with  respect  to  the  surface,  and  distribution  (2.15) 
becomes  the  standard  Weibull  distribution. 


Stress  t q  and  depth  z^  can  be  respectively  expressed  in  terms  of 
fne  greatest  stress  of  crumpling  oQ  in  the  center  of  toe  area  of 
contact  deformation  and  the  semiminor  axis  b  of  this  area: 


T0=a,9#;  J 
I 


(2.16) 


Stressed  volume  AV  in  the  first  approximation  can  be  taken  equal 


to 


&V~2azt\Lt  (2.1?) 

where  a  is  the  semimajor  axis  of  the  area  of  contact  deformation. 


As  follows  from  the  theory  of  contact  .cresses  ar.d  deformation*:, 
for  radial  and  radial  thrust  ball  bearings 


4100 

<*v 


i.  «_ 

4±  - - —  1  P3dl; 

7”  ) 


t\  “  V  '  ± 

4  ±  — - -  PVdl. 

T"-  1 


( 2  1°' 
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Tn  equalities  (2.1ft)  the  following  not ■■* i  on;;  are  accepted: 


dm.  COS  l, 


n=— 


2r0 


arri 


0  V 


Coefficients  H^,  a^,  and  strictly  speaking,  are  not  constants; 
however,  in  practice  this  cannot  be  taken  into  account,  sinds  limits 
in  which  their  values  change  (depending  upon  ratio  b/a)  are  very 
insignificant. 


It  is  not  difficult  to  be  convinced  that 

(2.19) 

where  tty  is  the  central  angle  corresponding  to  the  examined  section 
of  the  rolling  tracks. 


With  help  of  equalities  (2. 16 )-(2.19)  let  us  give  expression 
(2.15)  in  the  form 


(2.20) 


The  quantity  of  balls  contacting  with  every  section  of  the 
rolling  track  for  h  hours  of  bearing  operation  will  be 

Ar«30znA(l±ii).  (2.21) 

Substituting  this  value  into  formula  (2.20),  we  finally  obtain 


^l-exp|-//,*‘cos  &,(«*)*  g-j . 


(2.22) 


Indices  m  and  c  are  expressed  in  terms  of  indices  m-^,  mg,  and  l 
in  the  following  way: 


*=- 


3< 


rT-2»»+"a~3/. 

«i+2  — 


(2.23) 


According  to  data  of  foreign  bearing  firms,  genera .11  zed  In 
recommendations  of  the  ISO,  m  =  3  and  c  =  1,;<  (at  </,u<2.'3  .w*)  . 

The  section  of  rolling  track  of  the  fixed  ring,  located  on  azimuth 

ip,  with  rolling  about  it  of  the  balls  is  loaded  oa^-h  time  by  the  same 

force  P^.  Assuming  in  accordance  with  this  in  equality  (2.22) 

P  «  P,,  for  such  a  section  we  have 
v 

F> =•  1  -  exp  £  --//,**  cos  &,(«*)*  -^v  ■&]. 


(2.2M 
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Fror:.  expression  (2.24)  it  follows  that  probability  qmi  which 
characterizes  the  reliability  of  the  fixed  ring  as  a  whole,  is  equal 


“  n(l  -  Z7*/)  =  «p  [  -  w,2'  COS  J,  (Z!*)! 


(2.25) 


where 


■4H' 


During  a  quite  long  time  interval  each  element  of  the  rolling 
track  of  the  ball  race  contacts  with  balls  practically  on  all  azimuths, 

Taking  this  circumstance  into  account  considering  the  hypothesis 
of  linear  summation  of  damage  nature,  for  any  section  of  the  rolling 
track  of  the  ball  race  from  expression  (2.22)  we  find 


Here  Pt 
examined  in  No.  1. 


/^=1  — exp  £•]. 

•-(“H 


(2.26) 


is  the  same  equivalent  pressure  which  was 


The  probability  qt9,  which  characterizes  the  reliability  of  the 
whole  ball  race  in  accordance  with  expressior  (2.26),  will  be 


.n(l-F*y)=exp  ^-//js'cosPoC/i/O*  ~~ brj. 


(?.27) 


Coefficient.  appearing  In  the  above-rentionod  equalities,  can 
be  represented  in  the  form  of  the  product  of  a  certain  constant  Hi, 
and  quantity 


whi  hi  are  functions  q  and  0,  i.e.,  parameter.;  character!  v  i  r.g  the 
ife  ‘  rnai  r< •  t. ry  f  1  m  bear:  .eg. 


Let  us  assume  that  internal  ring  revolves.  For  this  case  from 
formulas  (2.14),  (2.25),  and  (2.27)  we  have 


In  -i-«=»ln  — -fin— = 

«■  «M 

]*' c« ?,<«.»)' 


(2.29) 


Subscripts  "b"  and  "h"  and  also  the  upper  and  lower  signs  in 
formulas  (2.18),  (2.19),  (2.21),  and  (2.28)  respectively  pertain  to 
the  inner  and  outer  rings  of  the  bearing. 

Let  us  assume  that  at  tj  =  0.2,  9  =  0.J2,  and  X  =  00 

Lf  I  /P-  \«»  I. 


formulas : 


Let  us  introduce  further  quantities  and  f  according  to 


C,-/Td‘z{'  -). 


(2. JO) 


where 


J  2.57  [//««*  0.9J 


r  *• 

(p-\ 

\p,i 

ml 

\  H. 

Mf' 


(2.J1) 


Using  formulas  (2. JO)  and  (2.J1),  let  us  transform  expression 
(2.29)  thus: 

0,39*  CM  («*)■  -  C9  (CCS  \)(*  ’  "^/f .  (2. 


(2. J2) 


Expressing  here  Pa  in  terms  of  the  equi/alont  dynamic  load  U, 


we  obtain: 


where 

c^0(Cosy(  **). 


(2.3?) 


Analogously  there  can  be  examined  the  case  when  the  outer  ring 
is  revolving. 


Uniting  formulas  of  service  life  for  cases  of  rotation  of  inner 
and  outer  rings,  after  the  introduction  into  them  of  coefficients 
and  Kp ,  considering  the  influence  on  carrying  capacity  of  the 
c.oaracter  of  load  and  temperature  regime  of  the  bearing,  we  finally 

nave 

i  i 

K#s£(nk)m  =C/f".  (2.34) 


here  KK  =  1,  if  the  inner  ring  rotates  and 


(2.35) 


If  the  outer  ring  rotates. 

With  concrete  numerical  calculations  of  radial  and  radial  trirust 
nail  bearings,  on  the  basis  of  tables  of  coefficients  Kq  and  K,  values 
:,f  kinematic  coefficient  K„  can  be  approxin.8*  ely  determined  depending 

A 

upon  quantity  w  ~  0.587  -*  according  to  the  graph  of  Fig.  4/,, 


Fig.  4...  Kinematic 
coefficient  KR. 
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In  foreign  practice  in  the  calculation  of  coefficients  of 
efficiency  CQ  and  C,  coefficient  f '  is  usually  considered  equal  to 
150-200. 

Calculations  show  that  at  the  given  8  coefficient  f"  depends 
mainly  upon  rj.  At  m  *  3*  C  =  1.8  and  l  -■  1.11,  which  corresponds  to 
recommendations  of  130,  it  has  the  values  shewn  in  Table  4.4. 


Relations  (2.38)  and  (2.39)  show  that  the  basic  parameter 
characterizing  the  dispersion  of  service  life  of  antifriction  bearings 
is  exponent  l . 


In  most  cases  the  ratio  varies  within  limits  of  4.08  to  5. 


At  4,08,  i  =  1.34,  and  -2=4,95.  If  -^-=5.  then  l  =  I.17  and 

"*•  «io  *10 

*0 


>10 
=6,5. 


As  experimental  investigations  indicate,  the  given  dependences 
satisfactorily  describe  the  dispersion  of  service  life  at  qD-<0,0.  In 
the  region  of  small  probabilities  of  destruction  noticeable 
deviations  are  observed  from  them.  These  deviations  can  De  considered 
if  for  this  region  expression  (2.37)  is  replaced  by  the  following: 


h  ~  flQ 

*10— *0 


“/«• 


(2.40) 


Here  hQ  is  a  certain  threshold  of  service  life  up  to  which  the 
probability  of  destruction  is  equal  to  zero. 


Since  at  <7a<0.9  qn)]w,  then  formula  (2.40)  can  finally  be 

v/ritten  in  the  form 


k_ 

*10 


(i-£)|io<i-oi++£. 


(2.41) 


According  to 
This  denotes  that 
to  nave  a  reserve 
wh i eh  corresponds 


data  of  Harris  [45],  for  ball  bearings  J-°-»0,0-l5. 
to  ensure  100  percent  reliability  it  is  necessary 
of  calculation  of  service  life  of  the  order  of  22, 
to  a  reserve  with  respect  to  loads  of  2.8. 


Above  the  basic  positions  of  the  statistical  theory  of  dynamic 
load  capacity  of  radial  and  radial  thrust  ba.,1  bearings  wer e 
discussed.  Likewise  corresponding  statistical  theories  of  dynamic 
load  capacity  for  bearings  of  other  types  were  constructed. 


Main  results  emanating  from  statistical  concepts  about  the 
service  life  of  antifriction  bearings  were  reflected  both  in  foreign 
and  in  Soviet  practice.  With  this,  however,  it  is  necessary  to  note 


that  certain  dependences,  used  in  the  composition  of  Soviet  catalogs 
and  reference  books,  have  a  different  form  than  that  which  is  accepted 
abroad.  Thus,  for  example,  our  coefficients  of  efficiency  CQ  and  C 
are  calculated  not  by  formulas  (2.30)  and  (2.33),  but  are  taken  equal 
to 


C,*-/ — — — 
J  i+o.aum 

C—C,  cos^. 


(2.42) 


For  general-purpose  bearings  f  =  65.  Let  us  remember  that  in 
Soviet  practice  the  exponent  m  is  considered  equal  to  3.33. 


The  service  life  of  two-row  bearings,  and  also  of  rolling  bear¬ 
ings,  consisting  of  several  identical  bearings,  which  can  be  examined 
as  one  multiple  bearing,  is  determined  by  the  expression: 

0,39 KtfCft cos %P>9 («A  *=  C .  (2.43) 

The  equivalent  pressure  entering  here 

'’..-[l/V’.r]*.  (s.M) 

where  P  and  k.  are  the  equivalent  load  and  kinematic  coefficient 

V  / 

for  the  j-th  bearing. 

Formulas  (2.43)  and  (2.44)  directly  follow  from  the  above- 
mentioned  dependences  for  separate  bearings. 


If  all  bearings  arc  loaded  equally,  then 

As  the  analysis  of  values  of  coefficients  f"  given  in  Table-  4.4 
shows,  the  efficiency  of  antifriction  bearings  noticeably  depends  on 
quantity  tj.  In  expressions  (2.42)  this  important  circumstance  v/ac 
not  reflected,  which  is  their  considerable  deficiency. 

As  Is  known,  for  aviation  bearings  possessing  high  accuracy  and 
made  from  a  specially  qualitative  metal,  the  coefficients  of  efficiency 


O  i  f  ’iV  6  I  a  ^ 


r.rv-  ? h  greater  values  than  do  those  which  are  obtained  from  formula 


Therefore,  using  in  calculation  aviation  constructions  data  cf 
machine  construction  catalogs  and  reference  books,  it  is  possible  to 
expect  that  in  reality  calculation  service  life  h^g  will  correspond 
not  to  the  10  percent  probability  of  destruction  but  to  one 
considerably  smaller.  With  such  an  approach  to  the  determination  of 
service  life  of  bearing  subassemblies  of  aviation  units,  this  service 
life  is  frequently  identified  v/ith  the  required  service  life.  In 
practice  this  is  achieved  by  the  fact  that  in  formulas  (2. 36)  and 
(2.43)  h1Q  is  replaced  by  h,  and  by  h  is  understood  service  life  at 
which  the  level  of  reliability  of  bearings  necessary  for  articles  of 
aviation  materiel  is  provided. 

4.  Effect  of  Axial  Load  on  the  Efficiency  of  Bearings 

Let  us  trace  how  the  axial  load  influences  the  efficiency  of 
radial  and  radial  thrust  ball  bearings. 

Figures  4.7  and  4.8  show  model  graphs  of  the  dependence  —  -'&) 
at  ^r“C°nst,  const  ructed  according  to  data  of  calculation  carried  out 
in  the  composition  of  tables  of  coefficients  Kg  and  K. 


As  can  be  seen  from  these  graph 
exists  a  range  of  values  in  which 
Table  4.5. 


Fig.  4,7.  Graphs  of  the 
dependence  Q/R  -  f(A/R) 
at  certain  constant 

0 

values  -  and  fo’*0 . 


,  for  each  level  of  load  there 
—  <1.  Its  limits  are  given  in 


Fip;.  4.H.  Graphs  of  the  dependence  ^/R  = 

p 

-  f(A/R)  at  certain  constant  valuer 

and  Pq«36*. 


Table  4.5. 


R 

Value  A/R 

at  iniial  2 

;les  of  -on 

taot  fc> 

ceg 

0  1 

!  12 

18 

26  | 

36 

0.02 

0-0.15 

0,26-0,38 

0,39-0,56 

0,56-0,82 

0,34-1,20 

0,11 

0-0,28 

0,25-0,45 

0,37—0,60 

0,55-0,84 

0,76-1,21 

0,35 

0-0,37 

0,22-0,47 

0,35-0,63 

0,47-0.85 

0,38-1,21 

1,00 

0-0,43 

0,04-0,49 

0.00-0.65 

i 

0,00 — 0,86 

0,00-1.22 

At  values  shown  in  Table  4.5,  th<^  axial  load  not  only  does 
not  lower  the  carrying  capacity  of  the  ^earing  bu+  even  increases  it 
somewhat.  It  is  true  that  this  increase  is  insignificant,  since  a 
possible  decrease  in  the  given  dynamic  load  amounts  to  several  percent 


In  radial  thrust  ball  bearings  acting  on  the  balls  are  Coriolis 
forces,  which  try  to  force  them  to  revolve  around  axes  perpendicular 
to  the  surfaces  of  contact.  Such  "spinning"  of  the  balls  are  prevented 
by  frictional  forces  appearing  at  points  of  tangency  with  the  rings. 

If  in  bearing  there  is  an  unloaded  zone,  then  in  this  zone  frictional 
forces  preventing  "spinning"  of  the  balls  are  absent,  and  the  balls 
start  to  slip  with  respect  to  grooves  of  the  rings,  which  at  high 
speeds  of  rotation  leads  to  overheating  and  rapid  wear  of  the  bearings . 
It  is  natural  that  with  the  designing  of  high-speed  bearing 
subassonbl j es  with  radial  thrust  ball  bearings,  it  is  necessary  always 
to  try  to  have  the  load  carried  by  all  the  balls.  In  practice  this  is 


'  a  ir.e  c  1  ■- no r  by  means  of  the  installation  of  bearings  with 
:  re  recreate  angles  of  contact  or  by  their  certain  additional  axial 
Isa i  owing  to  preliminary  interference. 


The  magnitude  of  the  cone  of  loading  depends  on  relationship  of 
axial  and  radial  loads  applied  to  the  bearing.  The  larger  the  ratio 
A/P ,  the  bigger  this  zone.  As  was  already  indicated  earlier,  when 
p,  C  the  zone  of  load  amounts  to  J60°  if  The  value  /.  =  0 

corresponds  to  the  case  of  axial  loading  of  tie  bearing  at  which 
pressures  on  the  balls  are  identical.  The  value  a  =  ]  determines  the 
minimum  value  of  the  ratio  A/R  at  which  ali  tie  balls  are  loaded. 
This,  in  particular,  follows  from  formula  (1.22),  which  shows  that  in 
the  case  V'q  =  0  and  =  1  the  force  absorbed  oy  the  ball  located  at 
the  azimuth  =  180°  turns  into  zero. 


Considering  that  X  =  1,  =  0.425,  J’2  =  0.225*  and  j‘  =  O.251, 

from  equations  (2.1)  and  (2.2)  we  find 


I  sin*  fo  +  *0+  ~r) 

— — - —  1,666  — - 


1-0,6 


2+i)j 


•In*  Po  +  *0+ 


1+0.905 


cos*  ft,  2+  Ip 


and  here  the  radial  loading  R  is  determined  by  the  expression 


p  T9* 

-V-  0,51  B0  cos  30-^ 
.rvd*  0  0  2+ 1 


1  /  sin*po+tj+-~  —  \ 

1  +  0,905  - —  / . 

&o\  cos*  2+  *0/ 


(2.46) 


(2.4?) 


and  relation 


<W02S- 


1+0,905 


-  '»? 
*l»*Po  +  *0+  “J" 

2  +  &o  cos^Pq 


(2.48) 


As  can  be  soon  from  equalities  (2.46),  ' 2.4y),  and  (2.48), 
quantities  n  rid  ^  depend  both  on  f:.e  initial  angle  of 

contact  and  also  on  the  level  of  the  load  adsorbed  by  the  bearing. 


For  the  most  frequently  encountered  initial  angles  of  contact 


tr  -  0J,  12°,  18°,  26°,  and  36°  with  the  help  of  equalities  (2.46 ), 

j 

'2,-7),  and  (2.48)  on  Figures  4.9  and  4.10  there  are  plotted  curves 

which  determine  values  ana  /-2.)  in  function  — 

\Rh-t 


Fig.  4.9.  Dependence  of  Fig.  4.10.  Dependence  of 

the  ratio  t  on  the  the  ratio  ^  on  the 

level  of  the  load.  level  of  the  load. 

At  small  loads 

and  (£■),_  «.. 

With  an  increase  in  load  quantities  ^  and  increase.  Thus, 

for  example,  for  angle  =  18°  when  R  — i 

u  #vrf* 

(ilr2MsP-and  (Hr1-064- 

As  was  shown  above,  in  the  case  of  a  constant  angle  of  contact 
of  the  balls  with  rings  with  the  zone  of  loading  of  l8o°,  when 
parameter  X»±oo,  the  ratio  ~  - 1,217 tgjio. 

Values  of  ratio  ,  taking  into  account  the  change  In  the 

angle  of  contact  depending  upon  the  position  of  the  ball  wiuh  respect 
to  plane  xOz,  can  be  found  by  the  curves  shown  on  Fig.  4.11,  Figure 
4,12  depicts  curves  by  which  there  can  be  determined  appropriate 
values  of  the  ratio 

Graphs  on  Figs.  4,11  and  4.12  are  plotted  with  the  help  of 
formulas 


« 1.217  tg  ft, 


1  - 0,822  80 


1  +  0,868 

0,2295, 8W cos  fJ,(l  -f  0,868 tg* ft, 2^); 


(Q\  = _ I _ _ 

V  fi  A— »  1  ■+■  0,868  tg®  0, 8,  * 


(2.49) 


which  results  fyom  equations  (2.1)  and  equalities  (2.12)  and  (2,15). 


Fig.  4.11,  Dependence 
of  ratio  ^jXmm  on  the 
level  of  the  load. 


Fig.  -.12.  Dependence 
of  ratio  on  the 
level  of  the  load. 


The  given  data  permit  estimating  the  influence  of  the  axial  load 
on  the  carrying  capacity  of  radial  and  radial  thrust  ball  bearings. 
With  their  help  there  can  be  set  the  optimum  axial  preliminary 
Interference  with  which  bearings  should  be  assembled  in  the 
subassembly,  and  the  most  rational  values  of  the  initial  angle-  of 
contact  for  different  combinations  of  the  radial  and  axial  loads 
are  selected. 


5.  Approximate  Solutions  of  Equations  (2.1)  and  (2.2) 

It  is  necessary  to  remember  that  the  angle  is  determined  by 
the  working  radial  clearance  2A,  which  is  in  the  bearing  after  its 
fitting  on  the  shaft  and  into  the  housing  at  a  stabilized  tempera¬ 
ture  regime  of  operation  of  the  unit  and  also  at  the  actual  distance 
g  between  centers  0H  and  0B  of  sections  of  grooves  of  the  rings 
[see  Fig.  4.2  and  formula  (1.7)]. 


Because  of  the  effect  of  landing  interferences,  the  irregularity 
in  the  heating  of  separate  elements  of  the  subassembly  and  also  the 
possible  difference  in  values  of  coefficients  of  linear  expansion 
of  the  shaft  and  housing,  the  clearance  2A  can  considerably  differ 
from  the  initial  radial  clearance  in  the  free  bearing.  The  magni¬ 
tude  of  distance  g  can  noticeably  be  affected  by  deviations  in 
radii  of  grooves  of  the  rings  and  diameter  of  the  ball.  In  connection 
with  this,  in  the  calculation  of  high-loaded  radial  and  radial  thrust 
ball  bearings  the  angle  £q  cannot  always  be  replaced  by  the  nominal 
initial  angle  of  contact  shown  in  the  catalog.  It  is  impossible  to 
forget  this  circumstance  in  the  designing  of  specially  critical 
bearing  subassemblies  of  units  of  helicopters  and  other  aircraft. 


Values  of  coefficients  Kq  and  K  for  radial  and  radial  thrust 
ball  bearings  with  initial  angles  of  contact  different  from 
the  standard  can  be  obtained  by  the  interpolation  of  data  given  in 
Table  4.3.  At  the  same  time  there  are  many  cases  when  it  is  more 
convenient  to  resort  to  this  method  but  to  solve  problems  connected 
with  the  calculation  of  such  bearings  by  means  of  direct  determina¬ 
tion  of  quantities  and  X  from  equations  (2.1)  and  (2.2),  using 
with  this  purpose  the  methods  of  approximation. 


If 


the  load  is  carried  by  all  the  be IJs, 


integrals  can  be  found  from  expressions: 


then 


/.0+V*— f(*+51’). 


(s.e-o) 


536 


The  right-hand  side  of  equalities  (2.50)  constitute  first  terms 
of  a  power  series,  in  which  products  /»(! +&)**•  at  fo“0  and 
are  expanded.  Considering  the  rapid  convergence  of  this  series  in 
the  shown  region,  terms  containing  parameter  X  in  a  power  higher  than 
the  third  are  rejected  here. 

Solving  equations  (2.1)  and  (2.2)  taking  into  account  equalities 
(2.50),  as  a  result  of  successive  approximations  we  obtain  the 

working  formulas: 


U)  l-  •  wr 


l+o, 


•!»**> +2 


"It* 


1  + 


ie°* 


where 


■-s'*' 


(2.51) 


(2.52) 


Tc _ 


Coefficients  D-^  Dg,  and  are  respectively  equal  to: 

l^MT  . 

d’”T"J 


D'~~A  r  / 1  \wjw  • 

[«l«5fc  +  2\ 


(2.53) 


At  the  formula  for  maximum  pressure  on  the  ball  can 

ho  represented  in  the  form 

(2 .5*0 


From  expressions  (2.5)  and  (2.51)  it  follows  that  coefficient 


in  formula  (2.5J*)  can  be  assumed  equal  to 

J*jMI  n^J! _ 32  ' _  - 

4Wfc+<i^ff 


(2-55) 


It  is  easy  to  note  that  in  the  examined  case  the  reduced  loads 
Qq  and  Q  can  be  expressed  in  the  following  way: 

Q, -0, 229^>  cos  M; 

Q-0,390»*i'>CQsfci4.  (2.56) 


Comparing  equalities  (2.56)  and  (2.13),  for  the  given  case 
we  find: 


*8=»0,229*<*>  cos  ^  sin  o; 
K=-01390»Af<'4)  cos^shia. 


(2.57) 


If  radial  loading  R  =  0,  then  in  accordance  with  equalities 
(2.53)  Dg  »  0,  and  =  1.  Substituting  these  values  into  expression 
(2.55)*  for  the  case  of  a  purely  axial  load  we  have 


["•>+,(tTi)W] 


WT*r' 


(2.58) 


Figure  4.13  gives  curves  of  the  dependence  ***»«*•*  (.1).  obtained 
from  Initial  equations  of  static  equilibrium  of  radial  and  radial 


T  V, 


_ 

Fig.  4.13.  Curve::  of 
the  dependence 


#  M*  Ma  U> 


thrust  ball  bearings  without  any  simplifying  assumptions.  On  the 
same  figure  sign  "x"  denotes  value  of  the  coefficient  calculated 
by  formula  (:•  which  makes  it  possible  visually  to  be  convinced 

of  its  quite  satisfactory  accuracy. 


The  described  method  of  the  determination  of  quantities 
and  X  can  be  used  only  in  the  case  when  in  the  bearing  there  are 
no  unloaded  balls. 


Let  us  assume  that  now  the  zone  of  loaning  amounts  to  less  than 
j>CO°.  With  a  zone  of  loading  smaller  than  vO  quantity  /  can  /ary 
from  oo  to  1  and  from  -oo  to  a  certain  negativ  value  X#,  wnich 
correspond:;  to  the  case  when  the  bearing  absorbs  a  purely  ra;iai 
loading,  in  tne  absence  of  an  axial  lead  the  center  of  the  area  of 
contact  "creeps"  to  the  middle  of  trie  groove,  and  angle  p  turns  into 
zero.  Assuming  in  formula  (l.l<y)  angle  [3  i..  equal  to  zero,  we  sea 
that  with  radial  loading  of  the  bearing 


i-cosf^— 1. 

Let  us  introduce  the  notations 

El  o+»>/r  *  f*  r+r$* 

it  h 

Values  vf  quantities  E  in  function  X  c  c  giver,  in 


(2.55) 


(2.<C) 


T'  t 


1 

1 

*. 

*4 

_1_ 

3 

*» 

e* 

«• 

! 

1,1*4 

1.113 

1.366 

0,600 

-O.l 

! 

-0.30*  j 

2.670 

1.163 

-6.441 

o.* 

1.173 

1.149 

1.39* 

0.697 

-0.2 

—0.704 

3.126 

1.164 

-4.296 

0.1 

1,097 

1.167 

1.332 

0,616 

-  0.3 ! 

-1.243  ! 

3.1*6 

1.139 

-2.987 

0.7 

1.017 

1.242 

1.476 

0,966 

-0.4 

-2.021 

4.397 

1.113 

-2.243 

0.6 

0,930 

1.317 

1.430 

1,166 

-0.5 

-3.W 

3.699 

1,093 

-1.629 

0.6 

0.631 

1.409 

1.366 

1,4*3 

—0,6 

— s.n; 

7.966 

1.076 

-1.330 

0.4 

0.717 

1.381 

1.316 

1.6W 

-0.7 

-6.6(A  11,74 

1.061 

-1.380 

0.1 

0,346 

1.662 

1.309 

2,346 

-0.6 

I 

20.23 

1.032 

—1.210 

0.1 

0.459 

1,636 

1,177 

3,913 

-0,9 

-47.4. 

32.46 

1.016 

—  1.034 

o.l 

0.23* 

3.033 

1.247 

1,081 

-1 

—  m 

m 

1 

-1 

« 

I* 

2.321 

1.217 

- 

At  &  =  cos  PQ  -  1  and  3=0  the  second  equation  (2.1)  can  be 
thus  represented: 


where 


jpa  i  ^ 


(2.61) 


Let  us  remember  that  in  accordance  with  the  accepted  direction 
of  axis  z  angle  <k»0  and,  consequently,  Acosvo“A  and  V»fl(l-hA). 


From  equality  (2.62)  [sic]  it  follows  tr.at  A#  should  satisfy 
the  condition 


£.(U 


(2.62) 


To  solve  equations  (2.1)  and  (2.2)  in  the  case  ~  we 

will  proceed  in  the  following  way.  Considering  parameter  X  to  be 
Known,  with  the  help  of ‘the  method  of  iterations  we  will  find  from 

the  second  equation  (2.1)  quantity  Replacing  trigonometric 

functions  of  angle  3  by  corresponding  values  emanating  from  equation 
(2.2),  as  the  approximate  value  F  we  will  t&.-.e 


It  should  be  Kept  In  mind  that  inasauct  as  exfires  «*.h  (.'•>) 
Is  approximate ,  value  F,  determined  from  tM  expr*;:.  ion  wm  r. 

A  -  A,,  somewhat  differs  from  the  value  corresponding  to  rormw> 

(^.r/A). 


Pr<*n  equations  (.'.!)  wo  have  further 
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A  _  E, _ (tinTgo-f-SM-l1)1^ 

Jt  co«fo  «in»3o+2t  +  H  E3  1 
+  cos**,  *  £,  '!  +  » 


(2.65) 


Ass ign.Lng  X,  we  construct  v/ith  the  help  of  formulas  (2.63) 
and  (2.63)  s  graph  of  the  dependence  ^  =  F(X)  (Fig.  J+ .  14 ) .  According 


Fig.  4.14.  Auxiliary  graph 
for  the  approximate  solution  of 
equations  (2.1)  with  the  zone 
of  loading  smaller  than  360°. 


to  this  graph,  knowing  ratio  A/R,  v/e  find  value  X,  v.’hich  is  the 
approximate  solution  to  equations  (2.1)  and  (2.2).  Using  the  obtained 
value  of  X,  we  calculate  by  formula  (2.63)  the  real  value  s  and  find 
by  it  ~Q . 

As  numerical  calculations  show,  the  accuracy  of  formulas  (2.63) 
and  (2.65),  ,}ust  as  that  of  formulas  (2.51)  and  (2.52),  is  quite 
sufficient  for  engineering  applications.  Deviations  of  quantities 
and  X,  calculated  with  the  help  of  the  indicated  formulas,  from 
corresponding  "exact"  values,  determined  by  equations  (2.1)  and 
(2.2),  at  initial  angles  of  contact  <  45°  amount  to,  as  a  rule, 
not  more  tnan  3-4%. 


Following  by  expression  (2.63),  we  can  write 

P'  «-5ovrfL(HX)wC,  £t’~ 


COfjSfl 


(2.66) 


Remembering  that  ----- and  11-.-  for  the  case 


si  <  (•«•),.,  rin<) 


XCOfpo 


(2.67) 


rc 


1  ■  A  ’  ' 


5^1 


'**$*’* ’■rf&i'.iH*... .. 


Here 

(2.68) 

Comparing  equalities  (2.11)  and  (2.67),  it  is  easy  to  be 
convinced  that  coefficient  *#  in  this  case  can  be  thus  expressed: 

*9 — 0,229*J*>  co*  c. 

Accordingly, 

u —0,390w*J*>  cos  «. 

6.  Relative  Displacements  cl*  Rings 

For  certain  high-precision  high-speed  tearing  subassemblies 
the  correct  determination  of  relative  displacements  of  rings  of 
bearing::  under  a  load  is  Important.  With  tr.o  absorption  by  radial 
and  radial  thrust  ball  bearings  of  combined  loads  this  problem  is 
solved  in  tiis  way. 


As  can  be  seen  from  relations  (1.13)  and  (1.16),  in  the  absence 
of  mutual  mlsalitmmer.t  of  rings 


a-fcPeosb 

CM  I 


(2.69) 


Using  the  dependence  (1.19)#  *e  find 


*(!♦«)  (?.70) 

«m  || 


Let  us  assume  that  (sL  .  tinder  thi~  condition,  disregarding 

in  equalities  quantity  "V  in  view  o T  its  smallness,  with  ’he 
ncip  of  formulas  (2.91)  and  (2.92)  we  obtain  for  relative  displace¬ 
ments  s  and  u  the  following  expressions: 
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1  *2 


V* 


J  — 
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r  2  yz* 
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”j  K* (-kTT 

(2.71) 


As  a Lsplacements  F  and  u  arc  changed  with  a  change  in  relation¬ 
ships  of  radial  and  axial  loads,  this  can  be  traced  in  the  example 
of  bearing  76207,  for  which  on  Fig.  *1.15  by  formulas  (2.71)  there 


Fig.  4.15.  Curves 
and  sr- a 
value  of  the  axial 


constant 
load . 


are  plotted  curves  « 
t.he  axial  load  -*0,53j 


i^d  and  ! 


at  a  constant  value  of 


For  a  comparison  on  the  same  figure  the 


sign  "x"  denotes  accurate  values  of  displacements  s  and  u  calculated 
with  the  help  of  equations  (1.7),  (1.6),  and  (1.7)  for  cases 
a  -  0  and  /  -  1  ,  which  determine  the  limits  of  applicability  of 


formulas  (2.71). 


) 


As  follows  from  the  cited  data,  the  equation  of  moments  does 
not  enter  into  the  system  of  equations  with  the  help  of  which  there 
is  investigated  the  distribution  of  the  load  in  radial  and  radial 
thrust  ball  bearings  operating  without  misalignment  of  the  rings. 
Therefore,  the  assumption  of  the  action  of  radial  force  and  moment 
in  one  plane,  used  in  the  formulation  of  relations  (1.24),  does  not 
introduce  any  additional  limitations  narrowing  the  field  of  applica¬ 
tion  of  the  above-stated  method  of  ca leu la u ion  of  such  bearings. 
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Thus  far  radial  and  axial  loads  acting  on  bearing  were  con¬ 
sidered  assigned. 

Radial  loadings  on  bearings  are  found  from  equations  of 
equilibrium  of  the  shaft  on  which  they  are  mounted. 

At  great  distances  between  bearings  determination  of  these 
loads  is  not  especially  difficult,  since  in  this  case  they 
depend  little  on  moments  absorbed  by  bearings,  for  which  with  their 
calculation  the  latter  need  not  be  considered. 

Regarding  the  axial  load,  then  with  its  calculation  frequently 
considerable  difficulties  are  encountered.  Strictly  speaking,  the 
axial  load  can  be  considered  known  only  in  the  case  when  the 
examined  bearing  absorbs  all  the  axial  force  applied  to  the  shaft, 
as  this  takes  place  in  bearing  subassemblies  with  one  bearing  fixed 
in  the  axial  direction. 

If  equations  of  equilibrium  of  the  shaft  are  not  enough  for 
finding  loads  acting  on  its  bearings,  then,  naturally,  it  is 
impossible  to  calculate  separately  bearings  mounted  in  separate 
bearings,  in  similar  cases  for  determining  pressures  on  balls,  it 
is  necessary  jointly  to  solve  equations  of  equilibrium  of  the  shaft 
with  equations  of  static  equilibrium  of  all  the  bearings  installed 
in  it. 


V 

s  • 
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Certain  Problems  of  the  Calculation  of  Radial 
Thrust  Ball  Bearings  Taking  into  Account 
Misalignment  of  Their  Races' 

Under  a  Load 


1.  Fundamental  Relationsnips 

In  a  number  of  units  of  the  helicopter  radial  thrust  ball 
bearings,  located  at  a  short  distance  from  each  other,  absorb 
combined  loads,  in  which,  the  moment  plays  if  not  the  main,  in  any 
case,  a  considerable  role.  It  Is  clear  that  during  the  determination 
of  parameters  characterizing  the.  efficiency  of  such  bearings,  it  Is 
impossible  to  disregard  mutual  misalignment  of  the  rings,  as  was 
done  In  the  preceding  paragraph  in  connection  with  which  their 
calculation  is  greatly  complicated. 


The  absence  of  reliable  methods  of  calculation  of  radial  thrust 
ball  bearings  absorbing  considerable  moments  at  small  distances 
between  the  bearings  hampers  the  designing  of  many  bearing  sub- 
assemblies,  in  particular,  the  subassembly  of  the  disk  of  the  cyclic 
pitch  control,  which  is  one  of  the  most  loaded  and  important  elements 
of  the  helicopter. 

Let  us  consider  certain  problems  of  the  calculation  of  radial 
thrust  ball  bearings,  taking  into  account  misalignment  of  their  rings 
under  a  load.  Results  obtained  in  the  solution  of  these  problems 
permit  answering  main  questions  appearing  in  the  designing  of  bearing 
sue assemblies  of  units  of  a  helicopter  intended  for  absorbing  great 
moments . 


Let  us  assume  that  the  bearing  subassembly,  which  consists  of 
two  radial  thrust  ball  bearings,  absorbs  a  combined  load  in  the  form 
of  radial  force  R,  applied  in  the  middle  between  the  bearings,  axial 
force  A  and  moment  M  (Fig.  b  .16) .  It  is  assumed  that  force  P.  and 
moment  M  act  In  one  plane. 


Lot  us  confer  subscript  1  to  the  bearing  of  the  cubes 
for  which  the  pressures  on  the  balls,  caused  by  the  action 
and  moment.  K,  are  added.  All  quantities  referring  to  this 


semi,  l.v 
of  force 
see r i eg 


Fig.  4.16.  Diagram  of  the 
loading  of  two  ball  bearings 
by  radial  and  axial  forces 
and  moment. 


will  be  recorded  with  this  subscript.  The  second  bearing  making  up 
the  subassembly  and  all  quantities  pertaining  to  it  will  have  the 
subscript  2. 

Let  us  direct  axes  of  coordinates  for  bearings  1  and  2  as  is 
shown  on  Fig.  4.16.  It  is  easy  to  note  that  in  the  system  of 
coordinates  xiy^z^»  force  R  and  moment  M  always  have  positive  values, 
but  axial  force  A  can  be  both  positive  and  negative. 

Conditions  of  equilibrium  of  the  shaft,  on  which  the  bearings 
are  mounted,  are  reduced  to  the  system  of  equations: 

A~At  —  Aj  | 

(3.1) 

where  L  is  the  distance  between  the  bearings. 

Since  moments  M,  and  M-  at  short  distances  between  the  bearings 
*  ^  r  r 

are  not  only  commensurable  with  moments  77  and  R,,  rf  .but  also  on n 
considerably  exceed  them,  then  equation  (3.3)  should  bo  nol/ed 
Jointly  with  equations  of  static  equilibrium  of  bearing::  1  and  2. 

Let  us  assume  that  in  the  loaded  subassembly  the  center  of  the 
pack  of  inner  rings  is  displaced  in  the  direction  of  action  of 


Fig.  4.17.  Diagram  of 
movements  of  internal  . 
rings  of  bearings  under 
the  action  of  an  arbi¬ 
trary  external  load., 
applied  to  them. 


forces  A  and  R  at  distances  s  and  u,  and  the  common  axis  of  rotation 
of  these  rings  is  turned  in  the  direction  cf  action  of  moment  K 
at  angle  i .  Angle  5  is  the  angularity  both  for  bearing  1  and  for. 
bearing  2. 

Relative  displacements3  determining  the  position  of  centers 
of  the  inner  rings  of  bearings  1  and  2  in  systems  of  coordinates 
x1:/1Xj1  snd  y'2^2z?'  accorclin£  to  PiG»  ^*17»  ere  equal  to 

ia«sin30 —  s; 

Uj~-  -u- f 

Here  is  half  of  the  axial  preliminary  interference  at  which  the 
bearings  are  set:  ratio  of  the  distance  between  the  bearings 

to  the  diameter  on  which  the  balls  ore  located; 

i 

Having  written  for  both  bearings  equalities  (1.16)  and  sub¬ 
stituting  in  them  expressions  (j5.2),  after  simple  transformations 
we  will  obtain 


1 

/ 
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In  the  bearing  subassemblies  of  the  type  examined  there  are 
usually  used  radial  thrust  ball  bearings  with  large  initial  angles 
Of  contact,  for  which  relative  displacements  and  F2  rarely  exceed 
0,25.  si n2&Q.  With  the  indicated  values  of  quantities  F,  and 
equalities  (3^3)  can  be  replaced  by  the  following  approximate 
relations f 


B  — • 

r- 


lc«M«h  +  0 


(3.4) 


With  the  selected  direction  of  axes  of  coordinates,  angle 
which  determines  the  position  of  the  most  loaded  ball  in  bearing  1, 
is  Always  equal  to  zero.  Angle  V'qj'  which  characterizes  the  position 
of  the  most  loaded  ball  in  bearing  2,  depending  upon  the  relationship 
between  radial  force  R  and  moment  M,  can  hsve  both  a  zero  value  (with 
the  predominant  moment)  and  be  equal  to  l8o°  (with  the  predominant 

radial  loading) . 


•  Considering  the  last  circumstance,  with  the  help  of  equalities 
(1,?4),  (l,25)f  (1.21),  (1.27),  and  (3.4),  considering  the  remarks 
made  on  the  order  of  quantities  F^  and  F2,  we  will  represent  the 
forces  end  moments  absorbed  by  bearings  1  ar.d  2  thus: 


co*  Po/«  “ bn  tgJ : 

7^*7  ~  Bjtf  sin  %Jn  (l 4-  bn .  — 4-  f 2.  : 

^.ofi0i5?s!np0yI,(l+*la-  + 

7^;"  a^,ln  ?#/®  (l+*M'  rrV;) cos V 


(5.8) 


548 


It.  expressions  (3.5)  the  following  notations  are  accepted: 


I 


C„  - h - ; 

Jii  »»«2fc(‘*fe  +  C) 

»»-«£■  +  _!]!,; 

e  _ _ . 

”  Jn'  •«n2po(tgp0  +  t)  ’ 

+  J [■S5i««fcTo  ' ~1]x*cos^ 

*”  “Ju'  «ln2po(l«Po  +  0  ‘ 

**"***  +£  [^(U+cr 

f”  ~  [  »ln2?0(tif0  +  C)  ‘  C°*  • 


(3.6) 


As  follows  from  formulas  (3.2)  and  (1.13), 

Since  at  1< 0,25 sin1  ^  it  is  possible  approximately  to  assume  tg  3 
I:.-.-.  then  from  the  last  expression  we  find 

tin  PqCOI  Pq 


Using  equality  (1.21),  we  finally  have 


Joi _ 

1  +  lj 


tw _ 

1  -)•  >2  CO*  'I'OJ 


**  2i,sin 


(3.7) 


Uepend' n<-es  ('.'»),  (3.6),  and  (3.7)  .Jointly  with  equations 

(t.l)  permli  determining  ali  parameters  characterizing  the 

ofTi e i ofu*;/  of  rniJi.fi l  thrust  ball  bearings  a:  short  distances  between 

the  bearing:;,  when  mutual  misalignment  of  tne  rings  under  the  load 

conriot  bo  disregarded .  As  numerical  calculations  show,  the  accuracy 

of  these  dependences,  obtained  on  the  assumption  that  quantities 
—  —  2 

b1  and  b^  do  not  exceed  0.25  sin  3q,  at  in’,  vial  angles  of  contact 
0O  2  26°  with  which  it  is  usually  necessary  to  encounter  if.  bearing, 
subassemblies,  intended  for  absorption  of  large  moments,  Is  sufflcie' 


Let  us  analyze  the  main  calculation  cases  encountered  in  the 
designing  of  bearing  subassemblies  of  this  type  for  units  of  the 
helicopter. 

2.  Case  of  "Pure"  Moment 

If  the  bearing  subassembly,  which  consists  of  two  Identical 
radial  thrust  ball  bearings,  absorbes  the  "pure"  moment  (Fig.  4.18), 


Fig.  4.18.  Diagram 
of  loading  of  two 
ball  bearings  by 
"pure"  moment. 


then  In  view  of  the  identity  of  loading  of  both  bearings  P^  =  R2, 
m  A2  and  =  M2.  It  is  natural  that  in  this  case  =  ^oi  = 
X-^  **  X2 ,  and  ETq-^  =  F02. 


As  can  be  seen  from  formula  (3.7),  at  foa-0,  and 

Consequently,  with  the  action  of  "pure"  moment 


*» - — 1. 


(5.») 


(5.9) 


— jg 


It  is  clear  that  relation  should  be  always  greater  than 

unity.  This  becomes  evident  if  one  were  to  consider  that  the 
product  *inp*4B  constitutes  a  relative  approach  of  grooves  of  the 
ringp  caused  by  preliminary  interference,  i.e.,  the  relative 
approach  of  grooves  of  the  rings  which  there  :is  prior  to  application 
to  the  subassembly  of  the  external  load. 
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Relation  (3.9)  determines  the  zone  of  loading  depending  upon 
the  level  of  the  load  and  preliminary  interference.  Prom  it,  in 
particular,  it  is  clear  that  so  that  all  the  balls  bear  the  load, 
the  bearings  should  be  mounted  with  relative  preliminary  Interference 


The  influence  of  preliminary  interference  on  the  zone  of  the 
loading  is  shown  on  Fig.  4.19. 


Fig.  4.15.  Influence 
of  preliminary  inter¬ 
ference  or.  the  zone 
of  loading. 


Preliminary  interference  is  frequently  assigned  not  in  the  form 
of  the  relative  axial  displacement  2Ae.  but  in  the  form  of  the 
corresponding  axial  load  Aa,  determined  by  expression 


A'~zBu\dl Si’sInWfc,  (l  -•  .  (3.  If) ) 

.Tlnce  with  the  action  of  the  "pure"  moment  -  R?  and  An  - 
then  the  first  two  equations  of  system  (3.1)  are  satisfied  identical! 
The  third  equation  of  this  system  for  the  case  of  the  "pure"  moment 
can  be  converted  with  the  help  of  dependences  (3.3),  (3.6),  and 
(3.7)  in  the  following  way: 


7— sfn  &,(l  -j-Cctg{i9) X 

v  f  l  x  etc*  ft,.  1  ~  c  **  ( 1  •  Ai  1  —  C  tg  So  »  \  ipi  I 

L  *  ^  P#  l  +  Ce«*So  \  1  +  Cc.8?0  'Jl  +  hy 


f3.U) 


,ing  equalities  (2.3),  (?.5),  (3.9).  and  (3.11),  it 


to  construct  graphs  of  depencenees 


Pig.  4.20.  Values 


and  depending  upon 
~-r  when  0n  »  56°. 


on  which  the  maximum  and  equivalent  pressure  on  the  balls  can  be 
found.  An  example  of  such  graphs  can  be  the  curves  depicted  on 
Pig.  4.20.  They  are  obtained  on  the  assumption  that  PQ  *  36°, 

C  »  0,  and  A.tln&  *  0.01. 

Let  us  present  the  maximum  pressure  on  the  ball  PQ1  in  the  form; 


p  4*°*  4,3 nym 

•"*  «*lbCI  ♦  “*vu«Mi  +  Cct* W* 

Accordingly,  we  will  asstime 


4.xr4*>m 


(5.12) 


p  mmwp  - 

•*  *  +  "**■>  % 


(5.15) 


where  *•*>■» 


Am- 


It  should  be  noted  that  with  the  action  of  the  "pure"  moment 

Pnl  and  #*->?«. 


02  01 


Tt  la  easy  to  be  convinced  that  coefficient 


iwll  +cm*lr— +  M 

*  "  +  *r ,+t«tflb \  in  l+Cct ih  HJt+  »t| 


t ' 


With  sero  preliminary  interference.  w?.<r,  aceorilnp  ttJ  the  formula 

(5.'*)  *  a*,  i*rc;t*  tnc  relation  (5.14*)  wo  r  vt 


(5.15) 


Values  of  coefficient  *•**>  corresponding  to  expression  (3.15)  can 
be  determined  on  the  graph  on  Fig.  4.21.  Plotted  here  along  the 

axis  of  the  abscissas  is  the  quantity  7?  «* — 5 - ? - — .  Quantity 

•rvrf^loJoO  +  Cctffc)  'o 

is  accepted  as  a  parameter. 

I  «  h  +  c  I 


Fig.  4.21.  Values  of 
coefficient  4*'  depending 
upon  parameters  f.  and  M. 


The  graphs  on  Figs.  4.22  and  4.23  show  how  coefficients  icj*>  and 
«<A,>8re  changed  depending  upon  the  preliminary  interference  at 


Fig .  4.22. 


Fig.  4.23. 


Fig.  4 .22. 
prcl  imi.nnry 

l-’ir.  4 .23. 
prol  1  m  i  n»  ry 


Values  of  coefficient  4*°  depending  upon  the 

M 

interference  at  certain  constant,  values - . 

Va  lues  of  coefficient  «***  uopend irir  upon  the 

M 

i n ter Terence  at  certain  constant  values - . 


ll()  ;  36°  and  f,  =  0.  From  the  given  curves  it  is  clear  that  it  is 
expedient  to  select  the  preliminary  interference  In  such  a  way  t.oai 
parameter  lies  within  limits  of  1  to  1.2h.  With  such  a  selection 
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of  preliminary  interference  coefficient  and,  consequently,  the 
maximum  pressure  on  the  ball  descend  by  10-12$.  Coefficient  a***,  and, 
together  with  it,  the  equivalent  pressure  on  ball,  maintain  approxi¬ 
mately  the  same  value  as  in  case  when  the  preliminary  interference 
is  absent.  Similar  conclusions  can  be  drawn  in  the  examining  of 
other  combinations  of  quantities  and  £. 

It  is  extremely  important  to  estimate  the  influence  of  the 
preliminary  interference  on  the  angular  rigidity  of  the  bearing 
subassembly.  This  is  easy  to  do  with  the  help  of  the  second  of 
relations  (3.4),  which  for  the  case  of  "pure"  moment  can  be  repre¬ 
sented  in  the  form: 


i 


«Mfc(«*fc  +  C)  1+Xi 


(3.16) 


Formula  (3-16)  shows  that  the  transition  from  X^  =  co  to  X^  =  1-1.25 
loads  to  a  decrease  in  misalignment  of  rings  of  the  bearings  2.2-2 
times . 


From  what  has  been  said  it. is  clear  that  with  the  installation 
of  radial  thrust  ball  bearings  with  optimum  preliminary  interference, 
which  correspond  to  values  of  parameter  X^  from  1  to  1.25,  conditions 
of  operation  of  bearing  subassemblies  loaded  by  the  moment  are 
noticeably  improved. 

The  preliminary  interference  at  which  the  para#e£er  X^  =  1-1.25 
with  practical  calculations  can  be  calculated  by  the  approximate 
formula: 


1  (  <1,96-*-  1,94)#  lw 

<2  4-  2,25)  Hn  fc  l  I  +  H  1(1,96  +  1 ,94)Si|J'»  )  ’ 


where 


//« 


24-2,25 


ctg’ft, 


1-CtKh 
1  +  teigf, 


|-[l  +  (0,905- 


1.08) 


1-Ctgk  1 

1+Ce‘*fe  J' 


Here  quantities  and  P,,  are  respectively  equal  to: 


Pm ■ 

P.i 


<3.92  4-3.88  )M 


Ir**  tU  feU  +  C  clg  Jo)  U  +  H  ((!  ,9G  4-  :  ,91)  A 

:  (0,657  -4-0,645)  P#t. 


5  | 


(3.ie; 


554 


3.  Joint  Action  of  the  Moment  and  Axial  Force 


With  the  joint  action  of  the  moment  and  axial  force  (Fig.  4.24) 
conditions  of  loading  of  bearings  1  and  2  are  unequal,  which 


Fig.  4.24.  Diagram 
of  loading  of  two  ball 
oearings  by  moment  and 
axial  force. 


considerably  complicates  calculations  connected  with  the  determination 
of  pressures  on  the  balls.  In  order  to  fire;  quantities  Pau  P9U  pa2 
and  P.,i,  In  this  case  It  is  necessary  to  construct  a  number  of 
auxiliary  graphs.  The  order  of  construction  of  these  graphs  is 
easy  to  comprehend  by  the  following  example. 

Let  us  assume  that  the  initial  angle  of  contact  *  36°.  For 
simplicity  we  will  consider  that  the  relative  preliminary  inter¬ 
ference  and  relative  base  C,  -  0,  l.e.,  we  will  examine  the 

case  having  a  dLroot  relation  to  the  calculation  of  bearings  of  the 
disk  of  tiie  cyclic  pitch  control  for  which  to  a  sufficient  degree 
these  assumptions  are  correct. 

According  to  equations  (3.D)  with  radial  loading  R  --  R,  -  R  -  0 
quantities  &0|f "5o2» and  are  connected  wit.n  each  other  by  the 
following  relation; 

-(jj)  AA.]^. 

«  ^ 


Lr.  ec -a  ilty  (3.19).  as  in  pH  subsequent,  dependences .  it  is 
■jo  .si  Me  ret!  tr.e  t  with  tr.e  .joint  action  of  the  moment  and  axial  force, 
as  in  tr.e  case  of  the  action  of  "pure"  moment,  $m~S>oi“0. 

From  formula  (3.7)  with  zero  preliminary  interference  we  have: 


*oi  1  kt 
I  +  ij  1  +  1 


(3.20) 


Whence 


-[fco+U+l]. 


(3.21) 


Subsequently,  relation  will  everywhere  by  designated  by  h. 

*01 

Using  equalities  (3.6),  (3.19).  (3.20),  and  (3.21),  let  us  con¬ 
struct  curves  ftoi=doi  (x, >.1)  satisfying  the  conaition  R  =  R,  -  R?  =  0 
(Fig.  4.25).  Intersecting  the  obtained  curves  by  lines  const. 


Fig.  4.25.  Model 
graph  flw-7„UX)  when 
R  =  Rx  -  R2  =  0. 


0  «u  c*  0.6  as  \o  1,1  x 


we  find  values  of  v  corresponding  at  giver,  a  lues  of  A  ^  ( from  u<  to  0) 
to  selected  values  of  60l.  Taking  further  /.  as  a  parameter,  with 
the  help  of  equations  (3.1),  (3.9),  and  the  above-mentioned 
equalities,  we  calculate  quantities  and  also  relation 

P  P  «•„  *vrfy.  'W*/* 

Pqi  P,x  *1 

Results  of  the  calculation  are  given  graphically,  as  was  done 

on  Figs.  4.26-4.28.  Figure  4.26  permits  by  the  assigned  values  — - 
At  _  . 

and - ;  determining  quantities  60,  and  X.  ,  knowing  which  it  is 

1 

easily  possible  to  calculate  the  maximum  and  equivalent  pressures 


Fig.  4.26.  Dependence  of 
— ^Ur-  on  at  certain 
constant  values  iw  and 


1,0 

o,t  -H-H-T  W' 


»  i  ;i  I  _ |  |  ,  ; ,  ,1  l  „  I  J 

0  C.0  0,8  1.2  tf  2,0  2.*jt 


1 .  +H+  ^sSrllllF  • 

i  '  i  i 

0  ft*  0.8  %2  1,8  2,0  2,*  4 

*1 

Fig.  4.28. 


Fig.  4.27.  Fig.  4.28. 

Fir.  4.27.  Dependence  of  ratio  on  —■  at  certain 

Pm 

constant  values  of  t«  . 

Fir.  4.?8.  Dependence  of  ratio  on  —■  at  certain 

*i 

constant  values  of  . 

Pn,  and  P» i  .  From  Figs,  4.27  and  4,23  we  find  ratios  and  ^ 

u  1  Pm  P%\ 

and  then  calculate  the  maximum  and  equivalent  pressures  PQ2  and  />«. 

Analyzed  above  was  the  case  Ao—0  and  7  -  0 .  At  arbitrary 
quantities  of  these  values,  and  also  at  other  initial  angles  of 
contact  6^  the  determination  of  pressures  P*\,P»\,Pu  end  P»j  is 
produced  in  the  same  way  as  in  the  examined  example.  It  is  necessary 
only  to  remember  that  in  the  presence  of  preliminary  interference 
quantity  6«i  car.r.ot  be  less  sinfcA,. 


It  should  be  noted  that  the  case  A8-0  and  f,  =  0  Is  one  rector ! Stic 
,not  only  for  bearings  of  the  disk  of  the  cyclic  uitch  control  rut 
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V,V* t&r-  <; 


also  for  many  roller  bearings  of  large  diameter-.;,  which  are  used 
in  turning  devices  of  contemporary  machines  and  mechanisms. 

From  the  given  data  it  is  clear  that  at  the  prevailing  moment, 
when  Xj>  1,  most  frequently  bearing  2  appears  the  most  loaded,  although 
at  first  glance  conditions  of  operation  of  bearing  1,  in  the  direction 
of  which  axial  load  A  is  directed,  are  more  difficult. 

The  expounded  method  of  the  calculation  of  radial  thrust  ball 
bearings  with  the  joint  action  of  the  moment  and  axial  force  requires 
fulfillment  of  a  large  number  of  calculations  and  constructions. 
Therefore,  its  application  is  justified  only  in  special  investiga¬ 
tions  which  have  the  purpose  of  revealing  peculiarities  of  the 
distribution  of  the  load  in  the  bearing  subassemblies  with  short 
distances  between  the  bearings  and  also  for  development  of  auxiliary- 
graphs  with  the  help  of  which  separate  model  constructions  can  be 
calculated.  If  such  graphs  are  not  constructed  beforehand,  then  in 
engineering  calculations  one  should  use  the  simplified  method 
founded  on  maxi^rtfm  dependences  obtained  for  the  case  of  small  loads, 
when  forces  are  distributed  between  tne  balls  by  the  most  unfavorable 
manner. 


4.  Maximum  Dependences  on  Small  Loads 

At  small  loads  one  can  assume  that  the  angles  of  contact  of 
all  balls  are  approximately  identical  and  equal  to 

Rejecting  in  equations  (5.5)  terms  considering  the  change  in 
angles  of  contact,  and  introducing  into  them  instead  of  quantities 
and  6Q2  the  maximum  pressures  on  balls  and  P^,  which  is 
more  convenient  for  small  loads,  we  have 


^1=^01  cos  ffo/a; 
A,  s&zP oi  sin 
Af,=roZPoiS«n?o>ii; 

**“^09  cos  yn; 

Af-*/>wsIn^y,i; 

sin  %jn. 


(5.?2) 
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If  in  the  external  load  the  main  role  is  the  axial  force,  then 
pressures  on  the  balls  are  usually  written  ir.  the  form 


\  ! 
i  \ 

I  i 


[  I 

t  ». 


j 

i  1 

It 


4P* 


Pt-j£L. 

"  *.i«h  ‘ 

n 

Pay  - - ; 

"  *•«**# 


*.,= 


'  (3.28) 


If  the  moment  prevails,  then,  as  a  rule,  there  is  used  the 
form  of  recording  which  was  already  used  earlier: 


01s 


2/v»lnfo(l  +  Cclgfo)  * 

»  2'S7«t*>Af 

“  2roJPii«PoO  +CctgPo)  ’ 
„  4.37x^>Af 

2ron«Bjo<l  +  Cet£?o) 
2.57*J*»Af 


/»„«= 


2r0#*lnh(l  +  {ctgPo)  * 


(3-29) 


According  to  equations  (3.23) 


*U1  4.37  (7ii  +  »3-*/a '"‘W  ’ 

_ * _ . 

01  ’ 


(3.30) 


Regarding  coefficients  k{M),  k','0,  and  k^K  they  are  equal 

to  #<«>.=  — !?L_  *<*>•  k‘lA>- a  W,K,a)-  *'<#)  =  — Hi?-  k,m>-  *r(4)=  ^ 

1  0,587  vl  1  1  «  '  a  0,587  ’  ***  j  «  • 

Let  us  note  that  between  coefficients  »nd  *'<>"*  there  ezi:.ts 
the  following  connection: 


^(i  -t  rc<f  Po) 


f  '  .  3  I  ) 
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0.1  0 O.f  0.1  t, 


0  0,1  0.*  O.f,  00  1.0  1,1  * 


•4* - 1 - 


45 

.(,i— . I._  UrniFl 

0  0.1  0*  O.f  0,i  1,0  «  »,*  £ 

Fir.  4.29.  Nomographs  for  the  approximate 
calculation  of  bearings  loaded  by  the  axial 
and  radial  forces  and  moment. 


The  solution  of  system  (5.25)  can  be  represented  in  the  form 
of  the  graphs  depicted  on  Fig.  4.29,  From  these  graphs,  knov/ing  t 
and  v,  it  is  easy  to  find  values  n  and  by  which  the  product 
)<i cos tj'oj  is  calculated  and  then  coefficients  or 

are  calculated..  After  that  the  determination  of 
pressures  on  the  balls  does  not  pose  any  special  difficult;/. 

Graphs  on  Fig.  4.29  are  interesting  In  the  fact,  that  in  them 
neither  angle  ft  nor  £,  appear.  Thus  v/e  arrived  at  the  very  convenient 
practical  approximate  method  of  calculation  of  redia]  thrust  ball 
bearings  with  large  initial  angles  of  contact  in  the  most  general 
case  of  their  loading.  Preliminary  Interference,  as  v/e  were  a]  read;/ 
convinced  in  examining  bearing  subassemblies  loaded  by  the  "pure" 
moment,  has  an  effect,  mainly,  on  the  rigidity  of  the  system, 
changing  little  the  computer  values  of  maximum  and  equivalent 


iMCWHHr.  v«*mm9mri‘irr  *  - 


pressures  on  the  balls.  Therefore,  the  expounded  method  of  approxi¬ 
mation  of  determining  these  values,  founded  on  the  assumption  that 
the  preliminary  interference  is  equal  to  zero,  can  be  used  for  solving 
a  sufficiently  wide  range  of  problems  connected  with  the  calculation 
of  radial  thrust  ball  bearings  with  large  initial  angles  of  contact 
which  are  set  in  bearing  subassemblies  having  a  short  distance 
between  the  bearings  and  absorbing  the  arbitrary  combined  load.  In 
simpler  cases  of  loading  in  the  examining  of  maximum  distribution  of 
forces  between  the  balls  corresponding  to  small  loads,  preliminary 
interference  when  necessary  can  be  comparatively  easily  considered. 


Let  us  assume  that  the  subassembly  is  loaded  only  by  the  moment 
and  axial  force.  In  the  absence  of  radial  loading,  as  follows  from 
equations  (3.23),  ^i— x'u  facosfn—O.  Using  this  relationship,  we  will 
give  expressions  for  coefficients  and  s*4*  to  the  form: 


«<*» 


i 

4.37/t, 

1 

4.37/b 

-ft..,- . 


■■ 


(3.32) 


Relations  (3.32)  are  real  in  the  presence  of  preliminary 
interference. 


Coefficients  and  determined  by  formulas  (3.32), 

at  zero  preliminary  interference  can  be  found  from  graphs  on  Figs. 
4.30  and  4.31.  Since  at  small  values  of  the  ratio  —  coefficients 
and  *,m  for  bearing  2  are  considerably  larger  than  those  for  bearing 
1,  then  naturally  there  appears  the  question  whether  it  is  impossible 
to  vary  their  values  owing  to  the  corresponding  selection  of 
preliminary  interference.  Not  discussing  the  transformations 
connected  with  the  solution  of  this  problem,  inasmuch  as  they  are 
quite  evident  from  that  stated  above,  we  will  give  iiranediate'y  the 
final  solution.  Figure  4.32  gives  curves  showing  at  what  values 


562 


Fig.  4.30.  Fig.  *.31. 

Fig.  4.30.  Values  of  the  coefficient 

for  the  case  of  the  combined  action  of  the  moment  and 
axial  force. 

Fig.  4.31.  Values  of  the  coefficient  ««*>■«<*» 

for  the  case  of  the  combined  action  of  the  moment  and 
axial  force. 


Fig.  4.32.  Values 
of  preliminary  inter¬ 
ference  to  ensure 

conditions 

and  X2  =  1. 

of  the  ratio  the  identity  of  the  static  and  dynamic  load  of 

hearing;  1  and  ?  can  be  theoretically  provided,  i.e.,  the  equality 
of  coefficients  and  teg*  or  and  A'i*1.  Values  of  these 
equalized  coefficients  are  plotted  on  Figs.  4.30  and  4.31  by  dashed 
lines. 

For  subassemblies  which  should  have  increased  rigidity,  it  is 
desirable  that  in  both  bearings  all  the  bails  be  loaded.  This 
problem  is  also  easily  solved  by  means  of  the  selection  of  preliminary 
interference.  Since  with  Joint  action  of  toe  moment  and  axial  force 
the  zone  of  loading  in  bearing  1  is  always  greater  than  t.r.r»t  in 

3 


Fig.  **.32.  Influence  of 
preliminary  interference 
(condition  X  ,  ®  1)  on 

the  angular  rigidity  of 
the  subassembly. 


bearing  2,  then  the  condition  of  full  loading  of  the  balls  of  both 
bearings  is  the  inequality  X«>l.  Values  of  coefficients 

and  and  the  ratio  which  correspond  to  case  x?  *  l,  are 

also  given  on  Fig.  4.31  and  Fig.  4.32.  Figure  4.33  shows  that  in 
the  presence  of  preliminary  interference,  which  provides  loading  of 
all  balls  on  both  bearings,  the  angular  rigiiity  of  the  subassembly 
increases  more  two  times,  and  the  maximum  and  equivalent  pressures 
on  the  balls  are  increased  by  approximately  10-15$. 

Maximum  dependences  obtained  for  the  case  of  small  loads  are 
very  convenient  for  practical  calculations,  3ince  they  considerably 
decrease  the  laboriousness  of  the  determination  of  pressures  on  the 
balls.  It  is  necessary  only  to  consider  that  the  use  of  these 
maximum  dependences  leads  to  a  definite  overestimate  of  design 
pressures  on  the  balls.  At  contact  stress  cf  the  order  of  20,000 
kG/cm2  it  amounts  to  15-25$  for  the  angle  b-  *  26°  and  2-17$  for  the 
angle  »  60°.  Considering  the  last  circumstance,  with  calculation 
of  calculation  loads  on  a  bearing  subassembly  In  the  crse  of  applica¬ 
tion  of  uhe  indicated  maximum  dependences,  it  is  possible  to  take 
the  smaller  values  of  the  safety  factor. 

On  the  basis  of  the  above-mentioned  dependences  trie  pressure 
on  the  balls  of  the  eccentrically  loaded  two-row  thrust  ball  bearings 
can  be  determined.  Here  one  should  remember  that  for  the  initial 
angle  of  contact  =  90°  at  i-0  formulas  (3.3?)  give  "accurate" 
values  of  coefficients  entering  into  formulas  (*.?B)  anu  (?.?9). 

Let  us  note  that  in  this  case  quantity  t  constitutes  the  relative 

eccentricity  (Fig.  4.34). 

o 

y  - 


#  *  41  (I  u  uifi  i 


Pig.  4.34.  Pig.  4.35. 

Pig.  4.34.  Thrust  two-row  bail  bearing 
loaded  by  the  axial  force  and  moment 
(eccentrically  applied  axial  force). 

Pig.  4.35.  Values  of  coefficients  4* 
and  «***  depending  upon  t. 


If  the  eccentrically  applied  axial  force  Is  absorbed  by  the 
single-row  thrust  ball  bearing,  then 


JW- ~8 

•  a 


(3.33) 


Values  of  coefficients  4**  and  **>  are  found  from  the  curve 
represented  on  Fig.  4.35.  These  curves  are  obtained  from  values  > 

corresponding  to  the  equation  £  -t.  dircctl;.  resulting  fro n  conditions 

A 

of  static  equilibrium. 


5.  Distribution  of  the  Load  Between  hows  of  Italic 
of  Two-Row  Redial  Thrust  Bal.i  hearings 

To  absorb  Jointly  effective  radial  an.  axial  loads  In  unit:; 
of  a  helicopter  there  are  widely  used  radi*  thrust  ball  bearings 
with  Initial  angles  cf  contact  of  and  which  have  small 

preliminary  interference  (Fig.  4.3#,). 

Let  us  try  to  establish  now  the  load  .  ;  distributed  Lev.  ccr. 
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Fig.  4. 3d.  Two-row 
radial  thrust  ball 
bearing  loaded  by 
radial  and  axial 
forces. 


rows  of  balls  of  such  bearings  operating  under  conditions  excluding 
the  possibility  of  noticeable  mutual  misalignment  of  their  rings. 


Considering  that  the  small  preliminary  interference  has  little 
effect  on  the  magnitude  of  pressures  on  the  balls,  let  us  use  for 
the  approximate  solution  of  the  problem  the  maximum  dependences 
given  in  the  preceding  point. 


Assuming  in  equalities  (j5.4)  and  (3.7)  «~0  and  A«-0  and 

remembering  that  3k,  and  to-—/"-.  finrj  Ti  •  Subscript 

"I"  is  given  to  the  row  of  balls  in  the  direction  of  wnich  tne  axial 
force  is  directed.  Since  with  loading  of  ore  bearing  by  radial  and 
axial  forces  angle  i>QO  *  l80°  and,  consequently,  cos  y{)^  =  -1,  then 
for  the  examined  case  from  equations  (3.23)  we  nave 


Dependence:  ictr mining:  pressures  i*n.  r-d  P.  for  two-row 
radial  tr.rust  ball  bearings  can  t-e  written  'n  the  foi  loving  way 


A 

f>. 


*tmh 

\*t+  1/ 


f  ’ 


i 


✓ 


Equivalent  pressures  for  both  rows  of  bells  sre  respectively 
equal  to 


(3.37) 


Values  of  parameter  X^  and  coefficient  c  depending  upon 
quantity  ia..ii.ctgk  can  be  found  from  graphs  on  Fig.  4.37. 


Fig.  4.3''.  Values  of 

X.  and  oi  coefficients 
*  1 
«r  depending  upon  —  . 


As  calculations  show,  the  first  row  is  always  mere  In*  iej. 

At  -->1.67,  when  1/1,  it  hears  the  entire  lo&j  applied  to  the  bearing. 

1  A 

it*: t.  us  n*»te  that  nt  t  =  O.b  the  ratio  ^  «  1.  *7  tg 

wiitt  tin*  predominant  nxiai  loads,  when  one  row  of  the  balls 
■  i-  !«>*■  tin  purpose  o4*  obtaining  more  accurate  results  the 

i’Mj tnlion  of  two-row  ratial  thrust  boll  ktriru(::  of  all  types, 
itvludLr.g  those  examined  in  the  given  section,  should  be  produced 
with  the  help  of  dependences  of  §  2. 

fj.  Examples  of  the  Calculation 

Example  1.  To  determine  the  calculation  of  the  service  life 
of  bearings  of  the  disk  of  the  cyclic  ^itcc  control  (Fig.  ‘•.I-t;, 


Revolving 
disk  _ i 


i  4$-'. 45 1 

|U-| ~yjj 

jpISp 

r-A 


fell/ 


Fig.  4.38. 
helicopter 


Cyclic  pitch  control  of  the  rotor  of  a 


loaded  of  moments  M  =  l^o  kG*m  and  revolving  at  240  revolutions 
per  minute.  The  bearings  have  the  following  parameters:  =  3 

d  =  5.523  mm,  z  =  42,  r0  -  7C 

IL 


The  relative  base  C  =  0.1,  and  the  p*  l.iminary  interference 


An  "  0. 


Since  the  bearing  has  zero  preliminary  interference,  the'* 
coefficients  KoU  and  necessary  for  calculating  loads  cn  -.ah 
are  determined  with  the  help  of  Fig.  4.21. 

These  quantities  are  calculated 


. = I  Iziltjo  ^  I  Lr  0.1 -0.72ft  ^  1 . 2. 
I  tppo  +  C  0.726  +  0,1  ‘  ’  ’ 

- - 1 - — 

tin  Po4l  +  Cclg  0o)  r0 


^•-19.5252-0,556(1  +0,1- 1,376)  0,u79 


=0,744, 


.'Since  ~  =  0.51b,  then  coefficient  v  is  accepted  equal  to 

unity. 

According  to  Fig.  4.21,  the  obtained  values  of  p  and  !?  correspond 

to  the  vslue  *9M)  =  0.912. 


Whence 


/»A*=  228370  and  k— - -=»95Q  r.ours. 

240 

Example  2.  To  calculate  the  maximum  and  equivalent  pressures 
on  the  balls  in  the  bearings  examined  in  Example  1  at  the  moment 
absorbed  by  them  M  =  60  kG*m  and  axial  force  A  =  500  kG. 


Since  the  relative  base  £  is  small,  then  for  the  determination 
of  the  indicated  pressures  we  will  use  Figs.  4.26-4.28. 

According  to  quantities 


0.079-421-9>25*’  0,1995  ^o/rmn 


ana 


500 


42-1-9,5252 


r 

=?0,1312  kG/mrrf 


with  the  help  of  Fig.  4.26  we  find:  60i  -  0.055  and  -0.7. 

Let  us  calculate  further  PQ1  and  Pai.  Since  =  0.7  corresponds 
to  the  value  w  =  0.678,  then  according  to  the  formulas  (2.2)  and 
(2.6)  we  have: 

». 

/>ci  =  ^0v</’I3/,=62-1-9,525j-0,05o5Z-72,5  kG; 
p.i  =  ^oi  =  49t2  kG. 


From  the  graphs  on  Figs.  4.27  and  4.28  let  us  find  the  values 
and  Pq.-j/Fqi .  Using  these  values,  we  obtain 

Pos^l-OSS/5,,,^.?  kG;  *\j  =  0,875P„^43  kG. 

§  4 .  Calculation  of  Tapered  Roller  hearings 
Under  Combined  Loads 


1.  Calculation  of  Single-Row  Tapereo  Roller  Loo  rings 

Discussed  above  were  methods  of  calculation  of  radial  and 
radial  thrust  ball  bearings  absorbing  combired  loads.  Let  us  consider 


hV'O 


Section  at  angle  ^ 
tc  the  plane  of 
loading  xOz 


Fig.  4.39.  Diagram  of  the 
loading  of  a  tapered  roller 
bearing  by  radial  and  axial 
forces . 


now  the  peculiarities  of  the  calculation  of  tapered  roller  bearings 
operating  under  conditions  of  a  complex  load. 

F5rst  of  all,  let  us  resolve  the  problem  of  the  determination 
of  forces  acting  on  the  rollers  of  a  single-row  tapered  roller 
bearing,  with  assigned  values  of  radial  and  axial  loads  applied 
,o  it  (Fit.  4.39). 

Normal  forces  and  P^,  acting  on  the  roller  from  the  side  of 
the  inner  and  outer  rings,  are  connected  with  each  other  by  the 
relation 


p'  __co»(y  —  yT)  p 
co*  V* 


(4.1) 


At  usual  values  of  angles  7  and  7  we  can  practically  assume 


that 


(4  .£) 


In  conformity  with  the  Hertz  theory,  for  the  case  of  linear 
contact  it  can  be  assumed  quite  accurately  that 


(4.3) 


whore  6^  is  the  approach  of  rings  in  the  section  located  at  engj.c  f 
to  the  plane  of  loading. 


in  the  absence;  of  mutual  misalignment  S  rings  under  a  load 


the  approach  5.  is  determined  by  the  expression 
V 

6*  s  5in  p+ u  cos  p  cos  \J>. 


(4.4) 


Here  u  and  s  are  the  radial  and  axial  displacements  of  the  inner 
ring  relative  to  the  outer  ring  reckoned  from  a  position  at  which 
in  the  bearing  the  clearances  are  selected]  0  —  angle  of  cone  of 
the  outer  ring. 


Assuming  that 


y  Ctgp^X, 


from  expressions  (4.3)  and  (4.4)  we  obtain 

P+—Bs  sin  P(l+i  cos  y). 


(4.S) 


(4.6) 


If  the  direction  of  radial  loading  coincides  with  a  positive 
direction  of  axis  z  (R  >  0),  then  displacement  u  >  0.  In  this 
case  the  center  of  the  zone  of  loading  is  in  section  ip  =  ip^  =  0. 
If  the  radial  loading  acts  in  an  opposite  direction  (R  <  0),  then 
displacement  u  <  0,  and  then  the  center  of  the  zone  of  loading  is 
disposed  in  section  ip  =  ipn  =  l80°. 


According  to  formula  (4.6)  the  maximum  value  of  force  P,  i: 


eaual  to 


Pn^Bs  sin  p(i  +X  cos  ty)  • 


Using  equality  (4.7),  we  finally  have 


l4-*CO»4»o 


As  follows  from  conditions  of  static  equilibrium 


(4.7) 


(4.8) 


*  "  T+uo»to cos  ?  L  ^  +x  cos  ® cos 


(4.U) 


With  the  usual  quantities  of  rollers  equations  (4 .0)  can  be 
replaced  by  relation:; 

*~/VcosP/,cos*,;| 

A  **  PfP  sin  P/j.  j 


Here 


U 


*. 

♦i 

“Sinn7^){2>,n«+iifis-  [«-<■;)+«■»  *si}- 


('••ii) 


Limits  of  the  zone  of  loading  and  U\  are  determined  just 
as  for  radial  and  radial  thrust  ball  bearings  [see  formula  (1.20) 
and  explanations  to  it]. 


From  relations  (4.10),  assuming  for  simplicity  R  >  0  and, 
consequently,  =  0,  we  find 


/V—- 


1  R 


h  *eo*r 


(4.12) 


The  equivalent  pressure  P,  for  a  tapered  roller  bearing  can  be 
represented  in  the  form: 


Pt*aWPt, 


(4.12) 


v/here 


The  value  of  quantities  J1,  j?,  and  w  in  function  >.cos-i#  is  given 
in  Table  4.7. 

The  calculation  of  tapered  roller  bearings,  .just  as  that  of 
radial  thrust  ball  bearings  is  usually  conducted  with  the  help 
of  reduced  static  and  dynamic  loads.  These  loads  are  found  from 


from  the  condition  that 


P  —  *  Qo  „  ^  Oo  . 

“  /»*_„  *«>»f  *co»fi  ’ 


^-~^-^r=2,64 

«oif 


(4.14) 


In  comparing  equalities  (4.14)  with  equalities  (4.12)  and 
(4.1^),  we  obtain 


where 


Qo=*o*>#; } 

/?=*<*>/?,  I 


(4.15) 


*  h  h  ' 
kW^~^—k  l«l*A3!! 

*i—  0  h 


(4.15) 


In  accordance  with  relations  (4.10),  the  value:;  of  parameter  A 
necessary  for  the  determination  of  coefficients  *lR>  and  *{*\  should 
satisfy  the  condition 


Atgp«.( 

h  * 


574 


(4.17) 


rifs+mm'V: 


Since  at  A.* I  &  =  0.5,  then  30  that  in  the  single-row  tapered 

Jl 

roller  bearing  all  rollers  are  loaded  quantity  t  should  not  exceed 

r.  i- 

'  *  j  • 

At  t>0,5  values  of  coefficients  *4*’  and  ****  can  be  determined 
by  the  graphs  shown  in  Fig.  4.40.  These  graphs* are  plotted  on  the 
basis  of  equalities  (4.16)  and  (4.17). 


Fig.  4.40.  Values  of 
coefficients  *4**  and 
*'**  depending  upon  t. 


If  x<0,5  and,  consequently  *<!,  then  expressions  for  Integrals 
;)^  and  ,j2  take  the  form 


y  i _ L_ 

•  2  1  +  1' 


(4.18) 


From  expressions  (4.17)  and  (4,l8)  we  find 


x 

1 

7T 


(4.19) 


Thus,  at  t^0,5,  when  the  load  Is  carries  by  all  rollers, 


h  * 

*f*>= 0,76a; -f  0,38 

9l-  m  X 


As  follows  from  equalities  (4.20),  with  all  loaded  rollers 

Q«  0,5/?  -f  0,25.4  ctg  p;  (4.21 ) 

Q«=0,76«;/?-f  0,38w>4  ctg  'p.  (4.22) 


Fig.  4.41.  Values  w 
depending  upon  t. 


It  is  convenient  to  determine  vs  lues  w  in  function  t  by  the 
curve  shown  on  Fig.  4.41. 

The  dependences  cited  give  an  answer  to  all  basic  questions 
appearing  in  the  calculation  of  tapered  roller  bearings  absorbing 
combined  loads,  under  the  condition  that  mutual  misalignment  of  their 
rings  can  be  disregarded. 

As  can  be  seen  from  Fig.  4.40,  in  the  region  t  =  0.6-0. 8  curves 
a-rpj  and  have  a  quite  clearly  expressed  minimum.  This 

indicates  that  the  appropriate  selection  of  the  angle  of  contact  3 
can  be  achieved  in  order  that  with  the  assigned  combination  of 
radial  and  axial  loads  the  maximum  and  equivalent  pressure  on 


Fig.  4.4p.  Values  of 
the  optimum  angle  of 
contact  depending 

A 

upon  the  ratio  ^  . 


rollers  have  least  value.  The  optimum  angles  of  contact  at  which 
conditions  Pq  =  and  P»aP?n  are  fulfil]  ed  are  determined  by  the 

graphs  shown  on  Fig.  4.42.  These  graphs  arc  obtained  as  a  result 


of  the  investigation  of  dependences 


and 


P 


’(s) 


o 


plotted 
,o 


for  a  number  of  angles  of  contact  lying  in  the  range  of  0  to  JO 


(C 


2.  Some  Remarks  on  trio  Calculation  of  Bearing 
Subassemblies  Consisting  of  Two 
Tapered  Roller  Bearings 

If  the  bearing  subassembly,  consisting  of  two  tapered  roller 
bearings,  is  loaded  by  the  moment  acting  in  combination  with  radial 


and  axial  forces  (Fig.  4.43),  t 
used  the  system  of  equations 


Fig.  4.4 3.  Diagram  of 
loading  of  tv/o  tapered 
roller  bearings  by 
radial  and  axial  forces 
and  the  moment. 


to  calculate  it  there  can  be 


oi  cos  ?  (/31  Videos  toj); 
sin 

M  «  sir  ?  ( 1  C  ctg  P)  (/„  -f  */;:  cos  %,); 


l,C0St«B“ 


*0  +  >») 


1-0+x,) 


2i„  sin  g 
»os 


(4.^) 


analogous  to  the  system  of  equations  (3.23)  and  (3.24)  describing 
conditions  of  static  equilibrium  of  bearing  subassemblies  with  two 
radial  thrust  ball  bearings  on  the  assumption  that  angles  of  contact 
of  all  balls  are  identical  and  equal  to  the  initial. 


It  is  necessary  to  note  that  equations  (4.23)  are  "exact," 
inasmuch  as  in  tapered  roller  bearings  the  angles  of  contact  are 
indeed  constant,  and  do  not  change  under  loo  a,  and  these  equations 
ore  real  both  in  the  presence,  and  In  the  absence  of  mut.ua L  misalign 
went  of  the  rings. 


In  equations 


(4.23)  instead  of  quantity 


quantity  y.  appears  . 


This  Is  explained  by  the  fact  that  for  tapered  roller  bearings 


?0 


* 

•m 


In  tne  case  of  zero  preliminary  interference  values  X^  and  h, 
which  satisfy  equations  (4.23),  are  found  by  the  graphs  3hown  on 
Pig.  4.44.  Quantities  t  and  v  here  have  the  same  meaning  as  they 
do  for  radial  thrust  ball  bearings  [see  formulas  (3.26)  and  (3.27)). 
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Fig.  4.4t.  Nomographs  for  the  calc u'.ation  of 
bearings  loaded  by  radial  and  txlai  forces 
and  the  moment. 


With  respect  to  the  found  values  X^  nr.,  *  the  quantity  i., cu$tu 
is  calculated. 


Maximum  and  equivalent  pressures  on  r  .lers  in  hearings  1  and 


2  are  determined  from  tne  expressions: 


Here 


P.,  T-gr 

2 
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Cl  »• 


JH.  *mo.  *aw)  =-?!.  vW>. 

1  0.66  01  •  *  0.66^  • 

*{A) = w**#’ ;  «?'  =  ®  j *#>. 


(4.24) 


(4.25) 


Assuming  in  system  (4.23)  3  =  90°>  we  arrive  at  the  following 
equations,  which  describe  conditions  of  static  equilibrium  of  two- 
row  thrust  roller  bearings: 


A=zPoiUii-*JnY,  ) 
M  ==roi!PtiUii‘r%Jti)-  J 


(4.26) 


Methods  of  solving  equations  (4.26)  are  clear  from  the  foregoing, 
and  therefore  discussing  them  has  no  special  meaning. 


If  in  equations  (4.26)  we  assume  that  vt  =  0,  then  they  will 
obtain  the  form: 


A^zPJ 

M~r0:P0j7, 


(4.27) 


Kola t Lon:;  (4.27)  characterize  the  distribution  of  load  in 
single- row  thrust  roller  bearings. 


\ 
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Fig.  4.45.  Values  of  coeffi¬ 
cients  A’#'0  and  *u>  depending 
upon  t. 
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Value  of  maximum  -  and  equivalent  of  pressures 

on  the  roller,  which  satisfy  relations  (4.27),  are  conveniently 
found  with  the  help  of  curves  k^a)  and  kW=*kM>(t)(  shown  on 
Fig.  4.45. 


For  X<1,  when  in  the  bearing  all  rollers  are  loaded,  integrals 
and  j2  are  determined  by  expressions  (4.18). 


It  is  easy  to  be  convinced  that  in  this  case,  talcing  place 


when 


0.5, 


l=2t; 

l+X-i+2*. 


(4.28) 


§  5.  Calculation  of  Bearings  Operating 
with  a  Vibrating  Motion 

In  tne  designing  of  helicopters  there  are  considerable  diffi¬ 
culties  in  the  correct  selection  of  bearings  of  hubs  of  the  main 
and  antitorque  rotors.  These  bearings,  as  is  known,  operate  in 
specific  conditions  of  a  vibrating  motion.  They  are  put  out  of 
service  not  because  of  contact  fatigue  but  due  to  the  local  weak 
rolling  tracks,  which  received  the  name  of  "false  ball  test."  It 
is  understandable  that  the  usual  methods  of  calculation  for  such 
bearings  are  inapplicable. 

Properties  of  lubrication  have  a  great  Influence  on  the  efficiency 
of  vibrating  bearings.  Practice  has  showed  that  the  reliable 
operation  of  many  critical  bearing  subassemblies  of  a  helicopter 
is  possible  only  with  the  application  of  special  oils  and  lubricants. 
Therefore,  in  helicopter  design  it  is  necessary  to  pay  serious 
attention  to  questions  of  the  selection  of  lubricating  materials 
for  antifriction  bearings.  This,  first  of  all,  pertains  to  bearings 
of  hub  axial  hinges  of  main  and  antitorque  rotors,  which  absorb 
considerable  axial  loads  from  centrifugal  forces  of  the  blades. 

The  complexity  of  calculation  of  bearings  of  hubs  of  main  and 
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ant  I.  torque  rotors  consists  in  the  fact  that  the  relatively  low 
rigidity  of  their  basic  parts,  especially  on  heavy  helicopters,  can 
lead  to  noticeable  deformations  of  the  rings,  which  is  difficult  to 
consider  in  determining  forces  acting  on  rolling  solids.  The 
development  of  general  methods  of  calculation  which  consider  the 
influence  of  all  factors  determining  the  carrying  capacity  of  bearing 
of  hubs  of  main  and  antitorque  rotors  thus  far  has  been  unsuccessful. 
However,  experimental  data  accumulated  up  to  the  present  time  permit 
giving  definite  recommendations  on  the  selection  of  allowed  loads 
and  determination  of  longevity  of  the  most  widespread  forms  of 
bearings  used  in  these  complex  and  critical  units.  Analogously 
there  is  the  case  with  the  calculation  of  bearings  of  hinges  of 
cyclic  pitch  controls  and  control  mechanisms  of  helicopters,  which 
just  as  bearings  of  hubs,  operate  with  an  oscillatory  motion. 

Only  here  it  should  be  additionally  considered  that  loads  absorbed 
by  the  majority  of  these  bearings  have  a  dynamic  character. 

1.  Peculiarities  of  the  Mechanism  of  Wear 
of  Antifriction  Bearings  Under 
Conditions  of  Vibrating  Motion 

Let  us  examine  the  peculiarities  of  the  mechanism  of  wear  of 
antifriction  bearings  in  vibrating  motion. 

At  small  amplitudes  of  oscillations,  wren  the  contact  of 
rolling  solids  with  rings  occurs  only  on  separate  sections  of 
rolling  tracks  in  the  bearings,  dents  will  be  formed  in  the  form  of 
holes  from  the  balls  or  grooves  from  the  rollers,  which  with  the 
crumbing  of  their  surface  are  turned  into  deep  pits  (Fig.  4.46). 

The  failure  of  rolling  solids  in  the  majority  of  the  cases  starts 
only  after  considerable  damage  to  the  rings. 

An  analysis  of  results  of  tests  shows  that  with  vibrating 
motion  the  wear  of  bearings  to  a  considerable  degree  is  determined 
b.y  oxidizing  processes  and  special  conditions  of  lubrication  in 
zones  of  contact  of  rolling  solids  with  the  rings. 


In  zones  of  contact  there  occurs  intense  frictional  corrosion. 


•b*  \\y 
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Fig.  4.46,  Rings  of  thrust  ball  and 
roller  bearings  after  prolonged  opera¬ 
tion  under  vibrating  motion  with  small 
amplitudes. 


The  obtained  products  of  iron  oxidation,  being  mixed  with  the 
lubrication,  will  form  a  unique  polishing  mixture  which  causes 
rapid  wear  of  rolling  tracks.  With  the  rolling  of  a  rolling  solid 
in  front  of  the  contact  area  there  will  be  formed  a  "threshold" 
of  lubrication  but  after  it,  streams  of  lubrication  trying  to  fill 
the  space  behind  the  moving  rolling  solid  (Fig.  4.47).  If  the 


Threshold  of 
.  lbrlcation 

Area  of  contact 


Section  ofN"i- 
poor  lubri¬ 
cation 


Fig.  4.47.  Lubrica¬ 
tion  chart  during 
vibrating  motions. 


lubrication  is  insufficiently  mobile  and  does  not  succeed  immediately 
in  filling  this  space,  then  the  section  of  the  rolling  track  directly 
adjacent  to  the  area  of  contact  will  appear  covered  only  by  a  thin 
film  of  lubrication.  It  is  natural  that  at  the  time  of  the  change 
in  direction  of  motion  the  rolling  solid  will  pass  this  poorly 
lubricated  section  earlier  than  lubrication  will  proceed  to  it 
again.  Due  to  this  on  limits  of  sections  of  the  contact  of  rolling 
solids  with  the  rings,  where  a  change  in  the  direction  of  the  motion 
occurs,  pressure  peaks  appear  leading  to  the  acceleration  of  wear. 

At  very  small  amplitudes  of  oscillations,  when  the  areas  of  contact  1 
in  extreme  positions  of  the  rolling  solid  are  covered,  the 
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disturbance  in  the  lubrication  layer  can  appear  constant.  In  this 
case  peaks  of  pressures  increase  even  more,  and  the  life  of  the 
bearings  noticeably  decreases.  The  increase  in  mobility  of  lubri¬ 
cation  improves  conditions  of  operation  of  vibrating  bearings. 
Nonetheless,  even  with  the  application  of  oils  possessing  high 
mobility  the  conditions  of  their  operation  differ  considerably  from 
conditions  of  operation  of  bearings  revolving  in  one  direction. 

From  what  has  been  said  it  is  clear  that  in  bearing  subassemblies 
operating  with  a  vibrating  motion,  in  all  cases  when  it  is  possible 
by  constructive  considerations  one  should  use  an  oil  and  hot  grease 
lubricants.  When  using  grease  lubrications  the  carrying  capacity 
of  vibrating  bearings  noticeably  decreases. 

2.  Lubrication  of  High-Loaded  Vibrating  Bearings 
at  Small  Amplitudes  of  Oscillations 

Inasmuch  as  properties  of  lubrication  have  a  great  effect  on 
the  life  of  vibrating  bearings,  then  to  discuss  allowed  loads  for 
such  bearings  in  the  separation  from  lubricating  materials  used 
in  them  has  no  meaning. 

Bearings  of  helicopters,  which  operate  with  a  vibrating  motion, 
can  be  divided  into  two  basic  groups: 

1.  Bearings  of  hubs  of  main  and  antitorque  rotors,  cyclic 
pitch  controls  and  certain  elements  of  control  operating  at 
amplitudes  of  oscillations  up  to  10°.  For  these  bearings  the  total 
number  of  oscillations  between  two  overhauls,  during  which  they  are 
replaced,  usually  amounts  to  not  less  than  10  million. 

2.  Bearings  of  control  mechanisms  accomplishing  a  limited' 
number  of  oscillations  (up  to  100,000)  with  amplitudes  of  more  than 
20°.  It  is  kept  in  mind  that  the  covering  of  neighboring  areas  of 
contact  does  not  occur. 

Practice  has  showed  that  bearings  of  the  second  group  can 
satisfactorily  operate  on  good  grease  lubricants.  This  is  explained 


by  the  fact  that  on  rolling  tracks  of  such  bearings  considerable 
dents  from  rolling  solids  can  be  allowed,  inasmuch  as  their  efficiency 
is  usually  limited  only  by  the  magnitude  of  the  permissible  moment 
of  friction. 

In  bearings  of  the  cyclic  pitch  control  and  elements  of  control 
belonging  to  the  first  group,  the  application  of  grease  lubrications 
involves  a  noticeable  lowering  of  the  carrying  capacity;  however, 
according  to  constructive  considerations  with  this  it  is  necessary 
to  accept  and  compensate  the  insufficiently  high  lubricating 
properties  of  lubricants  by  a  certain  decrease  in  allowed  loads. 
Regarding  bearings  of  hubs  of  main  and  antitorque  rotors,  then 
considering  that  for  them  permissible  wears  of  rolling  tracks  are 
comparatively  small,  they  can  operate  a  long  time  at  high  contact 
stresses  only  in  the  case  of  the  application  of  oils  possessing  a 
definite  complex  of  physical  and  chemical  properties. 

The  life  of  vibrating  bearings  essentially  depends  on  the 
quality  of  packing  of  bearing  subassemblies.  With  poor  packings, 
which  allow  atmospheric  oxygen  to  penetrate  inside  the  subassemblies, 
and  also  with  small  volumes  of  lubrication  and  large  volumes  of  air 
the  life  of  vibrating  bearings  noticeably  decreases.  A  very  effective 
means  for  increasing  the  service  life  of  bearings  operating  in  a 
vibrating  motion  is  a  supply  of  lubrication  under  pressure  and 
especially  the  transition  to  circulation  lubrication,  which  provides 
continuous  entering  of  fresh  nonoxidized  oil  to  zones  of  contact 
and  the  removal  from  them  of  wear  products. 

Let  us  discuss  questions  of  the  selection  of  oils  for  hubs  of 
main  and  antitorque  rotors  more  specifically,  since  these  questions 
are  very  urgent  for  helicopter  construction. 

Oils  for  axial  hinges  of  hubs  of  main  and  antitorque  rotors. 

As  experiments  show,  bearings  of  axial  hinges,  absorbing  considerable 
axial  loads  from  centrifugal  forces  of  the  blades,  are  especially 
sensitive  to  physical  and  chemical  properties  of  lubrication.  Oils 
for  these  subassemblies,  the  service  life  of  which  usually  determines 
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the  total  service  life  of  hubs  of  main  and  antitorque  rotors,  should 
satisfy  the  following  basic  requirements: 

-  first,  these  oils  should  not  create  amplifications  of  oxidizing 
processes  in  the  zones  of  contact; 

—  secondly,  they  should  preserve  high  mobility  in  the  whole 
range  of  operating  temperatures  and  provide  sufficient  strength  of 
the  oil  film  over  the  whole  extent  of  sections  of  contact. 

The  permissible  level  of  viscosity  of  the  oil  is  limited  also 
by  the  permissible  magnitude  of  the  moment  of  friction  of  the  axial 
hinge.  If  one  proceeds  from  the  operational  experience  of  Mi-1 
and  Mi-4  helicopters,  then  one  can  assume  that  at  minimum  operating 
temperature  the  kinematic  viscosity  should  not  exceed  90,000  cSt. 

Tests  show  that  in  this  case  there  is  observed  neither  a  noticeable 
increase  in  moments  of  friction  nor  the  reduction  in  life  of  the 
bearings  because  of  a  decrease  in  mobility  of  the  oil.  It  is 
necessary  to  note  that  oil  MS-14,  successfully  operating  in  axial 
hinges  of  hubs  of  rotors  of  helicopters  Mi-1  and  Mi-4  at  temperatures 
down  to  -25°C,  has  the  indicated  kinematic  viscosity  at  a  temperature 
of  -20°C. 

In  virtue  of  specific  conditions  of  operation  of  vibrating 
bearings  oils  and  lubricants  for  them  should  be  selected  only 
according  to  results  of  tests  with  vibrating  motion.  The  standard 
method  of  tests  of  oils  and  lubricants  on  a  four-ball  instrument 
for  these  purposes  is  absolutely  unfit.  Lubricating  properties  of 
oils  and  lubricants  for  axial  hinges  of  hubs  of  main  and  antitorque 
rotors  can  be  expediently  checked  in  thrust  ball  bearings,  since  they 
operate  at  higher  contact  stresses.  Experiments  show  that  lubricating 
materials  possessing  the  highest  efficiency  in  such  bearings  are  best 
for  vibrating  bearings  of  other  types,  including  thrust  bearings 
with  "turned"  ruble  rs,  which  at  present  arc-  successfully  used  in 
hubs  of  rotors  of  all  Soviet  commerical  helicopters  and  also  for 
multiple  radial  thrust  ball  bearings  installed  in  hubs  of  main  and 
antitorque  rotors  of  a  number  of  foreign  no  ..icopters.  Inasmuch  as 


In  thrust  ball  bearings  the  load  is  distributed  evenly  between  the 
balls,  then  with  an  oscillatory  motion  each  contacting  section  of 
the  rolling  track  can  be  examined  as  an  independent  object  of  tests. 

Of  importance  in  tests  of  oils  and  lubricants  for  bearings  of 
axial  hinges  of  hubs  of  main  and  antitorque  rotors  is  the  correct 
evaluation  of  the  state  of  rolling  tracks.  Even  with  the  most 
moderate  contact  stresses  after  a  short  operation  on  rolling  tracks 
holes  from  the  balls  appear.  If  we  consider  the  appearance  of  such 
holes,  independently  of  their  depth,  as  the  beginning  of  the  bearing 
being  put  out  of  commission,  then  it  will  be  necessary  to  reject 
the  bearings,  which  could  still  reliably  operate  for  a  long  time. 
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Fig.  4.48.  Depen¬ 
dence  of  coefficient 
of  friction  of  a 
thrust  ball  bearing 
on  the  depth  of  holes 
on  rings. 
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Curves  on  Fig.  4.48  show  how  the  depth  of  the  holes  affects  the 
coefficient  of  friction  of  a  thrust  ball  bearing.  With  the  depth 
of  the  holes  at  7-10  um  the  coefficient  of  friction  increases  by 
50-40#.  The  increase  in  the  coefficient  of  friction  in  such  limits 
is  usually  not  felt  in  an  operation.  Therefore  the  state  of  thrust 
ball  bearings  at  a  depth  of  the  holes  down  to  10  pm  should  be 
considered  as  satisfactory*  The  some  depth  of  the  holes  can  be 
allowed  in  radial  thrust  ball  bearings. 

Tests  have  established  that  MS-20  oil  is  one  of  the  best  for 
vibrating  bearings.  In  accordance  with  this  it  can  be  accepted 
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Fig.  4.49.  Life 
curve  0  *  o(nh)  for 
thrust  ball  bearings. 


as  the  standard  for  the  evaluation  of  lubricating  properties  intended 
for  operation  in  axial  hinges  of  hubs  of  main  and  antitorque  rotors. 
Results  of  tests  of  thrust  ball  bearings  on  MS-20  oil  are  represented 
on  Fig.  4.49  in  the  form  of  a  life  curve  a  =  o(nh),  which  establishes 
the  connection  between  contact  stress  o  and  the  product  nh  of  the 
number  of  oscillations  per  minute  for  a  duration  of  operation  in 
hours.  Tests  were  conducted  with  the  amplitude  of  oscillations  of 
the  mobile  ring  <pQ  =  4.5°,  frequency,  n  =  240  oscillations  per 
minute  and  temperature  of  oil  bath,  20-40°C. 


t 

| 

With  values  of  contact  tensions  determined  by  the  life  curve, 
depicted  on  Fig.  4.49,  98#  of  the  holes  on  rolling  tracks  have  a 
depth  not  exceeding  10  urn. 


It  should  be  noted  that  between  maximum  AJ"'  and  average  A? 
depth  of  holes  there  is  a  definite  statistical  connection.  This 

connection  is  set  by  the  experimental  distribution  curve  of 

ratio  -~f,  which,  as  one  can  see  on  Fig.  4. 90,  is  close  to  the 

Maxwellian  distribution  often  encountered  ir.  technology. 


Fir.  4.-.O. 


Distribution 
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curve  o:'  ratio 


An  analysis  of  the  life  curve  on  FIf.  '*  .4<<  permits  proposing 
the  following  conditions  of  accelerated  elimination  tests  of  oils 
and  lubricants  for  axial  hinges  of  hubs  of  rotors:  duration, 

100  h,  number  of  oscillations,  240  per  minute,  amplitude  of  oscilla¬ 
tions  4.5°,  contact  stresses  ^,000  kG/cmS  Such  conditions  permits 
comparing  lubricating  properties  of  the  test  oil  with  lubricating 
properties  of  MS-20  oil. 

It  should  be  kept  in  mind  that  with  an  increase  in  duration  of 
the  tests,  the  role  of  the  oxidizing  processes  occurring  in  zones 
of  contact  increases.  Nevertheless,  preliminary  elimination  tests 
of  oils  and  lubricants  for  bearings  of  axial  hinges  can  be  conducted 
by  given  reduced  program,  since  accelerated  tests  in  many  cases 
permit  immediately  rejecting  a  considerable  number  of  samples. 

MS-20  oil  under  conditions  of  oscillatory  motion  possesses 
very  high  lubricating  properties.  However,  it  can  be  used  only  in 
the  summertime.  In  winter  MS-20  oil  is  usually  replaced  by  MS-14 
oil  whose  lubricating  properties  are  also  quite  satisfactory.  Since 
at  a  temperature  of  -30°C  MS-14  oil  congeals,  then  at  lower  tempera¬ 
tures  its  application  appears  impossible,  which  greatl  '  hampers 
winter  operation  of  helicopters.  The  replacement  of  MS-14  oil  by 
low-congealing  general-purpose  oils  does  net  give  positive  results. 
Tests  showed  that  when  operating  on  standard  low-congealing  oils 
axial  hinges  of  hubs  of  rotors,  as  when  ope‘-attr.g  cr.  grease  lubricants, 
are  rapidly  put  out  of  service.  This  question  must  be  specially 
discussed,  inasmuch  as  the  regularity  of  such  a  result  wes  disputed 
for  a  long  time  by  certain  specialists  in  the  field  of  lubricating 
materials,  which  prolonged  the  delay  of  the  solution  of  the  problem 
of  lubrication  of  axial  hinges  of  rotor  huts  at  low  temperatures. 

Experiments  have  established  that  oil  for  axial  hinge.*  of  hubs 
of  main  and  antitorque  rotors  should  have  ft  a  temperature  of 
100°C  a  kinematic  viscosity  of  not  less  th&.i  9-10  cSt.  Irfben  operating 
on  low-viscosity  oils  increased  wear  of  rolling  tracks  and  the  crum¬ 
bling  and  destruction  of  rolling  solids  are  observed. 


if;,-  .I..-'  >,:*•  a  r.lgh  level  viscosity  in  the 
ref  lor.  <  f  ;  v.i*  ive  tempo  rot-.,  res  usually  consist  of  a  low -viscosity 
mineral  or  yn the tic  base  andl  high  polymer  thickener.  In  most 
cases  the  thickeners,  as  the  base  itself,  possess  low  lubricating 
properties.  Therefore,  anciei  to  such  oils  are  special  antiwear 
aJiitiveo  containing  sulfur,  chlorine,  phosphorus  or  definite 
<  <  mbinat. ions  of  these  chemically  active  elements.  In  zones  of  high 
contact  temperatures  of  the  additives  interact  with  the  surface  of 
the  metal,  forming  respectively  films  of  sulfides,  chlorides  and 
phosphides  of  iron,  which  prevent  direct  contact  of  friction  bodies 
or.d  decrease  wear. 


According  to  data  of  the  standard  four-call  instrument,  lubri¬ 
cating  properties  of  low-congealing  thickenoJ  oils  with  antiwear 
additive;?  considerably  exceed  lubricating  properties  of  MS-J?0  and 
M:-- i L  oi  l  Nevertheless,  for  operating  ur.^r  conditions  of  vibrating 
ion  they  ar*  absolutely  inf  it.  This  is  ../.plained  by  the  fact 
■•at  um or  the  Influence  of  antiwear  additives  oxidizing  processes 
inters  I  fiod  in  the  senes  of  contact  ano  play  a  decisive  role 
in  tr.c  mechanism  f  wear  cf  vibrating  bearings.  It  should  also  be 
..opt  in  mini  that  a  majority  of  the  high  pc.y.r.er  compounds,  use.; 

! *.  low-congealing  oils,  i  ;  easily  destroyed  during  mecanlcel  action 
..its  the  formation  cf  polymers  of  lesser  mo.  ocular  weight.  Destruction 
of  the  thickener  leads  to  a  ;ecreas°  in  viscosity  of  the  oil.  Ir, 

/-ring  subassemblies  operating  with  vibrating  motion  the  average 
;•••  true  tier,  of  ■  h.-  oil  is  usually  small.  Hew  ever,  inasmuch  as  there 
Is  suicuarJcal  Influence  <r;  -/r.iy  small  volu.u  s  of  oil  direct*;, 

’joining  the  roll  trig  soil  ir,  iec&u  ■destru-v  lor,  end,  consequently , 
t.*.  drop  in  vl..  cosily  in  zones  of  contact  .  i  n  roach  a  eons  He  rob  to 
magnitude  an i  leal;  to  a  not  iceable  reluct!  .r.  of  the  strength  of  the 


During  tests  of  oil  ;  with  antiwear  ad  , Hives  it  Is  oft*  n 
necessary  o  encounter  centred  icier;,  results.  This  snows  that  tests 
of  such  oils  shc-n  li  be  con  due  tel  on  a  sufficiently  large  number  r 
rumples  an:  that  their  lubricating  properties  cannot  be  Judged  b* 
single  1  results. 


Prom  what  has  been  said  it  follows  that  oils  for  axial  hinges 
of  hubs  of  main  and  antitorque  rotors  should  have  neither  antiwear 
additives  nor  destructive  thickeners.  This  clarifies  the  unsatis¬ 
factory  operation  of  these  subassemblies  on  all  standard  low-congealing 
oils,  with  the  creation  of  which  the  indicated  circumstances  were 
not  considered. 

Following  the  given  materials  according  to  the  efficiency  of 
lubricating  materials  under  conditions  of  vibrating  motion,  VNII  NP 
[Editor1 s  Note:  All-Union  Scientific  Research  Institute  of  the 
Petroleum  Industry]  proposed  for  axial  hinges  of  hubs  of  main  and 
antitorque  rotors  the  low-congealing  oil  VNII  NP-25  [28]. 

VNII  NP-25  oil  contains  low-viscosity  petroleum  fraction  with 
a  solidification  point  of  -6j°C  and  thickening  high-viscous  com¬ 
ponent,  which  is  distinguished  by  extremely  high  mechanical  and 
thermal  stability.  Under  the  action  of  high  temperatures  of  friction 
the  petroleum  fraction  in  zones  of  contact  can  evaporate;  however, 
the  contact  of  rolling  solids  with  rings  will  not  occur  because  of 
the  presence  of  a  thickener  film,  which  possesses  great  adhesion 
properties.  The  high  thermal  and  mechanical  stability  of  the 
thickening  component  and  antioxidant  additive  provide  insignificant 
changes  in  properties  of  VNII  NP-25  oil  in  the  operational  process. 

Basic  properties  of  VNII  NP-25  oil  are  given  in  Table  4.8. 

As  results  of  tests  indicace,  VNII  NP-25  oil  in  lubricating 
properties  with  oscillatory  motion  is  similar  to  oil  MS-20. 

Bearings  of  all  types,  which  operate  on  VNII  NP-25  oil  at  both 
positive  and  negative  temperatures,  have  little  wear. 

Improvement  of  lubricating  properties  of  oils  can  be  a  most 
important  factor,  which  is  able  to  increase  sharply  the  service 
life  of  hubs  of  main  and  antitorque  rotors  of  helicopters.  Therefore, 
works  in  this  direction  will  take  on  an  even  greater  character. 

With  the  carrying  out  of  these  works  there  should  be  considered  the 
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Oils  for  needle  bearings  of 
flapping  and  drag  hinges.  These 
bearings,  as  a  rule,  are  less  loaded 
than  bearings  of  axial  hinges,  and 
therefore  they  are  not  so  sensitive 
t  operties  of  lubrication.  The 
select  on  of  lubricating  materials 
for  neecle  bearings  of  flapping  and 
drag  hinges  of  hubs  of  rotors  is 
facilitated  by  the  fact  that  thickening 
in  them  of  the  lubricant  with  a 
nonoperating  rotor  does  not  involve 
unpleasant  consequences .  In  flapping 
and  drag  hinges  of  antitorque  rotors 
thickening  of  the  lubricant  cannot 
be  allowed,  since  increased  moments 
of  friction  in  these  subassemblies 
can  cause  shaking  of  the  helicopter. 


pp  co  cc  C  o  At  present  in  flapping  and  drag 
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hinges  of  hubs  of  main  and  antitorque 

|  £j  — —  rotors  of  Soviet  helicopters  hypoid 

T5  4-  4->  »  oil  is  used.  Operational  experience 

•H  cc  C  I 

£  op  •  of  helicopters  shows  that  hypoid  oil, 

03  ^  ^  °  in  spite  of  presence  in  it  of  free 

sulfur  under  standard  specific 

pressures  provides  a  sufficiently  high  service  life  of  vibrating 
nuedle  bearings.  For  axial  hinges  hypoid  oil,  .just  as  other  oils 
with  antiwear  additives  is  unfit. 
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Hypo is  oil  possesses  very  high  adhesiveness ,  and  in  connection 
with  this  it  provides  the  necessary  lubrication  of  contacting  elements 


#-ven  v ’  th  incomplete  airtightness  of  the  hubs.  The  replacement 
of  hypoid  oil  by  grease  lubricants  (this  must  sometimes  be  done 
in  antitorque  rotors  of  helicopters  operating  at  especially  low  V 

temperatures)  considerably  lowers  the  service  life  of  needle  bearings 
of  flapping  and  drag  hinges. 

3.  Calculation  of  Bearings  of  Hubs  of  Main 
and  Antitorque  Rotors 

Bearings  of  axial  hinges.  Figure  4.51  gives  a  model  construction 
of  axial  hinges  of  hubs  of  rotors  of  Soviet  helicopters. 
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Fig.  4.51.  Axial  hinge  of  rotor  hub. 


In  the  calculation  of  bearings  of  axiQl  hinges  cf  hubs  of  rotors 
it  is  accepted  to  consider  the  centri fugal  force  of  the  blade  N  and 
the  moment  in  the  plane  of  rotatior  M created  by  the  damper. 

In  axial  hinges  made  according  to  the  diagram  shown  on  Fig. 

4.51*  the  centrifugal  force  of  blade  is  absorbed  by  the  thrust 
bearing  1.  The  damper  moment  is  partially  absorbed  by  this  bearing 
and  partially  by  radial  bearings  2  and  3. 

Loads  in  flight  on  radial  bearings  2  and  3  are  comparatively 
small,  and  therefore  they  are  usually  selected  from  static  crn- 
siderations  according  to  the  weight  moment  of  the  blade  transmitted 
to  them  when  the  helicopter  is  standing,  when  the  main  rotor  does 
not  rotate  and  the  blade  lies  on  the  overhand  limiters.  As  practice 
shows,  the  loads  on  radial  bearings  of  axial  hinges  from  the  weight 
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of  tr.e  blade  oar.  reach  ICO-llC  percent  of  their  static  load 
capacity  indicated  in  the  manuals. 


The  service  life  of  thrust  bearings  of  axial  hinges  is  calculated 
on  the  basis  of  experimental  dependences  o  =  a(nh)  obtained  as  a 
result  of  tests  of  corresponding  types  of  bearings  under  conditions 
of  vibrating  motion  under  a  purely  axial  load.  For  thrust  ball 
bearings  the  curve  of  service  life  a  =  cr(nh)  was  shown  in  Fig.  4.49. 


Pig.  4.52.  Thrust  bearing 
with  turned  rollers;  record¬ 
ing  of  motion  of  bearing 
separator  with  vibrating 
motion. 


As  was  already  stated,  at  present  in  axial  hinges  of  hubs  of 
rotors  of  all  commerical  Soviet  helicopters  bearings  with  turned 
rollers  are  used.  A  schematic  diagram  of  such  bearings  is  depicted 
on  Fig.  ^.52.  Owing  to  the  location  of  recesses  of  the  separator 
at  an  angle  to  the  radial  direction  in  bearings  of  this  type  the 
separator  not  only  vibrates  together  with  the  mobile  ring  but  also 
continuously,  although  very  slowly,  is  displaced  in  one  direction. 

The  continuous  displacement  of  the  separator  prevents  a  "ball  test" 
of  the| rolling  tracks  and  leads  to  a  considerable  increase  in  the 
carrying  capacity  of  the  bearing. 

1 

As  a  result  of  the  tests  it  is  established  that  the  service 
life  of  thrust  bearings  with  turned  rollers  to  a  considerable  degree 
depends  on  the  speed  of  displacement  of  the  separator.  This  speed 
can  be  characterized  by  time  T  ,  during  which  the  separator  turns 
at  an  angle  of  ^60  .  Optimum  values  of  time  T„  for  amplitudes  and 
frequencies  of  oscillations,  with  which  thrust  bearings  of  axial 
hinges  of  hubs  of  rotors  operate,  amount  to  40-80  min.  At  TQ  >  80  min 
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the  probability  of  putting  the  bearing  out  of  commission  increases 
because  of  the  crumbling  of  metal  on  the  rollers.  In  spite  of  the 
continuous  displacement  of  the  separator  in  contact  with  the  rings 
there  are  the  same  sections  of  the  surface  of  the  rollers.  Therefore, 
destruction  of  thrust  bearings  with  turned  rollers  in  most  cases 
begins  with  damage  of  the  rollers.  It  is  necessary  to  note  that 
at  Tc  «  2, 5-6  h,  the  stability  of  rollers  decreases  approximately 
twice.  At  Tc  <  40  min  losses  to  friction  and  wear  of  rolling  tracks 
are  noticeably  increased. 

The  curve  of  service  life  a  =  a(nh)  for  thrust  bearings  with 
turned  rollers,  which  have  an  optimum  speed  of  displacement  of  the 
separator  T  =  40-80  min,  is  shown  on  Fig.  4.53.  This  curve  is 

v 
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Fig.  4.53.  Curve  of  service 
life  o  =  a(nh)  for  thrust 
ball  bearings  with  turned 
rollers. 


plotted  according  to  results  of  tests  of  several  groups  of  such 
bearings  with  MS-20  oil  at  the  amplitude  of  the  mobile  ring  <pQ  =  4.5° 
and  frequency  n  =  240  osc/min,  i.e.,  under  conditions  similar  to 
conditions  of  tests  whose  results  were  used  in  the  construction 
of  the  dependence  o  =  o(nh)  on  Fig.  4.49. 

Bench  tests  and  operational  experience  indicate  that  curves 
of  service  life,  depicted  on  Figs.  4.49  and  4.53,  can  be  used  for 
the  determination  of  the  calculation  service  life  of  thrust  bearings 
of  hubs  of  rotors  under  all  operating  conditions  of  these  units 
encountered  in  real  conditions. 

As  can  be  seen  from  Figs.  4.49  and  4.53,  equations  of  curves 
of  service  life  o  =  o(nh)  for  vibrating  bearings  have  the  same  form 
as  for  bearings  revolving  in  one  direction: 

«"*(«*)- -const,  (3.1) 
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where  in  case  of  the  point  contact  m*  =  10  and  in  the  case  of  linear 
contact  m*  =  6.66. 

I  us  take  for  the  base  product  nh  =  120,000,  which  approximately 
corr  ponds  to  a  500  hour  service  life  of  operation  of  helicopters 
of  the  Mi-1  type.  At  nh  =  120,000  the  allowed  contact  stresses 

O  O 

amount  to  29,000  kG/cm  for  thrust  ball  bearings  and  18,800  kG/cnr 
for  thrust  bearings  with  turned  rollers.  Let  us  designate  by  AQ 
the  axial  force,  which  creates  in  the  bearing  at  equal  distribution 
of  forces  between  rolling  solids,  contact  stresses  equal  to  those 
allowed  at  nh  =  120,000.  Then,  in  accordance  with  formula  (3.1) 
the  allowed  force  on  the  ball  will  be: 


Here  it  is  considered  that  for  ball  bearings  contact  stresses 
are  proportional  to  the  cube  root  and  for  roller  bearings,  to  the 
square  root  of  the  load. 

Special  experiments  have  established  that  the  moment  which  must 
be  taken  into  account  in  calculating  the  service  life  of  a  thrust 
bearing  of  the  axial  hinge,  depending  upon  peculiarities  of  design 
of  the  subassembly  and  clearances  in  radial  bearings,  consists  of 
25  to  50  percent  of  the  moment  of  the  damper.  With  this  calculation 
is  conducted  with  respect  to  the  instantaneous  maximum  pressure  on 
the  rolling  solid,  i.e.,  the  moment  acting  on  the  thrust  bearing 
of  the  axial  hinge  is  conditionally  considered  constant  in  magnitude 
and  direction. 

Tne  maximum  pressure  on  the  rolling  solid  of  the  thrust  bearing 
loaded  by  axial  force  and  moment  can  be  represented  in  the  form 

Comparing  this  equality  with  equality  (5.2),  we  obtain  the 
following  exoression,  which  determines  the  calculation  service  life 
of  thrust  bearings  of  axial  hinges  of  hubs  of  rotors: 


As  follows  from  §§  3  and  4,  coefficient  *lA>  depends  on  the 
relative  eccentricity  of  the  app  lent ion  of  the  axisl  force,  which 
in  this  case  is  equal  to 

*  **  (0,23  ■+■  0,5)  .  (5.4) 

With  the  usual  relationships  between  the  moment  of  the  damper 
and  centrifugal  force,  t  does  not  exceed  0.1,  and  therefore  in 
thrust  bearings  of  axial  hinges  all  rolling  solids4  are  always 
loaded . 

For  thrust  roller  bearings  in  which  the  load  is  carried  by  all 
the  rollers, 

(5.5) 

At  small  values  of  t  coefficients  for  thrust  ball  and 
roller  bearings  practically  coincide.  This  permits  using  formula 
(5.5)  in  the  calculation  of  thrust  ball  bearings. 

From  equalities  (5.4)  and  (5.5)  we  finally  find 

+  (5.6) 

It  is  necessary  to  note  that  the  calculation  of  radial  thrust 
bearings  of  different  types,  intended  for  operation  in  axial  hinges 
of  hubs  of  main  and  antitorque  rotors,  can  also  be  produced  with 
the  help  of  formulas  (5.3)  and  (5.5) »  provided  first  for  these 
bearings  there  are  determined  the  permissible  axial  loads  AQ  corre¬ 
sponding  to  the  value  nh  »  120,000.  It  is  assumed  that  moments 
acting  on  bearings  are  known  from  calculations  or  experiments. 

It  should  be  kept  in  mind  that  values  of  A^,  obtained  not  by 
a  complete  curve  of  service  life  o  =  o(nh)  corresponding  to  a  definite 
probability  of  the  breakdown  of  the  bearings  and  by  means  of  conversion, 
according  to  the  results  of  experiments  conaucted  with  any  one  value 
of  nh,  at  an  insufficiently  large  number  of  test  samples  can  appear 
incorrect,  which,  apparently,  is  connected  with  the  considerable 
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Fig.  4.54.  Axial  hinge  of  rotor  hub  implemented  on 
multiple  radial  thrust  bearings. 


dispersion  of  service  life,  which  is  difficult  to  reveal  with  one 
level  of  the  load. 

In  axial  hinges  of  hubs  of  main  and  antitorque  rotors  of  certain 
helicopters,  there  are  successfully  used  multiple  radial  thrust  ball 
bearings  with  angles  of  contact  «  45°  and  decreased  ratio  of  the 
radius  of  the  groove  to  the  diameter  of  the  ball  (Fig.  4.54). 

Usually  in  antifriction  bearings  this  ratio  is  equal  to  0.515. 

In  the  indicated  multiple  bearings  it  is  decreased  to  0.510,  which 
leads  to  a  lowering  of  the  contact  stresses  by  approximately  7#  and, 
consequently,  increases  the  calculation  service  life  of  the  bearings 
2  times.  It  is  clear  that  such  a  means  of  increasing  the  carrying 
capacity  of  radial  thrust  ball  bearings  is  useful  mainly  for  the 
case  of  vibrating  motion,  since  a  decrease  in  the  ratio  of  the  radius 
of  the  groove  to  the  diameter  of  the  ball  increases  the  length  of 
the  area  of  contact  deformation,  because  of  which  losses  to  friction 
increase  noticeably.  Results  of  tests  indicate  the  ract  that  with 
qualitative  fulfillment  providing  sufficiently  equal  distribution 
of  the  external  lead  between  bearings  of  the  set,  for  multiple 
radial  thrust  ball  bearings  permissible  contact  stresses,  proceeding 
from  which  it  is  necessary  to  calculate  the  axial  force,  amount  to 
24,000  kG/cm2. 


There  is  still  no  sufficiently  proven  data  on  permissible  con¬ 
tact  stresses  for  radial  thrust  roller  bearings  with  operation  of 
them. under  conditions  of  vibrating  motion. 

The  above-mentioned  values  of  permissible  contact  stresses 
pertain  to  cases  of  operation  of  axial  hinges  of  hubs  of  main  and 
antitorque  rotors  on  oils  not  yielding  in  lubricating  properties 
toalls  MS-20  and  MS-14.  If  this  condition  is  not  carried  out,  then 
they  should  be  lowered  accordingly. 

Permissible  contact  stresses  are  noticeably  influenced  by 
dimensions  of  rolling  solids,  and  therefore  with  the  application  of 
bearings  of  large  dimensions  there  should  be  introduced  a  definite 
correction  for  scale  factor.  As  results  of  tests  indicate,  the 
above-mentioned  values  of  permissible  stresses  can  be  considered 
real  for  bearings  with  balls  with  a  diameter  up  to  25  mm  and  rollers 
with  a  diameter  up  to  15  mm.  In  the  transition  from  rollers  15  mm 
in  diameter  to  rollers  24  mm  in  diameter,  permissible  contact  stresses 
for  thrust  bearings  with  turned  rollers  decrease  by  approximately 
10#. 

Needle  bearings  of  flapping  and  drag  hinges.  For  the  majority 
of  hubs  of  rotors  in  flapping  and  drag  hinge3  needle  bearings  are 
used. 

The  efficiency  of  needle  bearings  is  usually  estimated  in  the 
magnitude  of  snecific  pressure  per  unit  area  of  projection  of  the 
rolling  track  of  the  internal  ring. 

In  the  calculation  of  needle  bearings  of  drag  hinges,  as  a 
rule,  it  is  considered  that  the  load  is  distributed  evenly  over  the 
length  of  the  needles  (Fig.  4.55a).  In  ectordance  with  this  the 
specific  pressure  for  bearings  is  taken  equal  to 


where  D  is  the  diameter  of  rolling  track  of  the  internal  ring; 
l  is  total  effective  length  of  the  needle... 


Fig.  4.55.  Calcula¬ 
tion  of  needle  bearings 
of  flapping  and  drag 
hinges  of  hubs  of 
rotors. 


Needle  bearings  of  flapping  hinges  absorb  besides  the  centrifugal 
force  of  blade  N  still  the  certain  moment  M  (Fig.  4.55b),  the  constant 
part  of  which  M  with  a  sufficient  degree  of  accuracy  is  determined 
by  the  expression 


At, 


(5.8) 


Here  Af*a  is  the  torque  of  the  rotor;  a»*  —  number  of  blades  of  the 
rotor;  a  -  "drift”  of  the  middle  of  the  flapping  hinge  from  the 
axis  of  rotation;  l 2  —  distance  between  flapping  and  drag  hinges; 
Um  —  "stagger"  of  the  drag  hinge. 


The  variable  component  My  of  moment  M  in  the  calculation  of 
r.ecile  bearings  of  flapping  hinges  of  hubs  of  rotors  is  not  con¬ 
sidered,  since  .t  has  little  effect  on  their  service  life.  It  is 
accepted  to  consider  that  in  flapping  hinges,  made  according  to 
the  configuration  shown  on  Fig.  4.55b,  the  load  is  distributed  along 
the  length  of  the  bearings  according  to  the  trapezium  law.  The 
loading  of  the  bearings  is  characterized  by  specific  pressures  q^ 
and  q?  on  external  edges  of  the  rings,  whicr,  is  caused  by  the  Joint 
action  of  force  N  end  moment  M,.  These  pressures  are  calculated 
tv  the  formula 
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where  B  is  the  effective  width  of  the  set  of  bearings. 

Substituting  into  formula  (5*9)  value  Ma,  let  us  reduce  it  to 

a 

the  form: 


As  the  experiment  of  designing  corresponding  to  selection  of 
"drift”  a  indicates,  it  i3  possible  to  provide  that  in  basic  con¬ 
ditions  of  the  motor  flight  specific  pressures  anc  q2  would  be 
quite  close  to  the  average  specific  pressure  qQ  *  N/D It  is 
necessary  to  note  that  the  "drift"  of  the  middle  of  the  flapping 
hinge  fruiii  the  axis  of  rotation  at  distance  a  is  equivalent  to  the 

turn  of  this  hinge  at  angle  tr.a*arctg  —  (see  Fig.  4.55). 

According  to  expression  (5.10),  specific  pressures  q^^  and  q? 
depend  on  the  centrifugal  force  N  and  torque  AW  Therefore,  they 
can  be  examined  as  certain  functions  of  the  number  of  revolutions 
and  power  of  the  rotor.  Constructing  with  the  help  of  expression 
(5.10)  graphs  of  dependences  fi~*»  (#*■)  and  *t with  the  most 
characteristic  revolutions  of  tne  rotor,  as  is  done  on  Fig.  4.56, 
it  is  possible  to  determine  easily  the  valu.s  of  specific  pressures 


Fig.  4.56.  Dec--ndence  of  specific 
pressures  q^  ar.i  q^  on  the  number  of 

revolutions  and  power  of  the  rotor: 

-  revolutions  and  power  of  the 
rotor  at  cruising;  -  revolutions 

and  power  of  rotor  in  conditions  of 
cruising  speed;  •»  *•*»  -  revolutions 
and  power  of  rotor  in  takeoff  con¬ 
ditions;  —  revolutions  and 

power  oT  rotor  in  autorotation 
conditions.  . 
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and  in  basic  conditions  of  the  helicopter  flight  and  also  to 
estimate  the  correctness  of  selection  of  "drift”  a  in  the  necessity 
of  introducing  appropriate  corrective  in  the  design  of  the  rotor 
hub. 


Fig.  4.57.  Calculation 
of  wide-spaced  needle 
bearings  cf  flapping 
hinges . 


If  the  flapping  hinges  are  made  in  the  form  of  two  independent 
supports,  distance  L  between  which  considerably  exceeds  the  diameter 
cf  the  rolling  tracks  D  (Fig.  ^ . 57 ) »  then  cne  can  assume  that  within 
limits  of  each  support  specific  pressures  in  the  bearings  are  constant. 

In  this  case  the  calculated  specific  pressures,  which  determine 
the  service  life  of  needle  bearings  of  flapping  hinges,  are  equal  to 

(5.11) 

where  iv  is  the  total  length  of  the  needles  in  both  bearings. 

With  the  application  of  r.ypoid  oil  permissible  specific  pressures 
in  well  consolidated  needle  >  carings,  whic.%  correspond  to  a  service 

o 

;ife  of  100*1  hours  at  24o  osc /min,  amount  to  not.  less  than  yj)  KG/cm 
'Vr  flapping  hinres  and  *00  KG/o for  ora.  hini'o::.  A  rr  '•U/ely 
smaller  value  of  permissible  spent  fie  pr« ..  .res  In  hear  In;-  .  *>r 
napping  n Infos  to  a  certain  decree  can  bt.  ./.pialneu  t.y  the  f.v.t 
that  they  operate  at  amplituies  of  oscillations  from  to 
whereat  the  amplitude  of  oscillations  of  \  a rings  of  drag  hinges 
usually  does  not  xcced  i°.  Although  this  contradicts  the  established 
opinions,  practice  shows  that  at  amplitude;  of  oscillations  up  to  1° 
the  service  life  of  needle  bearings  appear.,  higher  than  that  at 
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amplitudes  of  2c-6°.  Possibly  here  a  definite  role  is  played  by 
the  fact  that  because  of  deformation  cf  part  under  a  load  in  known 
cases  the  actual  specific  pressures  on  edges  of  needle  bearings  of 
flapping  hinges  can  exceed  the  calculated  pressures. 

Perennial  opeiational  experience  confirms  that  in  the  selection 
of  dimensions  cf  needle  bearings  of  flapping  and  drag  hinges  of  hubs 
of  rotors  in  light  and  medium  helicopters,  it  is  possible  to  follow 
reliably  the  above-indicated  values  of  permissible  specific  pressures. 
For  heavy  helicopters  whose  parts,  as  a  rule,  have  relatively  lesser 
rigidity,  it  is  possible  to  be  oriented  to  these  figures  only  in 
the  case  when  special  measures  are  accepted  which  provide  uniformity 
of  distribution  of  the  load  in  bearings  of  drag  hinges  and  the 
approach  of  the  diagram  of  distribution  of  the  load  in  horizontal 
hinges  to  the  trapezoidal  (see  diagram  on  Fig.  4.55b).  As  a  rule, 
distribution  of  the  load  along  the  length  of  the  needle  bearings  of 
flapping  and  drag  hinges  can  be  obtained  by  means  of  selection  of 
rigidities  of  ears  and  fingers  and  also  by  the  corresponding  increase 
in  the  pliability  of  ends  of  the  r'.igc.  This,  in  particular,  can 
be  seen  from  Fig.  4.58.  on  which  there  are  shown  experimental  diagrams 


Fig.  4.58.  Effect  of  rigidity 
of  the  pin  and  pliability  of 
rings  on  the  distribution  of 
specific  pressures  along  the 
length  of  needle  bearings  of 
the  flapping  hinge:  a)  initial 
variant;  b)  effect  of  pin  of 
increased  rigidity;  c)  effect 
of  "pliable"  ends  of  rings  of 
the  bearing. 
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Fig.  4.59.  Distribution 
of  needle  bearing  because  of 
insufficient  rigidity  of 
construction. 


GRAPHIC  NOT 
REPRODUCIBLE 


of  the  change  in  distance  between  generators  of  outer  and  inner 
rings  with  three  variants  of  the  constructive  fulfillment  of  the 
flapping  hinge  of  the  rotor  hub  of  a  heavy  helicopter.  It  should 
be  noted  that  insufficient  rigidity  of  the  ears  and  fingers  of  flapping 
and  drag  hinges  can  lead  not  only  a  local  increase  in  dept  of  the 
"ball  test"  on  edges  of  rolling  tracks  but  also  to  the  crumbling  of 
large  sections  of  their  surface  and  sometimes  to  the  breakdown  of 
the  needles  (Fig.  4.59). 


Fig.  4.6C.  Calculation 
of  needle  bearings  of 
hubs  of  tail  rotors. 


The  calculation  of  needle  bearings  of  flapping  hinges  of  hubs 
of  antitorque  rotors  (Fig.  4.60)  is  a  eonsiaerably  more  difficult 
problem  than  the  calculation  needle  bearings  of  flapping  hinges  of 
hubs  of  main  rotors,  since  they,  as  a  rule,  absorb  a  considerable 
variable  moment,  which  in  the  evaluation  of  their  efficiency  is 
impossible  to  disregard.  This  moment  is  created  by  variable  aero¬ 
dynamic  and  Inertial  (Coriolis)  forces  acting  On  the  blade  of  the 
ant  i  torque  rotor  in  the  plane  of  rotation.  With  the  estimated 
calculations  it  is  accepted  to  characterize  the  loading  of  needle 
bearings  of  flapping  hinges  of  antitorque  rotors  by  the  instantaneous 
maximum  specific  pressure  appearing  on  the  edge  of  the  rolling  track. 
On  the  assumption  that  the  load  is  distributed  along  the  length 
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of  the  bearings,  according  to  the  trapezium’ law,  this  pressure  is 
equal  to 


(5.12) 


where  is  the  torque  of  the  anti  torque  rotor;  —  number  of 
blades  c*  the  antitorqu'.  rotor;  M„  —  amplitude  of  variable  moment 

V 

loading  the  flapping  hinge. 


Values  of  specific  pre^  ure  q,  calculated  by  formula  (5.12), 
for  antitorque  rotors  of  light  and  medium  helicopters  in  conditions 

O 

of  a  cruising  flight  should  not  exceed  500-350  kG/cm  .  In  the  case 
of  the  application  of  hypoid  oil  in  flapping  hinges  it  is  possible 
to  expect  that  the  service  life  of  the  bearings  will  not  be  less 
than  1000  h. 


Finally  the  service  life  of  needle  bearings  of  flapping  and 
drag  hinges  of  hubs  of  main  and  antitorque  rotors  is  determined  as 
a  result  of  tests  of  these  units  on  special  test  benches. 

4.  Calculation  of  Bearings  of  Cyclic  Pitch  Controls 

and  Control  Mechanisms  $ 

Allowed  loads  on  bearings  of  hinges  of  a  cyclic  pitch  control 
and,  directly  connected  with  them,  control  elements  are  usually 
determined  experimentally.  For  this  on  special,  very  complex  stands, 
which  permit  creating  all  forms  of  forces  acting  on  the  cyclic  pitch 
control  in  flight,  prolonged  tests  are  conducted. 


Loads  on  the  cyclic  pitch  control  have  a  dynamic  character. 

This,  in  particular,  can  be  seen  from  oscillographic  recordings  shown 
on  Fig.  4.61  of  the  hinged  moment  of  the  blade  Mm  and  forces  Aipoa 
and  Pa oo  in  rods  of  longitudinal  and  lateral  control  connecting 
corresponding  rockers  of  the  cyclic  pitch  control  with  power- 
assisted  controls. 


It  is  natural  that  with  such  a  complex  character  of  the  load, 
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Fig.  4.6l.  Oscillograms 
of  the  hinged  moment  of 
the  blade  and  forces  in 
rods  of  longitudinal 
and  lateral  controls. 


t 


any  recommendations  according  to  the  calculation  of  bearings  of 
hinges  of  the  cyclic  pitch  control  will  inevitably  have  a  very 
conditional  character.  Nevertheless,  some  of  them  can  help  designers 
to  be  oriented  in  problems  of  the  selection  of  bearings  for  these 
critical  units,  for  which  it  follows  to  discuss  them  briefly. 

If  it  is  considered  that  with  similar  designs  of  rotors  only 
the  absolute  value  of  the  hinged  moment  of  the  blade  is  changed, 
and  the  relationship  between  amplitudes  and  phases  of  its  separate 
harmonics  remains  constant,  then  in  the  selection  of  bearings  for 
similar  hinges  of  the  cyclic  pitch  control,  made  according  to  the 
same  design  scheme,  it  is  possible  to  proceed  from  the  maximum  value 
of  load  Pmax  absorbed  by  them  (Fig.  4.62). 


Fig.  4.62.  Load  on 
bearings  of  hinges  of 
the  cyclic  pitch 
control. 


For  cyclic  pitch  controls  similar  in  design  to  cyclic  pitch 
controls  of  Mi-1  and  Mi-4  helicopters  (see  lig.  4.58),  with  all- 
metal  blades  of  the  rotor  having  a  rectangular  form  in  the  plan, 
when  using  grease  lubricants  of  the  TsIATIK-201  type  the  allowed 
loads  P £*,*  can  be  determined  with  the  help  of  Table  4.9.  This 
(.able  was  compiled  according  to  results  of  .»ench  tests,  taking  into 
account  the  operational  experience  of  cyclic  pitch  controls. 
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Table  4.9. 


Place  of 
installation 

Pennissible  values  of  p™  (kG)  for  different 
bearings 

\ 

ball 

radial, 

radial 

thrust 

and 

thrust 

ball 

spheric 

roller 

spheric 

roller 

radial 

thrust 

and 

thrust 

needle 

hinged 

types, 

(BS) 

ball 

spheric 

Hinges  of  disk, 
rods  and  levers 
for  turning  the 
blade 

°’8  «CT 

• 

2  Dl 

Bearings  of 

Cardan  joint 

SjT 

0.8 

CT 

Bearings  of 
rockers  of  longi¬ 
tudinal  and 
lateral  control 

qct 

^CT 

0.8 

^CT 

2  Dl 

Bearings  of  rods 
of  longitudinal 
and  lateral 
controls  con¬ 
necting  the 
rockers  with  the 
external  ring  of 
the  Cardan  joint 

Db 

Bearings  of  the 
lever  of  general 
step 

qct 

^CT 

0.8 

^CT 

2  Dl 

Qct  *~  pennissible  static  load  on  irrotational  bearing  indicated 

in  catalogs  and  reference  books;  D  —  diameter  of  rolling  track  of 
inner  ring  of  the  needle  bearing  or  sphere  of  hinged  bearing  in  nun; 
b  -  width  of  outer  ring  of  hinged  bearing  in  mm;  l  -  effective  length 
of  needles  in  mm. 


The  values  given  in  Table  4.9  of  allowed  loads  at  the 
number  of  revolutions  of  the  rotor  of  240  per  minute  correspond  to  a 
service  life  of  1000-1200  h.  With  other  revolutions  the  service 
life  is  found  from  expression: 

(5.15) 
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where  n  represents  nominal  revolutions  of  the  rotor. 

If  the  character  of  the  loads  is  different  than  that  for  cyclic 
pitch  controls  of  Mi-1  and  Mi-4  helicopters  with  all-metal  blades 
of  rotor,  then  permissible  values  /*“”  should  be  refined  as  a  result 
of  corresponding  bench  and  performance  tests. 

Thus  far  there  have  been  examined  vibrating  bearings  which 
accomplished  during  the  calculated  service  life  a  large  number  of 
oscillations  (over  10^). 

Permissible  loads  on  bearings  of  control  mechanisms  of  aircraft, 
for  which  the  total  number  of  oscillations  coes  not  exceed  100,000, 
and  the  amplitude  of  oscillations  is  equal  to  20°  and  more,  the 
VNIPP  [Editor's  Note;  VNIPP  =  All-Union  Scientific  Research,  Design 
and  Technological  Institute  of  the  Bearing  Industry]  recommends 
determining  by  following  experimental  formula:5 

(5  •  14 ) 

Value  of  coefficients  aa0a  for  certain  types  of  bearings 
operating  on  grease  lubricants,  at  25,000  ar.d  100,000  oscillations, 
are  given  in  Table  4.10. 


Table  4.10. 


Type  of 

DrdQvitlon 
of  fwirlrg 

Irr^r  iiJuiw 

Vi.lwt  of  oooffielont  a10a 

twir  1 

«'>r  of  th* 
K'OTlr  g 

MM 

ft  .'r,0CC 
■  so  llu- 
• !  .  8 

tt  100,000 
oiel.  U- 

Table  4.10  (Continued). 


type  or 
bearing 

Deel&tation 
of  bearing 

Inner  dlaie- 
et»r  of  the 
bearing,  m 

Values  of  coefficient  ®JtOn 

at  25,000 
oscilla¬ 
tions 

at  100,000 
oscilla¬ 
tions 

1000 

Up  to  10 

4 

2.0 

Ball 

spheric 

1300 

Up  to  50 

4 

2.8 

1300 

071000 

Up  to  50 

4,7 

i 

3.3 

§  6.  Theory  and  Selection  of  Basic  Parameters 
of  fhrust  Bearings  with  ,v fumed 11  hollers 

As  was  already  indicated  in  the  preceding  paragraphs,  in  axial 
hinges  of  hubs  of  rotors  of  Soviet  helicopters  thrust  bearings  with 
cylindrical  rollers  located  at  an  angle  to  the  radial  direction  are 
used  successfully.  High  carrying  capacity  of  such  bearings,  which 
are  called  thrust  bearings  with  ’'turned''  rollers,  is  explained  by 
the  fact  that  in  them  the  separator  during  vibrating  motion  not  only 
oscillates  together  with  mobile  ring  but  also  is  continuously 
displaced  in  one  direction.  The  time  of  turn  of  the  separator  Tc 
at  angle  360°  which  characterizes  the  speed  of  this  displacement, 
is  determined  by  a  number  of  factors.  It  depends  on  the  coefficient 
of  friction  of  the  slip  between  rollers  and  rings,  the  amplitude  and 
frequency  of  oscillations  of  the  mobile  ring,  and  also  on  a  number 
of  geometric  parameters  the  main  role  of  which  is  played  by  angles 
of  inclination  of  recesses  of  the  separator.  It  is  understandable 
that  these  angles  should  be  selected  In  such  a  way  that  the  time 
Tc  lay  in  optimum  limits,  which  provide  high  stability  of  rollers 
with  acceptable  wear  of  the  rolling  tracks.  Below  there  is  expounded 
the  theory  with  the  help  of  which  this  problem  can  be  solved. 

1.  Determination  of  Time  Tc 

In  thrust  bearings  with  turned  rollers  the  ratio  of  angular 
velocity  of  the  separator  to  the  angular  velocity  of  the  mobile 

ring  depends  on  the  direction  of  the  rotation.  This  conditions 


the  continuous  displacement  of  the  separator,  which  is  observed  in 
such  bearings  during  vibrating  motion. 

Values  of  ratio  A,  corresponding  to  cases  of  rotation  of  the 
bearing  counterclockwise  and  clockwise,  are  found  in  the  following 
way. 


Frictional  force  of  slip,  appearing  at  points  of  contact  of 
roller  with  the  rings,  are  reduced  to  resultant  forces  F^y,  Flx, 
F2y,  and  F2x  and  moments  Mlz  and  M2z  (Fig.  L.63).  With  a  constant 


Fig.  4.63.  Forces  and 
moments  affecting 
the  "turned"  roller. 


coefficient  or  sliding  friction  u  between  tr.j  rollers  and  rings, 
values  of  these  forces  and  moments  can  be  c&lculated  with  a  sufficient 
degree  of  accuracy  by  the  formulas: 

^  (*» + * ^  *u  -f-); 

*.+*■*);  (f'a) 

[C.  +  ,£  C„  +C0(f]f] : 


Here  P  is  the  force  absorbed  by  the  examined  roller;  y^  and  y?  — 
coordinates  of  points  contact,  in  which  slipping  in  a  direction 
perpendicular  to  the  axis  of  the  roller  is  absent;  dp  —  diameter  of 
the  roller;  i  —  effective  length  of  the  roller. 


In  deriving  formulas  (6.1)  it  was  assumed  that  normal  loads 
and  qg  are  distributed  along  the  length  of  the  roller  according 
to  the  law: 


where 


(6.2) 


Km. 

/>  v  * 


Such  a  distribution  of  normal  loads  is  caused  by  the  action 

of  the  moment  (^1,+^  j  .  which  strives  to  turn  the  roller  around 
axis  OpX.  Since  the  usual  concentration  of  the  load  on  edges  of  the 
roller  has  little  effect  on  time  T ,  then  for  simplification  of 

C 

calculation  dependences  it  is  not  considered.  In  view  of  smallness 
of  the  frictional  force  N  (Fur-Fu)  we  consider  that 


Coefficients  entering  into  formulas  (6.1)  are  determined  by 
equalities 


(6.J) 
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ne  re 


From  kinematic  relationships  and  the  equation  of  moments  with 
respect  to  axis  0py  the  following  expressior.3  can  be  obtained.® 


I  An 


i  An 


(e^) 


In  these  expressions 


/-/.+£• 


where  /*  is  the  coefficient  of  rolling  frict  ion;  Mp  —  moment  con¬ 
sidering  the  friction  on  ends  cf  the  roller  and  friction  against 
the  lubricant;  —  coefficient  of  fricticr.  between  rollers  and  the 
separator. 

Upper  signs  pertain  to  the  case  when  F.t— Fu>*k  ana  the  lower, 
to  case  when  FXu— f*<0. 

The  angle  of  Inclination  7  is  considered  positive  if  the  roller 
can  be  set  in  a  radial  position  by  a  turn  %  round  point  0^  counter¬ 
clockwise.  Unoer  this  condition  positive  /lues  of  forces, 
calculates  by  tne  formulas  (6.1).  correspo.s ;  to  directions  shown  on 
KV.  *».«»*.  f.lgns  Of  angle:  of  Inclination  *f  rollers  and  the 
direction  of  rotation  are  determined  in  e>  .  .ining  the  bearing  from 
the  slue  of  the  mobile  ring. 


The  roller  with  the  angle  of  inclination  7  creates,  with 


respect  to  the  axis  of  rotation  of  separator,  the  moment 

M~(F  ij—f t»)r«co*v+(^  k)  f|  tin  y — (*^U — Afj,). 

As  calculations  show,  the  resistance  to  rolling  and  friction 
of  the  roller  against  the  separator  and  lubricant  have  practically 
no  effect  on  the  value  of  this  moment.  Taking  in  accordance  with 
this  f  ^  u  «  0  and  considering  that  in  real  constructions  angle 
y  <  6°  ana,  consequently,  y  »  1,  with  the  help  of  expressions  (6.1), 
(6.3),  and  (6.4)  let  us  convert  the  last  equality  thus 

M-tPrJ*.  (6.6) 

where 


*»-*  A„  (2A  - 1). 

Table  4.11  gives  values  of  coefficients  A1Q  and  Ai;l  depending 
upon  quantity  1/p. 

Table  4.11. 


of  «*»rf itUtti*  i.Q  j  »it>  1/r 


• 

Ml  | 

M  | 

•.ta  J  m»  j 

i 

Ml 

M»  |  Ml  j  |  §.«  |  *.» 

a* 

4m 

• 

a 

MM 

[mwm 

!  ».«***!  UMw| 

j 

in 

!  !  }  J  i 

,  ».«•:  i.w.*’  ».v;V  i.m-»  l.*' *  * 
j  l.m>»  i.tlM  !.***«!  !.«•*»'  I.HCI 
1*111 

In  the  case  of  negative  values  of  p  for  the  determination  of 
coefficients  A^0  and  there  can  be  used  these  relations: 


and 


(6.6) 


These  relations  directly  follow  from  equalities  (6.5). 


At  smI)  amplitudes  of  oscillations,  wr.en  Inertial  forces  can 
be  disregarded,  the  equation  of  motion  of  the  separator  of  the 
bearing  with  "turned"  rollers  is  reduced  to  the  condition 

M«— Alt-0.  ('.') 
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Here  -  M  is  tie  total  moment  of  forcr-s  of  sliding  friction 
acting  on  the  rollers  on  the  side  of  the  rings  of  the  bearing;  Mt  — 
drag  torque  to  the  motion. 


Let  us  assume  that  the  separator  has  z  recesses,  In  each  of 

which  there  is  s  rollers.  Let  us  designate  the  angles  of  inclination 

of  recesses  of  the  separator  on  the  average  radius  r.  by  y  and 

c 

angles  of  inclination  of  the  rollers  by  .  Subscript  i  denotes 

1k 

tne  number  of  the  recess  of  the  separator,  and  subscript  k  indicates 
t.he  position  in  It  of  the  roller.  Usually  in  each  recess  two 
rollers  are  placed.  The  load  or.  the  roller  with  an  effective  length 


is  eoual  to: 
k 


(6.8) 


wnere  iv  is  the  total  effective  length  of  tr.e  rollers  located  in 
one  recess;  N  is  the  axial  force  applied  tc  the  bearing. 


A  change  the  direction  of  rotation  -f  the  bearing  is  equiva¬ 
lent  to  a  change  in  signs  of  angles  of  slope  of  the  rollers. 
Considering  this  circumstance,  from  equalities  (6.5>)>  (6.t),  and 

(*.'?},  wc  obtain 


*-**"«* 

-ffA  -  l)JJ  JJ  -pr  A„  . 

4-1 *- I  * 


.ere  and  are  values 


of  -oef  *  icier.*  c  A . eni  A.,  at 

lo  i  i 


*1, 

For  definiteness  we  will  -cr.si  ;er  ih-  Sgr.;:  of  « nrlv..  of  the 
o.  1  ope  of  r- * l  i*: rs:  «.re  fjlv  r.  for  the  m :.e  of  rota '.Ion  of  tn«  «#<■,•*  rin£ 

•  •iw.l*' r»:  i •  'i-i'.n i  e.  .'•Ubsti  iuting  i*.»  (*•.'»}  into  equ-’* ti».r.  (L.7), 

til  t  .'t  ii, : 


•ifv; 


m 

i! 


—  with  rotation  counterclockwise: 


.  *irtL2j  r,  M"»)  -  T  7;  7a>7 
A  » A' — L  +  J - £d!=l_l  c  Z 

2  '  2  *  ~ I 

/-i  *- 1  • 


(6.10) 


—  with  rotation  clockwise: 


A«*A*— ! - L 


—  '■»»«-!  _  * 

r  lihM 


L^!  **i_ 

2  rc  ^ 


(6.11) 


Knowing  quantities  A»  and  A",  it  is  easy  to  calculate  the 
time  Tc.  From  Fig.  4.52  it  follows  that  for  each  half-period  of 
or, dilations  the  separator  is  displaced  by  the  angle  A«pc-(A#— A")«p0. 
Ccnseq.it.itly,  the  time  of  turn  of  the  separator  at  angle  360°  will  be 

_  3Q0 

'“aiA'-A'if#.* 

where  n  =  1/TQ  is  the  number  of  oscillations  of  the  moving  ring  per 
minute . 

Since  moment  AfT  of  resistance  to  motion  of  the  separator  should 
not  depend  on  the  direction  of  rotation,  then  in  accordance  with 
the  relations  given  above 


•  •  .» 


**  *  W's  , 

2j}j  ,  A»(\) 


(6.12) 


l-II-l 


Formula  (6.12)  is  basic  for  the  theory  of  a  thrust  bearing  with 
"turned"  rollers.  From  it,  in  particular,  it  follows  that  resistance 
to  motion  of  the  separator  does  not  affect  the  time  ?  .  This 
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Table  4.12 


Time  T  (min) 

at  tern- 

pereture  of  oil  (deg) 

+  (20+30)|  —  (30+40) 

-(45  +55) 

63  |  54 

58 

BITVNII  NP-25 
(v  =  10  cSt  at  t  = 

=  +100°C  and  v  =  50,000 
cSt  at  t  =  -40°C). 


conclusion  important  for  practice  is  confirmed  by  results  of  experi¬ 
ments  in  determination  of  time  TQ  at  low  temperatures,  when  because 
of  the  increase  in  viscosity  of  oil  moment  AiT  can  reach  a  noticeable 
value  (Table  4.12). 

2.  Selection  of  Angles  of  Slope  of  Recesses 
of  the  Separator 

The  prescribed  speed  of  displacement  of  the  separator  is 
provided  by  the  appropriate  selection  of  angles  of  slope  of  its 
recesses.  Here  there  should  be  Kept  in  mind  not  only  nominal  values 
of  the  angles  but  also  allowances  for  manufacture,  which  have  a 
noticeable  influence  on  the  time  Tc .  The  remaining  geometric 
parameters  of  the  bearing  influencing  time  T  are  selected  by  con¬ 
structive  considerations. 

Industrial  deviations  of  angles  of  the  slope  of  recesses  of 
the  separator  with  greatly  improved  technology  and  strict  control 
of  the  prepared  articles  reach  7'-10'.  If,  however,  special  measures 
in  the  manufacture  of  bearings  are  not  taken,  then  these  deviations 
can  reach  20’ -30' . 

Time  Tp  depends  also  on  clearances  between  the  rollers  and  the 
separator.  In  the  presence  of  clearances  the  position  of  the 
rollers  in  recesses  of  the  separator  and,  consequently,  tne  actual 
angles  of  inclination  of  the  rollers  are  determined  by  forces  of 


Fig.  4.64,  Determine 
tion  of  quantities  p 
in  the  presence  of 
clearances  between 
rollers  and  the 
separator. 


sliding  friction,  which  act  on  them  from  the  side  of  the  rings. 
Since  in  general  the  determination  of  these  forces  is  difficult, 
then  we  will  consider  that  rollers  with  equal  probability  can 
occupy  any  of  the  two  positions  shown  on  Fig.  4.64: 

—  in  position  I: 


Pik  - - -as-  * 


in  position  II: 


'.••"Yc,-  — 


4» 


/’(•in 


( *“£•) 


From  the  given  equalities  it  is  clear  that  the  influence  of 
clearances  for  the  time  T  can  be  considered  by  the  increase  in 

V 

calculation  deviations  of  angles  of  slope  of  recesses  of  the 
separator  up  to  the  quantity 

where  is  half  of  Industrial  allowance  and  em„„  is  the  maximum 

max 

clearance. 


616 


The  most  general  case  of  the  location  of  recesses  of  the 
separator  representing  practical  interest  is  the  case  when  in  the 
separator  there  is  recesses  with  an  angle  of  slope  Yi^S  (Vi>0) 
and  z2  recesses  with  an  angle  of  slope  at  0±£. 


For  the  simplification  of  further  computations  let  us  assume 

that  l .  =  l  -  const.  If  quantity  £  is  sach  that  the  difference 

±k 

A«  -  A"  is  nositive,  then  under  the  condition  l,  -  l  =  const  time 

* 

Tc  can  change  from  a  certain 


up  to  a  certain 


M  __180  ‘111  (Pi)  *r  (Pjj 

ft/np'  rfp  aw(p\)  + ‘lA\o(p$ 


(6.13) 


In)  __  ISO  2re.  (^l)  +  X ‘bi  ( pi)_ 
d9  'bo(^|)tX^io(rj) 


(6.14) 


Here 


l 


1  r**in(vi— 6)  * 
Pl~  r«»Mv>  +  ?)  5 


^  — ■  El.  anil 


Pi 


l 


I 


rt*lu{ 


ft 

L*=J _ 

#  .1 

ft 

*  _ •  ^ 


Coefficient  v  is  usually  close  to  unit;/  (v  =  O.98-I).  This 
indicates  that  time  Tc  depends  little  on  the  number  of  rollers  a 
being  in  one  recess. 

In  expressions  for  T((rnax^  and  T,(m^n) ,  . 1  and  p"  denote  the 

minimum  and  maximum  value  of  the  coeff icier: t  of  sliding  friction 
With  good  lubrication  u’  »  0.05  and  u"  *  O.Vi. 

Let  us  assume  that  the  upper  and  lower  limits  of  the  range  of 
optimum  values  Tc  are  respectively  equal  sc  T£  and  TjJ.  As  fellows 


/ 
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from  results  of  tests,  for  thrust  bearings  with  turned  rollers 
operating  in  axial  hinges  of  hubs  of  the  rotors,  T£  =  80  min  and 
T"  «  40  min.  It  is  established  that  to  provide  maximum  stability 
of  the  speed  of  displacement  of  the  separator  quantities  7^  and  x 
should  be  selected  so  that  at  the  given  value  l  they  are  equal 
to  T'.  At  T^max^  *  T'  quantities  7,,  x»  and  4  are  connected  with 

C  C  C  Jm 

each  other  bv  a  definite  relationship.  Considering  in  expression 
(6.13)  T^max^  »  T*,  we  will  present  this  relation  graphically  in 

c  c 

the  form  of  a  family  of  corresponding  curves.7  Prom  Fig.  4.65,  on 


Fig.  4.65.  Curves 
71  =  7^(x)  at  different 

values  of  deviation  |. 


which  there  is  given  a  family  of  such  curves,  it  is  clear  that 
condition  -  TJ  imposes  known  limitations  on  the  selection  of 

quantities  7-j^  and  £.  Thus  in  the  case  T£  *  30  min  the  relation  x 
should  not  exceed  1.28  at  |  =  0  and  0.77  at  £  =  15',  and  angle  7^ 
should  be  not  less  than  a  certain  minimum  angle  7jmin^  «  +  £ 

(where  7|  is  the  value  7^min)  when  x  =  0  and  £  =  0).  The  range  of 
the  variation  in  speeds  of  displacement  of  the  separator  is 

characterized  by  the  ratio  q—  ^53. 

Figure  4.66  gives  curves  q  =  q(£)  for  angles  i/1  -  8°  and 
7X  ■  30°,  plotted  on  the  assumption  that  T^'i0x)  =  T£ .  Figure  4.66 
shows  that  the  relation  q  depends  mainly  on  quantity  P.  Angle  7^ 
has  very  little  effect  on  q.  Thus  from  the  point  of  view  of  the 
stability  of  the  speed  of  displacement  of  tne  separator,  different; 
combinations  of  angles  of  slope  of  recesses  are  approximately 
equivalent  provided  they  ensure  fulfillment  of  the  condition 
Tf“)  *  T^.  According  to  Fig.  4.66,  the  deviation  £  at  which 
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Fig.  4.66.  Dependence 
of  relation  tj  on  devia¬ 
tion  i  a"  different 
angles 


/•(nin)*,  /**«40  min  and,  consequently,  q  «  =  0.5>  amounts  to  about  5'  • 

It  follows  from  this  that  even  with  the  most  thorough  manufacture  of 
separators,  there  are  not  excluded  cases  when  time  Tc  will  fall 
outside  the  limits  of  the  optimum  range. 

In  practice  two  variants  of  the  location  of  recesses  of  the 
separator  are  encountered.  In  the  first  cf  them  all  the  recesses 
have  an  identical  angle  of  in  lination  not  exceeding  1°,  in  second  — 
several  recesses  are  located  at  an  angle  3°-6°,  and  all  the  remaining 
recesses  —  radial.  We  compare  these  variants  in  the  following 
examples. 

Let  us  consider  a  bearing  for  which  y1  ~  45',  X  =  °»  dp  *  9  nan, 
r  =  40  mm,  l  -  8  mm,  ewlov  =  0.2  mm,  =  7»  and  s  =  2;  the  bearing 
operates  at  <p0  -•  4.5  and  n  =  240  osc/min. 

In  the  case  when  all  rollers  have  an  ar.gle  of  inclination  equal 

to  y, 


t  J*L  AilAL 


(6.15) 


where 

Figure  4.67  gives  curves  Tc  -  Tc(*y)  wr.lch  show  how  time  Tc 
changes  depending  upon  angle  y  at  u  *  a"  =  J.05  and  u  ■  u"  *  0.03. 
Let  us  separate  between  curves  Tc  »  Tc(7)  tne  region  limiter  by 

vertical  straight  lines  V"Vi+U+"^«60'  a r.  i  Y“Yi~ -30'  Within 


1. 1' 


Pig.  4.67.  Dependence 
of  time  Tc  on  the  angle 

of  inclination  of 
recesses  of  the 
separator  7. 


limits  of  this  region  the  actual  values  of  time  TQ  should  lie.  It 

is  easy  to  note  that  for  such  a  bearing  Tlmax)  »  74  min  and 

(min  1  c 

'  *  31  min.  These  values  are  quite  close  to  the  optimum. 

Results  of  experiments  in  the  determination  of  time  T  for  several 

hundreds  of  bearings  with  the  given  parameters  showed  that  the  actual 

values  of  TQ  practically  do  not  fall  outside  the  limits  of  the 

indicated  range,  being  grouped  around  mean  values  T^cp)  =  50-60  min. 


Let  us  assume  that  now  the  bearing  has  the  following  parameters: 
5,  d_  -  5  ass*  r„  »  28  am,  l  «  4.2  mm,  e„„  *  0.2  mm. 


5°,  X 


n 


-p  ^  —i,  rc  -  28  mm,  l  -  4.2  mm,  e^ 

7*,  a  -  2  and  operates  at  *  4 . 5°  and  n  -  300  osc/min. 


Let  us  assume  that  the  actual  angles  of  Inclination  of  radial 
recesses  are  equal  to  £.  Then 


j>  _  IB  iff  J^ii  (*>_ 

•  “  M  MO+x* »WI  ’ 


(6.16) 


where 


and  h1 


1*1  * 


Prom  Figure  4.68,  cm  which  there  are  given  curves  Tc  »  Tc(£)» 
plotted  by  the  formula  (6.16),  it  is  clear  that  at  i  -  0,  depending 
upon  the  coefficient  of  friction  u,  time  Tr  »  163-261  min.  If 
i  m  -5'»  then  timo  Tc  will  tend  to  infinity.  In  other  words,  at 
small  negative  deviations  of  angles  of  slope  of  radial  recesses 
stopping  of  separator  is  possible.  Such  cases  were  repeatedly  f  t 
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Pig.  4.68.  Dependence 
of  time  T  on  deviation 
5.  c 


observed  with  tests  of  bearings  with  large  values  of  y. 

X 

When  Si  =  0.08  and  1-U+  vr-15'  the  time  T  =  47  min.  Conse- 

sucntl;/,  in  the  examined  case  time  T  can  c:.angc  from  -co  to 

rp(ir.ax )  =  h.f  min> 

From  the  examined  examples  it  is  dear  tnat  only  the  hirst 
"-riant  of  the  location  of  recesses  of  the  separator  provisos 
operation  of  the  bearings  under  conditions,  dose  to  the  optimum. 

With  the  location  of  recesses  of  the  separator  under  identical 
angles  losses  to  friction  anc  the  irregularity  of  distribution  of 
the  normal  load  along  the  lines  of  contact  ..so  decrease. 

y.  Losses  to  Frictif 

Losses  to  friction  in  thrust  bearings  :th  "turned'’  rosier; 
depend  both  on  the  speed  of  displacement  the -separator  t,  i  also 
on  how  -juanti  ties  7-  end  x*  provi-iinr  -iisp  •  '*emcnt  of  wn'or 

with  loo  given  spec  s  arc  select . 


The  moment  of  friction  of  the  bearing  is  usually  recorded  thus: 


Mn-ft9Nrt,  (6.17) 

where  is  the  given  coefficient  of  friction. 

TP 

Using  dependences  obtained  in  the  preceding  points,  after  a 
number  of  transformations  we  find 

/*“/.+/.+-j£-.  (6.18) 

Here  ia  the  coefficient  of  rolling  friction;  f  -  coefficient 
characterizing  losses  to  the  sliding  friction. 


Coefficient  f  can  be  represented  in  the  form  (see  work  [27]): 


**(•»(*>-  .i-  fi.  JiljflL  _ ,] 

m  _  *i  *»(*)  I 

t+Jai*L\J±.Aa!£L_i\ 


(6.19) 


where 


MS  *r. 


I 


J 


1 


With  the  help  of  Table  4.10  it  is  easy  to  be  convinced  that 

with  an  increase  in  the  angle  of  inclination  of  the  rollers  the 

ratio  in  the  beginning  Increases  raoidly,  reaching  at 

7  ■  arc  sin  0.57  i/rQ  values  equal  to  unity.  With  a  further  Increase 

in  the  angle  the  ratio  does  not  change.  This  m«ans  that 

quantity  is  the  minimum  time  which  car.  be  obtained  at  the  given 

value  of  the  coefficient  of  friction  u  [see  formula  C.15)]. 

From  Fig.  4.69  it  is  clear  that  at  the  same  speed  of  displace¬ 
ment  of  the  separator  with  a  decrease  in  angle  >lt  losses  to  friction 
decrease.  It  follows  from  this  that  minimum  losses  to  friction 
indeed  take  place  with  the  location  of  all  recesses  of  the  separator 


4 

| 


*  % 
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Fig.  4.69.  Losses 
to  sliding  friction. 


« 


at  identical  angles  to  the  radial  direction.  At  optimum  speeds  of 

displacement  of  the  separator  rejection  of  such  a  location 

of  the  recesses  can  lead  to  an  Increase  in  losses  to  sliding  friction 
of  1,5  times. 

4 .  Additional  Considerations  on  the  Optimum 
Construction  of  Thrust  Bearings 
with  "Turned"  Rollers 

According  to  the  above-mentioned  formulas,  coefficient  K, 
characterizing  the  irregularity  of  distribution  of  the  load  along 
the  length  of  the  roller,  is  equal  to: 

/f-6..  4-(s8»+|.4.a„Jl=J2-). 

Since  |28io|^|t^-  then  with  sufficient  accuracy  it  is 

possible  to  consider  that  K*> \2\i~Bn.  Thus  coefficient  K  depends 
only  on  angle  7.  From  curve  K  =  K(7),  giver,  in  Fig.  4.70,  it 


Fig.  4.70.  Do pond once 
of  coefficient  K  on 
the  angle  of  slope  of 
the  rollers. 


follows  that  with  the  transition  from  an  angle  of  5°  to  an  angle 
of  45',  which  corresponds  to  the  location  of  all  recesses  at  identical 
angles,  coefficient  K  decreases  from  0.25  '<  >  0.14. 


fe 


'if  t 


The  location  of  all  recesses  of  the  separator  at  equal  angles 

la  more  preferable  according  to  the  following  considerations.  If 

the  angle  of  inclination  of  receases  Is  ide±.  leal,  then  forces 

Pi  -  F«  ,  which  press  the  rollers  to  their  lateral  surfaces,  are 
x  * 

very  small.  In  the  case  MT  ■  0  and  s  «  1  theoretically,  in  general, 
they  are  absent. 


At  various  angles  of  inclination  of  the  recesses,  when  "turned" 
rollers  must  surmount  the  resistance  of  radially  located  rollers, 
forces  P,  -  Pp  can  reach  a  noticeable  value  (up  to  0.1  uP)  and 

*  X 

cause  wear  of  the  separator  (especially  at  large  x)» 


Thus  far  it  was  assumed  that  all  the  rollers  have  identical 
length.  Row  let  us  see  what  the  alternating  of  long  and  short 
rollers  staggered  can  give. 


Table  4.15.  Effect  cf  the  distribution  of  lengths  of 
rollers  on  quantities  Tc,  fTp,  and  X. 


Variant  of  distribution  of 
lengths  of  rollers 

Tc  |  f  r  (at 
min  |  r 

Tu  * 

!  -  0.003) 

K 

Rollers  of  identical  length 
(l^  »  Ip  ■  8  mia) 

48  0.00616 

0.14 

Long  and  short  rollers 

45.7  i  0.0067** 

0.4; 

alternated  staggered 

{for 

(lj  •  11  mm.  Ip  *  5  ®«) 

sr.crt 

rollers) 

Prom  Table  4.13  it  is  clear  that  in  tr.c  last  case  time  7^  *r.i 
the  given  coefficient  of  friction  are  ct;*n?ed  insignificantly* 

*r.d  coefficient  K  for  short  rollers  increases  3  times.  This  ir.iicet* 
that  In  tha  thrust  bearings  with  turned  rollers  it  is  expedient  to 
use  rollers  of  identical  length. 


» 


In  the  evaluation  of  the  effect  on  longevity  of  the  bearing 
of  irregularity  of  distribution  of  the  load,  caused  by  the  action 
of  moment  (F,  +  Fp  )(d  72),  it  is  impossible  to  overlook  that  the 

load  at  each  point  of  contact  does  not  remain  constant  but  changes 
with  a  change  in  the  direction  of  rotation.  In  particular,  on  ends 
of  rollers  the  normal  load  changes  according  to  the  law: 


p 

i 


±-fi*i 


P_ 
l  ‘ 


Due  to  this  the  irregularity  of  distribution  of  the  load, 
caused  by  the  action  of  the  indicated  moment,  should  not  greatly 
lower  the  service  life  of  the  bearing. 


Of  greater  importance  is  the  usual  concentration  of  the  load 
on  ends  of  rollers,  which  we  did  not  consider,  assuming  that  at 
7=0,  q  =  const.  To  decrease  the  harmful  effect  of  the  latter  it 
is  expedient  to  use  rollers  with  a  cylinder. 


5.  Example  of  the  Calculation  of  a  Thrust 
Bearing  with  "Turned"  Rollers 

In  conclusion  let  us  give  an  example  of  the  calculation  of  s 
thrust  bearing  with  "turned"  rollers. 


The  axial  load  is  N  =  20,000  kG,  the  amplitude  of  oscillations 
of  the  moving  ring,  cpQ  =  4.5°,  and  the  frequency  is  n  =  180  osc/min. 

For  the  given  conditions  a  bearing  with  the  following  parameter 

is  selected:  d  --  12  mm,  r  -  6l  mm,  l  -  10.5  mm  (full  length  of 
p  c 

rollers  l'  =  12  mm),  z  =  20  and  s  =  2. 

It  is  required  to  determine  the  angles  of  inclination  of 
recesses  of  the  separator  providing  its  displacement  with  optimum 
speed  and  service  life  of  the  bearing. 


We  calculate  coefficient  v: 


St; 

t-i 


1 

1 

(JL\* 

■  . /JLV 

\2r,) 

*  +  \3»lJ 

=*0,99. 


S^ 

>>i  * 


Let  us  assume  that  all  recesses  have  an  identical  angle  of 
inclination.  Substituting  into  formula  (6.15)  cp0  =  4.5°,  n  =  180 
osc/min,  v  =  0.99  and  u  =  u»  =  0.05,  with  the  help  of  Table  4.11 
we  construct  curve  T  =  T  (7).  We  find  along  the  curve  the  value 

v  L 

of  7'  and  angles  7  at  which  T  =  T*  =  80  min.  In  our  case  7'  =  46*. 
Taking  £n  =  7'  and  emax  =  0.18  mm,  we  determine  the  calculation 
deviation 

$=7+  57,3-60^=12'. 

2-61 

The  nominal  value  of  angles  of  slope  of  recesses  of  the  separator 

V-y'+*~4G+12-58'. 

Contact  stresses  in  the  bearing 

a=860/^“860/  ° 17000  k°/cm£- 

According  to  Fig.  4.53>  this  value  of  0  corresponds  to 
nn  =27*10  .  Consequently,  the  service  life  of  the  bearing 

*^'^=1500  hours. 
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Footnotes 

m  R  A 

xIn  the  calculation  of  quantities  ^  .  and  also  ^  and 

diameter  d.  is  always  expressed  in  millimeters. 

1L 

*Draft  of  recommendations  according  to  the  calculation  of  dynamic 
load  capacity  of  bal]  and  roller  bearings,  ISO,  No.  278,  I960. 

3A11  relative  quantities,  as  earlier,  are  expressed  in  fractions 
of  distance  8  =  rH  +  rB  "  dE* 

4The  relative  eccentricity  at  which  unloaded  rolling  solids 
appear,  as  is  known,  amounts  to  0.5  for  thrust  roller  bearings  and 
0.6  for  thrust  roller  bearings. 

sIt  is  assumed  that  the  area  of  contact  of  adjacent  rolling 
solids  are  not  covered. 

®It  is  assumed  that  quantity  *«(2A— I)  can  be  disregarded  as 
compared  to  unity.  The  inertial  moment  of  the  roller  is  not  considered. 

7Everywhere  where  no  special  reservations  are  made,  it  is  assumed 

that  T'  »  80  min.  Here  all  concrete  numerical  values  pertain  to 

C  Q 

the  case  d_  »  9  mm,  r_  -  40  mm,  i  »  8  mm,  v  *  1,  <p0  -  4.5  , 
n  -  240  osc/ain,  u  a  0,06. 
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U.  S.  BOARD  ON  GEOGRAPHIC  NAMES  TRANSLITERATION  SYSTEM 


I;  Block 

Italic 

Transliteration 

Block 

italic 

Translit? 

['  A  a 

A  • 

A,  a 

P 

P 

P 

P 

R,  r 

!|  B  6 

B  6 

B,  b 

C 

c 

c 

e 

S,  s 

t  B  a 

B  • 

V,  v 

T 

T 

T 

m 

T,  t 

i  r  p 

r  • 

G,  g 

y 

y 

y 

y 

U,  u 

i  a  * 

n  9 

D,  d 

♦ 

♦ 

0 

* 

F,  f 

v  e  • 

E  « 

Ye,  ye;  E,  e* 

X 

X 

X 

X 

Kh,  kh 

)K  m 

X  M 

Zh,  zh 

u 

It 

u 

H 

Ts,  ts 

3  » 

3  t 

Z,  z 

M 

«l 

H 

V 

Ch,  ch 

H  M 

H  U 

I,  i 

112 

BI 

m 

Ml 

Sh,  sh 

R  * 

B  e 

Y,  y 

ill 

BI 

m 

W 

Shch, 

K  K 

K  * 

K,  k 

“b 

% 

z> 

1 

ii 

J1  a 

n  * 

L,  1 

W 

W 

hi 

M 

y,  y 

M  N 

H  M 

M,  m 

b 

k 

b 

k 

i 

H  N 

H  H 

N,  n 

3 

• 

3 

1 

E,  e 

0  o 

0  • 

0,  o 

10 

» 

K> 

W 

Yu,  yu 

n  n 

n  * 

P»  P 

ft 

a 

ft 

a 

Ya,  ya 

*  ye  initially,  after  vowels,  and  after  *,  bi  £  elsewhere. 
wKen  written  as  8  in  Russian,  transliterate  as  y8  or  S. 
The  use  of  diacritical  marks  is  preferred,  but  such  marks 
may  be  omitted  when  expediency  dictates. 
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FOLLOWING  ARE  THE  CORRESPONDING  RUSSIAN  AND  ENGLISH 
DESIGNATIONS  OF  THE  TRIGONCMTRIC  FUNCTIONS 


Russian 

English 

sin 

sin 

oos 

cos 

tg 

tan 

otg 

cot 

sso 

sac 

eosse 

CSC 

sh 

sinh 

eh 

cosh 

th 

tanh 

cth 

eotb 

seh 

scch 

csch 

csch 

arc  sin 

arc  cos 

COS"-1 

are  tg 

tan-1 

arc  ctg 

cot"1 

are  sae 

sac"1 

are  eosae 

CSC"1 

arc  sh 

sinh"1 

arc  eh 

cosh"1 

arc  th 

tanh"1 

arc  cth 

cotb"1 

arc  seh 

sach"1 

are  each 

csch"1 

rot 

curl 

lg 

log 
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